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DISSIPATIVE WEAK SOLUTIONS TO
COMPRESSIBLE NAVIER-STOKES-FOKKER-PLANCK SYSTEMS
WITH VARIABLE VISCOSITY COEFFICIENTS

EDUARD FEIREISL, YONG LU, AND ENDRE SULI

ABSTRACT. Motivated by a recent paper by Barrett and Sili [J.W. Barrett € E. Suli: Existence of global weak
solutions to compressible isentropic finitely extensible bead-spring chain models for dilute polymers, Math. Models
Methods Appl. Sci., 26 (2016)], we consider the compressible Navier—Stokes system coupled with a Fokker—Planck
type equation describing the motion of polymer molecules in a viscous compressible fluid occupying a bounded spatial
domain, with polymer-number-density-dependent viscosity coefficients. The model arises in the kinetic theory of dilute
solutions of nonhomogeneous polymeric liquids, where the polymer molecules are idealized as bead-spring chains with
finitely extensible nonlinear elastic (FENE) type spring potentials. The motion of the solvent is governed by the
unsteady, compressible, barotropic Navier—Stokes system, where the viscosity coefficients in the Newtonian stress
tensor depend on the polymer number density. Our goal is to show that the existence theory developed in the case of
constant viscosity coefficients can be extended to the case of polymer-number-density-dependent viscosities, provided
that certain technical restrictions are imposed, relating the behavior of the viscosity coefficients and the pressure for
large values of the solvent density. As a first step in this direction, we prove here the weak sequential stability of the
family of dissipative (finite-energy) weak solutions to the system.

1. INTRODUCTION

In [6], the authors established the existence of global-in-time weak solutions to the Navier—Stokes—Fokker—Planck
equations arising in the kinetic theory of dilute polymer solutions and describing a large class of bead-spring chain
models with finitely extensible nonlinear elastic (FENE) type spring potentials. For 2 C R? a bounded domain, the
solvent density o and the solvent velocity field u satisfy the following equations in the space-time cylinder (0,77 x £,
T > 0:

(1.1) Oro + div,(ou) =0,

(1.2) O (ou) + divy(ou ® u) + Vup(o) — div,S = div, T + of,
which we assume here to be supplemented with the no-slip boundary condition

(1.3) u=0 on (0,7] x 9.

Ignoring the effect of temperature changes, we consider a barotropic pressure law
(1.4) p=p(o), p(o) = o7 for large values of p.
The Newtonian stress tensor S is defined by

T
S = uS (M - l(divmu)]l) + uB (divou)l,

(1.5) 5 3

with the shear and bulk viscosity coefficients p° and p? defined below (see (1.28)). In contrast with [6], where the
shear and bulk viscosity coefficients are taken to be constant, x° > 0 and p® > 0, we consider here the case when
they are functions of the polymer number density. Such an extension requires nontrivial modifications of the method
used in [6], and represents the main contribution of the present paper.

In a bead-spring chain model consisting of K +1 beads coupled with K elastic springs representing a polymer chain,
the non-Newtonian elastic extra stress tensor T is defined by a version of the Kramers expression (cf. (1.6) below),
depending on the probability density function 1, which, in addition to ¢ and x, also depends on the conformation
vector (qf,... q}E)T € R3% | with ¢; representing the 3-component conformation/orientation vector of the ith spring
in the chain. Let D := D; x --- x D C R3*/X be the domain of admissible conformation vectors. Typically D; is
the whole space R? or a bounded open ball centered at the origin 0 in R?, for each i = 1,..., K. When K = 1, the
model is referred to as the dumbbell model. Here we focus on finitely extensible nonlinear (or, briefly, FENE-type)

Key words and phrases. Weak solutions; kinetic polymer models; FENE chain; compressible Navier—Stokes—Fokker—Planck system;
nonhomogeneous dilute polymer; variable viscosity.
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bead-spring-chain models where D; = B(0, bl-% ), a ball centered at the origin 0 in R? and of radius b-%

B with b; > 0
for each i € {1,..., K}. The extra-stress tensor T is defined by the formula:

(1.6) T()(t, z) := T1(¥)(t, ) — (/D 7((17q’)w(tw,qW(taw’fJ')dqdq') I

x D

where, similarly to [6], the interaction kernel ~ is assumed to be a positive constant v(q,¢") = 6 > 0. Consequently,

(1.7) T() =Ty (6) — 6 < /D ¢dq)2ﬂ.

The first part, T1 (), of T(¢) is given by the Kramers expression

(1.8) Ti(y) =k Kiﬁ'(d))) —(K+1) </D1/) dq) H] ,

where k > 0 is the product of the Boltzmann constant and the absolute temperature and

| 2

(19) cita) = [ vitaou) (%

>qiqdeq, i=1,..., K.

In the expression (1.9), the smooth functions U; : [0, b—5) —[0,00), i =1,..., K, are the spring potentials satisfying
Ui(0) =0, lim__,», Ui(s) = +oo. We introduce the partial Mazwellian M; : D; — [0, 00) by
2
1 la |

(110) Mi(qi) = 76_[]1'( 22), where Z; := / e_Ui(‘p;P) dp;.
i D

The Mazwellian M : D — [0,00) is then defined as the product of the K partial Maxwellians: i.e., for any ¢ =
(qf,...,q%)T in D= D; x --- x Dg, we have that

K

M(q) =[] Mi(q:).

i=1
Clearly, [, M(q) dg = 1. By direct calculations one verifies that, for any i € {1,..., K},

1) M) Vu M) = M) Vo010 = Vo, (U (1)) <0 (D)o vo= (ol ay e .

As in [6], we shall suppose that, for any i € {1,..., K}, there exist positive constants ¢;;, j =1,...,4, and 6; > 1
such that

2
(1.12)  ¢q (dist (i, 0D4))" < M;(q:i) < ein (dist (g5, 0D:)% ) ¢is < (dist (¢, 0D;)) U} (%) <cy Vg €D;.

It is then straightforward to deduce that

(1.13) /D (1 + (U(@))Q + (U’(%)Y) Mi(g;)dg; < oo, i=1,...,K.

The probability density function ¢ satisfies the following Fokker—Planck equation in (0,T] x Q x D:

K 1 K K
(1.14) Oy + dive (ugp) + ) divg, (Vou) i ¥)) = eAgt) + I DD Ay divy, (quﬂ' (%)) '

i=1 i=1 j=1

The centre-of-mass diffusion term €A v is generally of the form €A, (%) , which involves the drag coefficient

¢(-) depending on the fluid density o. Here we assume that ¢ is a constant function, which is, for simplicity, taken
to be identically 1. The constant parameter € is the centre-of-mass diffusion coefficient, which is strictly positive.
The positive parameter A is called the Deborah number; it characterizes the elastic relaxation property of the fluid.
The constant matrix A = (A;;)1<i <k, called the Rouse matriz, is symmetric and positive definite. We denote by
Ap the smallest eigenvalue of A; clearly, Ag > 0. We refer to Section 1 of Barrett and Siili [5] for a derivation of the
Fokker—Planck equation (1.14).
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The Fokker—Planck equation needs to be supplemented by suitable boundary conditions. For any ¢ = 1,...
let 0D; := Dy X -+ X Dj_1 X OD; X D;y1--- X Dg and suppose that

(1.15) M |9

Ve -n=0 on (0,7] x 00 x D.

K
i/\ ZAZ']‘ diqu' (quj (£>) — (Vmu) qi’lﬁ : & =0 on (O,T] x ) % 851,
j=1

Finally, we introduce the polymer number density n defined by
(1.16) wta) = [ wtoade, (o) eD.T)x 0,
D

By (formally) integrating the partial differential equation (1.14) over D and using the boundary condition in (1.15),
and by integrating the boundary condition (1.15), over D, we deduce the following partial differential equation and
boundary condition for the function 7:

(1.17) On + div,(un) =eAzn in (0,7] x Q; Ven-n=0 on (0,7] x 9.

By noting (1.16) we see that the expression for the extra-stress tensor in (1.7) and (1.8) can also be expressed as
follows:

(1.18) —k(Z(C ) k(K +1)n+dn?) L

As has already been pointed out above, our main objective is to consider a class of models of this form where the
viscosity coefficients y = 1%(n) and u® = p2(n) depend on 1.

1.1. Dissipative (finite-energy) weak solutions. We adopt the following hypotheses on the initial data:
0(0,-) = go(+) with gp > 0 a.e. in Q, o9 € L7(Q) with v > %,
u(0,-) = ug(-) € L"(Q;R?) for some r > 1 such that go|ug|® € L' (Q);

(1.19) ¥(0,-) = o(-) with oo > 0 a.e. in Q@ x D, 1 (log %) € LY x D);
= / Yo dg =: 19 € L*(Q).
D

We deduce from (1.19), and (1.19), by using Hélder’s inequality that (ou)(0,-) = gouo = \/00+/00u0 € L%(Q;R?’).

Definition 1.1. We say that (0,u,,n) is a dissipative (finite-energy) weak solution in (0,T] x Q x D to the system
of equations (1.1)—(1.5), (1.14)—~(1.18), supplemented by the initial data (1.19), if:

e 0>0ae in (0,7] xQ, o€ Cyu([0,T);L7(Q)), ue L (0,T;Wy"(%R3))  for somer > 1,
ou € C([0,T]; L3771 (B RY),  oluf® € L(0,T; L1 (Q);
Y >0ae in (0,T] x Qx D, € Cyu([0,T); L*(Q x D)),

V. € LN(0,T) x Q x D;R?), MV, (£> € L'((0,T) x Q x D;R3K),
(1.20) M
n= / Y dg ae. in (0,7] x Q, 1€ Cy([0,T]; L*(Q)) N L*(0,T; WH2(2)),

_k<Z(C ) k(K +1)n+6n*)1 ae in (0,7] xQ, Te L'((0,T) x Q;R*?).

e For anyt € (0,T] and any test function ¢ € C>=([0,T] x Q), one has
(1.21) [ leouo+ on- Vo) awar = [ ote. 300010~ [ 0.0
Q Q Q

t
(1.22) /0 /Q [77815¢ +nu-Vyep—eVyn- Vng] dzdt’ = /Qn(t, Jo(t, ) dx — /Qno(b((), ) dx
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e For anyt € (0,T] and any test function ¢ € C°([0,T] x ;R3), one has
t
/ / [ou- O + (ou®@u) : Vo + plo) divep — S : Vo] dadt!
0 JQ

t
:/ /Tivx¢—0f'80d$dt/+/Qu(t,')'so(t,')dx—/QOHO'CP(O,')dﬂ%
0 Q Q Q

where S is defined by (1.5).
e For any t € (0,T] and any test function ¢ € C°([0,T] x Q x D), one has

(1.23)

t K
/ // [wat¢+wu-vm¢+2(vmu)qm-vqia;—avw-vmqs} dg da dt’
i=1

/\ZZA”///MV%( ) Voo dadedt + [ [ (e = vuo(0.) dgda,

=1 j=1

(1.24)

e The continuity equation holds in the sense of renormalized solutions:
(1.25) 9¢b(0) + div,(b(p)u) + (b'(0)o — b(0)) div,2u =0 in D'((0,T] x ),
for any
(1.26) be CH[0,00)), [V (s)s|+]b(s)|<c<oo  Vse0,00).

o Let F(s) :=s(logs—1)+1 for s > 0 and define F(0) :=lims_o4+ F(s) = 1. For a.e. t € (0,T], the following
energy inequality holds:

/[ oul? + P(o) + 617 +/~c/ M >dq}< )da

2 t
/ / —l—,uB|divxu|2da:dt’+255/ |V.n|? da dt’
Q 0 Jo

+£k/ //M‘V dqd:cdt +k—A°/ //M‘
0o JaJp
1 2 2 Yo /
< —oolup|®+ P(oo) +6ng +k | MF( = |dq|dx + of -udxdt/,
al2 D M 0 Ja

where we have set P(p) := Qfl (2)/22dz and 1/1

T
s|Vu + Vu 1 (divxu) i

(1.27)
dq dz dt’

Remark 1.2. Definition 1.1 is fairly standard. The energy inequality (1.27) identifies an important class of weak
solutions, usually termed dissipative (finite-energy). We note that, given a smooth solution, by tedious but rather
straightforward calculations one can obtain the following a priori bound (see (1.22) in [6]):

1 . t t
/ [§g|u|2+P(g)+6n2+k/ M]-'(w)dq} (t,-)dx—i—/ S:V,u d:vdt’+255/ |Vn|? de dt’
Q 0 0 Jo

Q
t
0o JQJD

zl]l

<[ [lgo|uo|2+P(go)+5n§+k/ Mf(@> dq}der/ /gf-udwdt’,
9] 2 D M 0 Q

which then implies (1.27). Indeed, thanks to the form of the Newtonian stress tensor in (1.5), direct calculations
yield that

2

T
VutViu l(diku)]l + pB|div,ul?.

S:Veu=pu® 5 —3

Hence, by the positive definiteness of the Rouse matriv A = (A;j)1<i i<k, and recalling that the smallest eigenvalue
of A is Ag > 0, we deduce (1.27).



DISSIPATIVE WEAK SOLUTIONS TO COMPRESSIBLE NAVIER-STOKES-FOKKER-PLANCK SYSTEMS 5

1.2. Assumptions and main results. We shall suppose that both p° and pu? are C' functions of the polymer
number density 7, and we adopt the following assumptions: there exist positive constants ¢;, j =1,...,5, and an
w € R such that

(1.28)  cr(L+n)* <p(n) <co(L+m)%, (%) ()] S es+ea(l+n)*"", 0<uP(n) <es(L+m)* V>0

In addition, for the sake of simplicity, we shall assume that
3

(1.29) p(o) =a0”, a>0, v> 7

As the complete proof of the existence of dissipative weak solutions in the special case of constant viscosity
coefficients is already very long and technical (cf. [6]), in the more general setting of polymer-number-dependent
viscosity coefficients considered here we shall confine ourselves to establishing weak sequential stability of the family
of dissipative weak solutions, whose existence we shall assume; we shall however indicate in Section 5 the main steps
of a possible complete existence proof in the case of polymer-number-density-dependent viscosity coefficients.

Accordingly, the main result of the paper reads as follows.

Theorem 1.3 (Weak Sequential Stability). Let {(0n, Un, ¥n, M) tnen be a sequence of dissipative (finite-energy)
weak solutions in the sense of Definition 1.1 associated with the initial data {(00n,W0.nsV0.n,Non) tnen satisfying:

00n >0 ae in),  0o0n— 00 Strongly in L7(Q);

o, — ug in L"(R?) for some v > 1 such that o.n|ug.n|* — ooluo|? strongly in L*(Q);

1/)0.,n> — g (log %) strongly in L'(Q x D);

(1.30) Yo >0 ace. inQUx D, thon — o, Yon (log i

Non = / Yo,n dg — 10 strongly in L? (Q).
D

Let £ € L>((0,T) x Q;R3). Suppose that the exponent v in (1.29) and the parameter w in (1.28) satisfy

5 3
1.31 0< - —
(1.31) Sw<g >
or
4
1.32 —— <0 .
( ) 3<w_ ) 7>4+3w

Then, there exists a subsequence (not indicated) such that
(0ns Wns Y, mn) — (0,0,10,m)  as n — oo, in the sense of distributions (at least weakly in L'),

where the limit (o,u,v,n) is a dissipative (finite-energy) weak solution in the sense of Definition 1.1 associated with
the initial data (09,0, %0, M0)-

Before embarking on the proof of Theorem 1.3 two remarks are in order.

Remark 1.4. The strong convergence assumptions in (1.30) imply that
(1.33) 00,nU0.n — Q0Ug  strongly in L%(Q;RB), o = / Yodg a.e. in Q.
D

Remark 1.5. It is important to note that we allow the viscosity coefficients p® and p° to decay to zero as the
polymer number density tends to infinity; this is achieved at the expense of assuming a larger adiabatic exponent ~y;

of. (1.32).

The bulk of the rest of the paper is devoted to the proof of Theorem 1.3. Comments on the possibility of carrying
out a complete proof of the existence of dissipative (finite-energy) weak solutions are given in Section 5. Throughout
the rest of the paper, if there is no specification, ¢ will denote a positive constant depending only on the length T of
the time interval and the following quantity associated with the initial data:

1 n
sup/ [590,n|uo,n|2 + Poon) + 015, + k/ MF<%) dq] o
o D

neN
We emphasize, however, that the value of ¢ may vary from line to line.

2. PRELIMINARIES

In this section, we recall some concepts that will be used systematically throughout the rest of the paper, including
Maxwellian-weighted Lebesgue and Sobolev spaces, embeddings of spaces of Banach-space-valued weakly-continuous
functions, the Div-Curl lemma, and Riesz operators.
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2.1. Maxwellian-weighted spaces. For any r € [1,00), L};(D) denotes the Maxwellian-weighted Lebesgue space
over D with norm

1
2.) o = ( [ Mol aq) "
Similarly, we define L}, (2 x D) := L"(; L}, (D)) and the Maxwellian-weighted Sobolev spaces

H;,(D) = {u € Li.(D): ||u||§111w(D) = /D M (Ju]® + |Vqul?) dg < oo} .
1 — 1 . 2 — 2 2 2
Hy (2 x D) := {u € Liy.(Qx D): HUHH}V,(QxD) = /Q DM(|u| + |Vaul® + [Vqul?) dg dz < oo} .
X

The proof of the following lemma can be found in Appendix C and Appendix D in [2].

Lemma 2.1. The normed spaces L', (D), L1;(Q x D), Hi; (D) and H};(Q x D) are Banach spaces. The embedding
HY(Q; L3,(D)) < L%(Q; L3,(D)) is continuous, and the embeddings Hi, (D) — L3,(D), Hi; (2 x D) < L3,(Q x D)
are compact.

2.2. On C,([0,T]; X) type spaces. Let X be a Banach space. We denote by C,([0,T]; X) the set of all functions
u € L*(0,T; X) such that the mapping t € [0,T] — (¢, u(t))x € R is continuous on [0, T] for all ¢ € X'. Here and
throughout the paper, we use X’ to denote the dual space of X, and (-, -) x to denote the duality pairing between X’
and X.

Whenever X has a predual E, in the sense that E' = X, we denote by C.([0,T]; X) the set of all functions
u € L*(0,T;X) such that the mapping ¢ € [0,T] — (u(t),$)r € R is continuous on [0,7] for all p € E. We
reproduce Lemma 3.1 from [6].

Lemma 2.2. Suppose that X and Y are Banach spaces.
(i) Assume that the space X is reflexive and is continuously embedded in the space Y'; then,
L>(0,T;X) N Cu([0,T];Y) = Cu ([0, T]; X).
(ii) Assume that X has a separable predual E and Y has a predual F such that F is continuously embedded in
E; then,
L0, T; X) N Cuwi ([0, T} Y) = Cuu ([0, TT; X).

We recall an Arzela—Ascoli type result in C,, ([0, T]; L*(€2)). We refer to Lemma 6.2 in [19] for the proof.

Lemma 2.3. Letr,s € (1,00) and let Q be a bounded Lipschitz domain in R?, d > 2. Suppose {gn }nen is a sequence
of functions in Cy ([0, T]; L*(Q)) such that {g, }nen is bounded in C([0,T]; W=17(Q))N L>=(0,T; L*(2)). Then, there
exists a subsequence (not indicated) such that the following hold:

(i) gn — g in Cu([0,T]; L*(2));

(ii) If, in addition, r < 7%, orr > 7% and s > ddfw then gn — g strongly in C([0,T); W—=17(Q)).

2.3. Div-Curl lemma. We recall the celebrated Div-Curl lemma due to L. Tartar [22].
Lemma 2.4. Let Q C R? be a domain and let {(U,, V,)} nen be a sequence of functions such that
U, — U wedkly in LP(Q;R?), 'V, — V weakly in L(Q;R?), asn — oo,

where % + % = % < 1. Suppose in addition that, for some s > 0,

{div U, }nen is precompact in W=15(Q), {curl V,, }nen is precompact in W—15(Q; R4*4),
Then, U, - V,, = U -V weakly in L™(Q).
2.4. On Riesz type operators. The Riesz operator R;, 1 <j <d, in R? is defined as a Fourier integral operator
with symbol & That is, for any u € S'(R%), where S'(R%) denotes the space of tempered distributions on R, R,

€
is defined by

Roful =57 [ 250,

where § is the Fourier transform and §~! is the inverse Fourier transform. We then define, for any u € S'(R9),

Rijlu] :==RioRju= ! [%S[u]} , 1<i,5<d.
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We define A; by A;ju] := —F~! [% [u]} . Since the derivative 0; and the Laplacian A can be seen as Fourier
integral operators with symbols i¢; and —|&| ™2, respectively, we can write
Rij = 0;0;A ", A; = —-0;A™ .
Let the matrix-valued operator R and the vector-valued operator A be defined by
(2.2) R=(Rij){oi=(VRV)A™, A= (A)l, =-VA~l
XVTdhave Rij = —0;A;, Z?:l Rjj = —>2;0;A; = L. By Theorem 1.55 and Theorem 1.57 in [19] the following result
olds.

Lemma 2.5. For any p € (1,00) the operators R; and Ri;, 1 <i,j <d, are bounded from LP(R?) to LP(R?). That
is, there exists a positive constant ¢ = c(p,d) such that

IR 1)l Logeay + I Rijlulll Logey < e(p, d)ullLoay — Vu € LP(RY).

Moreover, for any u € LP(R?), v € LP (R%), 1 < p < 0o, we have

Rz-j[u]vdxz/ uRij[v] de.

R R4

Further, for any p € (1,d), A; is bounded from LP(R?) to L7 (R9); that is, there exists a positive constant ¢ = c(p, d)
such that

A [ ae < elp,d)l|ull sy Yu€ LP(RY).

| o <
Ld-p (R%)

The following commutator estimate is taken from Theorem 10.28 in [15], which is in the spirit of Coifman and
Meyer [8]:

Lemma 2.6. Let w € W' (R?) and v € LP(RY) with 1 <r <d, 1 <p < oo, L+ % — 1 <1, Then, for any s > 1
satisfying % + 1—17 — é < % < min{l,% + %}, there exists a constant ¢ = ¢(r,p, s,d) such that:

[Rijlwv] — wRis[v]llwe.sray < e llwllwrr ey |0l o ey
- ‘ _ 1,1 _1_1
foranyi,j €{1,...,d}, where 5 € (0,1) satisfies % =5+ts—7r—3 .

In Lemma 2.6, we used the fractional-order Sobolev space W##(R?). Let 2 be the whole space R? or a bounded
Lipschitz domain in R?. For any 8 € (0,1) and s € [1,00), we define

1
s s ulxr) —uly 3 :
(2.3) Whs(Q) = {u € L*(Q) : |lullwes.s(q) = llullLs o) + (/Q ; % dz dy) < oo}
We recall the following classical compact embedding theorem (see Theorem 7.1 in [10]).
Lemma 2.7. Let Q C R? be a bounded Lipschitz domain and suppose that 3 € (0,1) and s € [1,00); then, the
embedding of W?25(Q) into L*(2) is compact, i.e. W55(Q) < L*(9).
3. UNIFORM BOUNDS

Let (o,u,%,n) be a dissipative (finite-energy) weak solution in the sense of Definition 1.1 with initial data
(00, ug, 10, o) satisfying (1.19). This section is devoted to establishing bounds on (g, u,,n) under the hypotheses
(1.28)—(1.32).

3.1. Gronwall’s inequality and uniform bounds. We begin by noting that

(3.1) /Q/DM]—‘(%> dqu:/Q/D <wolog (%) —wo+M> dgda.

As slogs > s — 1 for all s > 0, it follows that g log (%) > )9 — M, which then implies that

e (3)]
Thus, by (1.19), we have that

(32) [ [geoluol + Peon) + 5+ & [ 307 () agfas <

¢010g<%> —¢0+M'§2

M
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Since f € L>((0,T) x ;R?) and
lof - u| < [f] Vol |v/ou| < [£] (o + ofuf*) < |£[ (1 + " + ofuf?),
by using Gronwall’s inequality we deduce from (1.27) and (3.2) that, for a.e. t € (0,7T),

/[ olul®> + P(o) + 6712 +k/ MF(4 )dq]( Y dz

2

Ty t
/ / ‘Vu—i—v —(diku)]l + 1B (n)|div,ul? dxdt’+2£6/ / |Von|? do dt/
(3.3) 3 0 Jo
+€/€/ // dqudt—i—k—Ao/ // dqd:vdt'
<c(l+T)e

In the rest of this section, we shall establish additional bounds on the unknowns, one by one, by using (3.3).

3.2. Bounds on the fluid density and the polymer number density. From (3.3), we have

(3.4) 0€ L>®(0,T;L7(), neL>®0,T;L*Q)NL*0,T;WH()), elul* € L>(0,T; LY(Q2)).
By Sobolev embedding and interpolation it follows that

(3.5) n € L0, T; L*(Q)) N L2(0,T; LS(Q)) < L*(0,T; L%7(Q)), 2<a < oo.

The bounds in (3.4) then imply that

(3.6) ou = \/ay/ou € L=(0,T; L7771 (2 R%)).

3.3. Bounds on the fluid velocity field. By (3.3) we deduce that

(3.7) g:=/uS() Vu+Via %(divmu)ﬂ € L*(0,T; L*(Q)).

We recall that 1% (n) fulfills the hypotheses stated in (1.28) with w satisfying (1.31) or (1.32). We begin by considering
the case when w > 0; (1.28) then implies that p~! is uniformly bounded. Thus,

T
1
(3.8) '@ — g (divewI| € L*(0,T3 L*(Q);
whence Korn’s inequality (see [9]) with the no-slip boundary condition on u implies that
(3.9) |V.u| € L2(0,T; L3(2)),  and hence  u e L0, T; W, *(Q; R?)).

On the other hand, when w < 0 satisfies the constraint (1.32), that is —4/3 < w < 0, then, by (1.28) and (3.5), we
have that

(3.10) p(n)™" € L2(0,T5 LT1(Q)) N LT (0,75 LT+1 () 1 L71((0,T) x ).
Thus, from (3.7), we deduce that
T
(3.11) w - %(divzu)ﬂ € L*(0,T; L71=1(Q)) N L7511 (0, T; Le+ia1 (Q)) N LT06511 (0, T) x ).

Hence, taking advantage of the no-slip boundary condition, we may use Korn’s inequality to obtain

4 12 20
(3.12) we L0, T; Wy T (Q;R%)) N L1 (0, T; W ™11 (Q R?)) A L100818T (0, T3 W, ™ (5 R?)).

3.4. Bounds on the Newtonian stress tensor. Consider first the case when (1.31) holds with w > 0. Let us

write .
Vu+Viu 1
S DL S = _ S
ju (77)‘ 5 3(d1vmu)ﬂ‘ gy/ w5 (),

where g € L%((0,T) x ) is defined by (3.7). Thanks to (1.28), (3.5), (3.9), and by a similar argument as in the
derivation of (3.12), we obtain

(3.13) S € L2(0, T; L7711 (Q; R¥*3)) N LF1=T1 (0, T; Le+1a1 (Q R3*3)) 0 LT0531 (0, T) x Q; R¥3).
n the other hand, when w < 0, by observing that /p~ 4+ v/ < ¢ < oo we deduce that

On the other hand, wh 0, by ob i h s B ded h

(3.14) S e L*((0,T) x ;R3*3),
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3.5. Bounds on the probability density function. It follows from (3.3) that

(3.15) F@) € L0, T; L4 x D)), \/§ € 12(0,T; L (2 x D)),
where we recall that 1; := /M. Consequently, by Sobolev embedding and thanks to Lemma 2.1 we then have that

\/E € L2(0,T; L(Q; L2,(D))).

If s > e?, then slogs > 2s > 2(s — 1), which then implies that F(s) = slogs — (s —1) > 3slogs for s > e?. Thus,

[P0zl oery = [ [Plogdl Mdgde= [ [Dlogdl Mdgda+ [ [Plogd| Mdgda
xD 0

(3 16) <y<e? P>e?
< 2e? qudx—|—2/ |F ()| M dgdz < c,
QxD P>e?
where we have used (1.12) and (3.15). This implies that
(3.17) Ylog € L(0,T; LY, (2 x D)), plogty € L=(0,T; LY(Q x D)).

Clearly,

(3.18) \RVE 2\/;~ vx\f, Vet = 2ﬁ vqﬁ.

By (3.18) and Holder’s inequality we therefore have that

Vaubligy o = [ MVgaildg=2 [ a1/ ]vq,mﬁ }dq
D D

o s ) (] ) ol

Thus, we benefit from the estimates in (3.5) for 7 and deduce that
(3.20) Voot € L2(0,T5 L3 (0 Ly (DsR*TD)) 0 L3 (0,75 LF (€ Ly (D RAHD))).

(3.19)
1
nz.
L2, (D;R3(K+1))

By observing that ||szZ||L}W(D;R3) = [|V2| 11 (D;rs) We obtain
(3.21) Vo € L(0,T; L3 (; L' (D;R®))) N L3 (0,75 L7 (Q; L' (D; R?))).

3.6. Bounds on the extra-stress tensor. We recall that the extra-stress tensor can be expressed as (see (1.20))

K
T:=k (Z (Ci("/])> — (k(K +1)n+dn*)L
i=1
Thanks to the bounds on 7 stated in (3.4) and (3.5), we have that
(3.22) n? € L>(0,T; LY()) N L' (0, T; L3(%)).
According to (1.12), we have M =0 on 0D. We then deduce by using (1.9) and (1.11) that

N - N
Ci(v) = C;(M) :/ My U{(—l> qiq; dg = —/ ¥ (Vg M) dg
(3.23) b 2 b

=/ M(tizz)q?qur(/ Miﬂdq)ﬂz/ M (Vg )qi dg -+l
D D D

Thus, by (3.18), Holder’s inequality implies that

‘/[)M(Vqﬁ)q?dq‘ SC(/DM<%\/§)2dq>§ </DMJdQ>é :C</DM(ti\/E)2dq>2n§_

By (3.15) we have l
</D " <V \@2 dq) e 101 @)

Thus, by (3.5) and (3.22), we obtain
(3:24) T € L3(0,T; LH (@ R¥)) N L3 (0, T; L¥ (4 R?)).
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3.7. Higher integrability of the fluid density and the pressure. From the energy inequality (1.27) we deduce
that ¢ € L>(0,T; L7(£2)), which implies that p(¢) € L>(0,T; L*(Q)); unfortunately, p(o) is only in L' with respect
to the spatial variable, x. In order to improve the integrability of the pressure with respect to the spatial variable,
one may use the so-called Bogovskil operator (see [7]), exactly as in [14, 13, 19]. We recall the following lemma whose
proof can be found in Chapter III of Galdi’s book [16].

Lemma 3.1. Let p € (1,00) and suppose that Q@ C R? is a bounded Lipschitz domain. Let LE(Q) be the space of
LP(Q) functions with zero mean-value. Then, there exists a linear operator Bq from LB(Q) to Wy P (Q; RY) such that

dive Bo(f) = f in Q5 |1Ba(Nllwprrey < cldip, Q) | flle)  VF € Li(),

where the constant ¢ depends only on p, d and the Lipschitz character of Q. If, in addition, f = div,g for some
gell 1<qg<oo, g-n=0 on 09, then

1Ba ()l Lagamray < c(d, q, Q) |8l La(aray-
The key idea in establishing higher integrability of ¢ and p(p) is to choose the following test function in (1.23):

(3.25) olt,) = o(t) B (sa (@)~ 7 [ e [onCo)] dx),

where ¢ € C2°((0,T)) is a nonnegative test function, S, is the classical (Friedrichs) mollifier with respect to the
spatial variable, and {b,(0)}nen is an increasing sequence of C! functions satisfying (1.26), which approximates the
function ¢’. As in Lemma 2.1 in [12] we have, for any b satisfying (1.26),

(3.26) dtb(0) + div,(b(o)u) + (V' (0)o — b(0)) diveu = 0 in D'((0,T) x R?),

where the functions ¢ and u are extended by zero outside Q. For any n, b, (o) satisfies (3.26). After tedious but
rather straightforward calculations (see [12, 14] for details), one obtains, for 6 > 0 sufficiently small, that

¢
(3.27) / o(t) 07 bp(o)dedt < c Vn > 0.

0o Ja
Letting n — oo in (3.27) and approximating 1 by C°((0, 7)) functions finally gives

(3.28) 0€ L0, T) x Q), plo) € L ((0,T) x Q) for some 6 > 0.

Remark 3.2. In order to obtain (3.28) for some positive 0, the conditions imposed in (1.31) and (1.32) can be
relaxed. By careful analysis the following constraints are found to be sufficient:

3 10
2 — < — —2 < .
(3.29) 'y>2,0_w<3 or <w_0,”y>4+3w

The more restrictive conditions featuring in (1.31) and (1.32) are needed later on, in Section 4.53, in order to prove
the so-called effective viscous flux equality (see Remark 4.2).

3.8. Bounds on the time derivative and continuity. This section is devoted to establishing bounds on the time
derivatives (0r0, O, O:(ou), O:)).
2y

As 9,0 = —div,(pu), the bound in (3.6) implies that d;0 € L°°(0,T; W "3+1(Q)). Then, by (3.4) and Lemma

2.2, we have that
0 € Cyw([0,T]; L7 (Q)).

Recall that 9y = —div,(nu) + eA,n. For w > 0 satisfying (1.31), we have u € L2(0,T; Wy > (; R?)), which

is embedded in L2(0,T; LS(€;R3)). Thanks to (3.4), we then obtain d;n € L2(0,T; W~13(Q)). If on the other
4
hand w < 0 satisfies (1.32), then we have u € L?(0,T; WOLH‘“‘ (Q;R%)) — L2(0,T; L5172 (Q; R?)). Consequently,
12

A e L2(0,T; W3+ (Q)). Thus, in both cases, by (3.4) and Lemma 2.2, we have
n € Cu([0,T]; L*(2)).

Next, we recall that 0;(ou) = —div,(ou ® u) — Vup(e) + div,S + div, T + of. We first consider the case with
w > 0 satisfying (1.31). By the estimates in Section 3.3 we have u € L%(0,T; L%(€2;R?)). Since p € L>(0,T; L7(2))
with 7 > 2, together with (3.4), we obtain
(3.30)  ou®ue LY0,T; L35 (4 R3*3)) 0 L°°(0,T; L (4 R3*3)) s L7(0,T; L (4 R3*3))  for some 7 > 1.
By (3.13), (3.28), (3.24), together with (3.30), we deduce that
(3.31) di(ou) € L™(0,T; W17 (;R?))  for some r > 1.



DISSIPATIVE WEAK SOLUTIONS TO COMPRESSIBLE NAVIER-STOKES-FOKKER-PLANCK SYSTEMS 11

For the case with w < 0 satisfying (1.32), a similar argument gives the same result as in (3.31). Then, by (3.6),
(3.31) and Lemma 2.2, we have in both cases that

ou € C,([0,T); L7771 (€ R?)).
By the Fokker—Planck equation (1.14) for ¢, the estimates in (3.20) and (3.21), direct calculations yield that
(3.32) O € L*(0, T; W (2 x D)) with s > 14 3(K +1),

where we have used that W*2(Q x D) < W>(Q x D) for s > 1+ 3(K + 1). Moreover, by the estimates (3.17)
and (3.32), using Lemma 2.2 and the same argument as in Section 4.5 in [6], we deduce that

Y € Cu([0,T]; LY x D)).

3.9. Summary. We summarize the results obtained in this section. Let (o, u,1,n) be a dissipative weak solution
in the sense of Definition 1.1 associated with initial data (gg, uo, %o, n0) satisfying (1.19). Then,
(3.33)
0 € Cy([0,T); LY()) N LTH((0,T) x Q); n € Cu([0,T]; L*(€)) N L0, T; WH2(9));
olul? € L®(0, T3 L'(%), ou € Cu([0, T LT (%RY)); T € L2(0,75 L3 (RF) N L3(0, T3 LF (5 R¥F));
u € L2(0,T; W, *(;R3)) if w > 0 satisfies (1.31);

4 _12 _20
w e L2(0, T Wy BT (s R?) A LT (0, T3 Wy ™1 (03 RY)) 0 LT887 (0, T3 W ™99 (0, R?))
if w <0 satisfies (1.32);
F(),dlogwh, ¥ € L=(0,T; L}, (2 x D)), ﬁ € L*(0,T; H},(Q x D)),
Vaath € L0, T; L3 (Q; Ly (DsR*EHD))) 0 L3 (0, T; L7 (; L, (D; R¥EHY ),
F(¥), ¢logy € L=(0,T; L' (2 x D)), ¢ € Cyu([0,T]; L'(Q x D)),
Vot € L2(0,T; L3 (Q; L' (D;R®))) N L3 (0,75 L7 (Q; L' (D; R?)));

and
Oro € L>(0,T; W_l’%(ﬂ)), dy(ou) € L™(0,T; W=7 (€ R?)) for some r > 1;

(3.34) o € L*(0,T; W*L%(Q)) if w > 0 satisfies (1.31);
o € L*0,T; Wbt (Q)) if w < 0 satisfies (1.32);
o € L2(0,T; W*2(Q x D)") with s > 1+ 2(K +1).

It is important to note that all of the above inclusions are consequences of bounds that depend only on the initial
energy, the final time 7T, and the structural constants in the hypotheses imposed on the constitutive relations.

4. PASSING TO THE LIMIT

Let (0n, Wp, ¥n, Mn)nen be a sequence of the dissipative (finite-energy) weak solutions satisfying the assumptions
in Theorem 1.3. Then, the energy inequality (1.27) and (3.3) give, respectively,

¢
/{ on|u, |? —I—P(gn)—i—énn—i—k/ MF wn)dq](t,-)dx+255/ /|Vw77n|2d:vdt'
0o Ja

2
// (M) +uB(nn)|divxun|dedt’
+€/€/// ’ U, dqudt—l—k—j%///

S/ [290n|u0n| +P(Qon)+5770n+k/ (1/1011) ]dx—l—/ /gnf u, dz dt’
Q

n n 1 .
M g(dlvxun)ﬂ

(4.1)
dq dz dt’

’ﬂ
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and, therefore,

t
/[ Qn|un|2+P(Qn)+5nn+k/ MF (i) d }(t,-)dx—i—Qaé/ /|ann|2dxdt’
0 Q
Vun—i-V u, 1

(4.2) / /Q — 5 gldiveml 2

+ 1B (np)|diveu,|? de At
+sk/// ‘ Un dqudt+—kAO/// ‘ Un
<c(1+T)e'

Thus, from the results in Section 3, this solution sequence (05, Wn, ¥n, Mn )nen satisfies the uniform bounds (3.33) and
(3.34).

The present section is devoted to studying the limit of this solution sequence. We remark that, throughout this
section, the limits are taken up to subtractions of subsequences without identification.

dq dz dt’

4.1. Convergence of the fluid density. We have that {g, }nen is a sequence in C, ([0, T]; L7(Q)) satisfying

T . . <e.
43) nen ('Q"|L i 1,%(9)) ‘

ne

By Sobolev embedding one has
LV(Q) = W s 5(Q) ify<3; LY(Q)— W 5(Q) forany s € (1,00), if 7 > 3.
Thus, by applying Lemma 2.3, we deduce that
on = 0 in Cu([0,T]; L7 ());

on — 0 strongly in C([0,T]; W‘”(Q)) for any r > 32 5 such that B‘YT <.

(4.4)

4.2. Convergence of the fluid velocity field. By Sobolev embedding, for the case w > 0, we have
(4.5) u, —u  weakly in L2(0,T; W, *(Q; R®)) and in L%(0, T; L°(Q; R?)),
while for the case w < 0, we have

4
u, —u weakly in L2(0, T; W, ™1 (Q; R?)) and weakly in L2(0, T; LT (; R)),

12
(4.6) u, —u  weakly in L7151 (0, T; W, ™ T (Q; R%)) and weakly in L1=1 (0, T; L1 (€ R?)),

20
u, —u  weakly in LT0E5T (0, T; W, ™ (€; R%)) and weakly in L0551 (0, T; L0971 (2; R?)).

4.3. Convergence of the nonlinear terms go,u,, and g,u, ® u,. We first consider the case with w > 0 satisfying
(1.31). Since v > 3 > 8, we have, because of (4.4), that

(4.7 0n — 0 strongly in C([0,T); W~12(Q)).
Together with (4.5), we have
(4.8) onu, — ou in D'((0,T) x ;R3).

By observing the uniform estimate

e (”Qnu”|L°°<0,T;L%(Q;R3)) - |Q"u"|L2(0,T;L%(Q;R3>>> -
we have
(4.9) ontl, — ou  weakly® in L°°(0,T; L777 (Q; R%)) and weakly in L2(0, T; L5%7 ((; R3)).

Moreover, by (3.33) and (3.34), we have g u,, € C, ([0, T7; LA (Q; RY)) and {9;(0nun)}nen is uniformly bounded
in L"(0,T; W=17(Q;R?)) for some r > 1. By Lemma 2.3 and the interpolation argument in Section 4.1 we have

onty — ou  in Cy([0, T]; LTF7 (4 R3));

onu, — ou strongly in C([0, T7; W_I’T(Q'R3)) for any r > 3 5 such that 3%:7« 1237.

(4.10)

The fact that v > 2 implies fEty > 8. This gives g,u, — ou strongly in C([O T); W=52(Q; R3)). Together with
(4.5), we have for the sequence of convectlve terms:

(4.11) onl, ®@u, = ou®u in D'((0,T) x Q;R3>*3).
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The case w < 0 is dealt with similarly to the case w > 0, and we obtain the results stated in (4.8) and (4.11), so
we omit the details. We merely remark that when w < 0, then we have weaker integrability for u; this is, however,
compensated by supposing stronger integrability for o through hypothesis (1.32).

We also remark that the hypotheses stated in (1.31) and (1.32) can be relaxed in this part of the analysis: the
constraints stated in (3.29) in Remark 3.2 are sufficient.

4.4. Convergence of the polymer number density. We begin by noting that the sequence {1, },en is contained
in C,,([0,T]; L3(2)) and satisfies the bound

12 <ec.
2(0,T;w T SIelE8 (@)

(4.12) sup (||77n||Loo(o,T;Lz(Q))mm(o,T;Wm(Q)) + H3t77n||L
Thus, by Lemma 2.3,
(4.13) nn —n  strongly in C,, ([0, T]; L*(Q2)) and weakly in L*(0,T; W'3(Q)).

Thanks to the compact Sobolev embedding W2(Q) << L%(Q), ¢ < 6, the Aubin-Lions-Simon compactness
theorem (see [17] or [21]) implies that

(4.14) N —n  strongly in L?(0,T; LY(S2)) for any q < 6.
By interpolation we also have
. 10
(4.15) Nn — 1 strongly in L((0,7) x Q) for any ¢ < .
We still need to show that n = fD 1) dq, where 1 is the limit of 1,,. This will be done later on, in Section 4.6.

4.5. Convergence of the Newtonian stress tensor. When 0 < w < % as in (1.31), by (1.28) and (4.15), we have
that

(4.16) (1 (1), 17 () = (¥ (), w® () strongly in L35 ((0,T) x Q).
Together with (4.5), we deduce that

Vu+VTu 1

(417) S, —S:=5(n) ( 5 - g(divxu)]l) + 1B (n)(div,u)l  weakly in L3275 ((0,T) x Q; R3*3).

On the other hand, when —% <w <0 asin (1.31), then we have

(4.18) (15 (), 17 (1)) = (1° (n), P (n))  stromgly in L4(0,T; L4(S2))  for any ¢ < oo.

Thus, by (4.6), we have, for any r < %,
T 1
. n—S:=pu’(n VutrViu 1 div,w)l ) 4 P (n)(div,u)l  weakly in L7((0,T) x Q; R3*3).
4.19 Sn =S = p* v 5 3

We remark that, by rewriting

4200 5= /) (LT i)+ ) ) v

we can relax the constraints in (1.31) and (1.32) as in (3.29) in Remark 3.2.

4.6. Convergence of the probability density function. First of all, by the energy inequality (4.2) we have

+ H\/ Jn <ec
Le(0,T5L}, (2x D)) L2(0,T;H}, (2% D))

As in Section 4 in [6] and Section 5 in [3], we use Dubinskii’s compactness theorem (cf. [11]; see also [4], Theorem
3.1 or [6]) by setting
X:=Ly(QxD), Xo={peX:9>0, Vpec Hy(QxD)},
X1 :=M"W?Qx D) :={M 'o:9e W*?Qx D)} withs>1+2(K+1),

(4.21) sup (HF(%)

neN

(4.22)

where X is a seminomed space (in the sense of Dubinskii) with seminorm defined by

o =llellx + [ 3(I9av/B P + 19,51 ) dgd
By (3.33) and (3.34) we have that
. ~n neN is uniformly bounded in ,T: Xg) an th neN is uniformly bounded in ;15 Xq).
4.23 P formly bounded in L*(0,T; X, d O formly bounded in L?(0,7T; X

X
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The continuity of the embedding X — X; and the compactness of the embedding Xy < X are shown in Section 5
in [3]. Then, by virtue of Dubinskii’s compact embedding theorem, we have that

(4.24) U — 1 strongly in L*(0,T; L}, (Q x D)),

which is equivalent to

(4.25) Y — 1 strongly in L*(0,T; L*(Q x D)).

This implies that

(4.26) M = / Y, dg — / ¢dg strongly in L'((0,T) x Q);
D D

in addition, by the uniqueness of the limit, the function 7 obtained in Section 4.4 satisfies = f p¥dg.

Since F(v) is nonnegative on (0,7) x Q x D, by applying Fatou’s lemma we have that

F (1)

By the same technique as in Section 3.5 we deduce from (4.27) that

(4.27) <ec

Lo0(0,T;L%, (Qx D)) —

< limi fo "
| oetons ey, < Hmin | Fn)

(4.28) Ylog®, & € L(0,T; Ly (2 x D)), logeh, v € L¥(0,T; L'( x D)).
By (4.23) we have
(4.29) O € L*(0,T; WH2(Q x D)) for any s > 1+ 3(K +1).

From the estimates in (4.28) and (4.29), by using the second part of Lemma 2.2 and the same argument as in
Section 4.5 in [6], we deduce that ¥ € C,([0,T]; L*(Q x D)).

Again, we write tiizn =24/ Jnvqm ¥n. By (4.24) we have

\/i — \/E strongly in L?(0,T; L3,(Q x D)).
Further, by (4.21), we have that
Vo Un — vq\ﬁ weakly in L2(0,T; L%,(Q x D; R3K)).
Thus,
(4.30) VtUn — Vg weakly in L'(0, T; L}, (Q x D; R¥9)),
Similarly, we also have that
(4.31) Vatbn — Vab  weakly in LY(0,T; LY, (Q x D;R?)),  Vatb, — Vb weakly in L'(0,T; LY(Q x D; R?)).

4.7. Convergence of the extra-stress tensor. We recall the formula for the extra-stress tensor. By (1.20) and
(3.23) we have that

K
(432) Tn =k <Z/D M(vqﬂ//\;n)qg‘ dq) - (k Nn + 677721) ]I,
=1

which, because of (3.24), satisfies

(4.33) el (HT"HL%O,T;L%<sz;R3x3>> + ”T"”L%(o.,T;L%(ﬂ;RBXS))) <o
Thus,
(4.34) T, — T weakly in L(0,T; L5 (Q; R3*®)) N L3 (0, T; L7 (Q; R3*3)).
We still need to show
K
(4.35) T=T:=k <Z/ M(Vg,)q; dq> —(kn+dn°) L
i=17D
Indeed, using the same argument as in Section 4.5 in [6], it follows that
(4.36) T, — T strongly in L*((0,T) x Q;R3*3),

By the uniform estimates (4.33) and interpolation we also have that

. r LT3 X3
(4.37) T, — T strongly in L"((0,T) x &;R*>*?)  for any r < 2.
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4.8. Convergence of the nonlinear terms in the Fokker—Panck equation. In this section, we study the
limits associated with the nonlinear terms in the Fokker—Planck equation (1.14), which are div,(u,t,) and
divg, (Veuy) ¢ ¢p). We would like to show that

(4.38) w,, —»up in D'((0,T) x Q2 x D;R?) and  (Vyu,)¢ith, — (Veu)giep  in D'((0,T) x Q x D; R3*3).
To this end, let ¢ € C2°((0,T) x Q x D;R3) be a test function. We then have that

T
/ / (unwn - 1”/)) ~pdgdxdt
0 QxD

T T
:/ / (un—u)1/1-cpdqd:1:dt+/ / u, (P — V) - pdgdadt =: I7 + IZ.
0 Jaxb 0 Jaxp

For I7*, we have

(4.40) I = /OT/QXD(un—u)1/)~cpdqudt—/OT/Q(un—u)~ (/degodq> dz dt.

‘We observe that

(4.39)

(4.41)

/qu‘gc/ bdg = en € L(0,T; L3(9)) N L0, T; L(Q)).
D D

We recall the weak convergence results for u,, stated in (4.5) and (4.6); in particular we have that u,, — u weakly in
L2(0,T; Lz (;R3)), with
243 1 1
ol ,1_1, Jl
12 6 3 4
under hypothesis (1.31) or hypothesis (1.32). Therefore, lim,_, I{* = 0.

<1,

For I3, we have

(4.42) Iy = //QXD ¥) - pdgdzdt = //Qun</ w)cpdq)dxdt.

By the strong convergence of 1), stated in (4.25) we have that

(4.43) / (Y — ) pdg— 0 ae. in (0,7) x Q.
D

Similarly to (4.42), we have that

(4.44) € L>(0,T; L*(Q)) N L2(0,T; L5(Q)) — L= ((0,T) x Q).

R

Thanks to (4.43) and (4.44), Vitali’s theorem implies that

(4.45) /Dw" —)pdg— 0 in LY((0,T) x Q;R?) for any ¢ < 12

It follows from (4.5) (for w > 0) and from (4.6) (for w < 0) that lim,, o I3 = 0. Therefore,
(4.46) u, b, — wp  in D'((0,T) x Q x D;R?).
To prove the convergence of (V,u,) ¢, to (Vyu)gvp in D'((0,T) x Q x D;R3) one can proceed similarly. We

point out that, when w < 0, the requirement that w > —%, appearing in (1.32), is really needed. Indeed, for any test
function ¢, just as in (4.45), we have that

: . .3 10
(4.47) /D(U)n —Y)pq dg—0 in L90,T; LY (Q;R”)) for any ¢ < 3
According to the bounds established in Section 4.2 for the case w < 0, the sequence {V,u,}, o is uniformly bounded
in L0530l ((0,T) x Q;R3*3). To deduce the desired convergence result, we therefore need that

10 + 3|w] 4
7+—<1<:>|w|<§

4.4
(4.48) 20 10
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4.9. Convergence of the fluid pressure. As was shown in Section 3.7 concerning higher integrability of the fluid
density and pressure, we have that

(4.49) p(on) — plo) weakly in L5 ((0,T) x Q).

By applying this, together with the convergence results from the previous sections, in particular the convergence
results for the nonlinear terms stated in Section 4.3, Section 4.5 and Section 4.7, we deduce that

(4.50) o+ div,(ou) =0 in D'((0,7T) x Q),

(4.51) 0 (ou) + div,(pu ® u) + Vup(o) — div,S = div,T + of in D'((0,T) x Q;R?),

where the Newtonian stress tensor S and the extra-stress tensor T are defined by (4.17) and (4.35), respectively.

Concerning the convergence of the nonlinear terms in the Navier—Stokes—Fokker—Planck system with variable
viscosity coefficients considered here, it remains to show that p(p) = p(p), which, because of the strict convexity of
p(+), is equivalent to the strong convergence of g,:

(4.52) on — 0 ae. in (0,T) x Q.

This is also one of the main difficulties in the study of global existence of weak solutions to the compressible
Navier-Stokes equations (see [18, 14, 13, 19]), where the so called effective viscous fluz introduced by P. L. Lions [18]
plays a crucial role. It turns out that the effective viscous flux as a whole is more regular than its components. We
will prove the following lemma, which is in the spirit of Proposition 5.1 in [12].

Lemma 4.1. For any ¢ € D(0,T), p € D(Q), we have that

nlgngo/ /¢ [ n) — (@—ME’(%)) divxun} Ti(on) dz dt
- / [ sttreto) o0 - (252 = P divan| TGl a

where Ty is a cut-off function defined by Ty(-) := kT(3) for some concave function T € C*°([0,00)) such that
T(s) =s for 0 < s<1and T(s) =2 for s > 3. Here Ty(p) is the weak™ limit of the sequence {Ty(on)}nen in
L>((0,T) x Q) as n goes to infinity.

(4.53)

The viscosity coefficients x” and p® in our case are not constant, which gives rise to additional complications in
the proof of this lemma. We shall employ the commutator estimates stated in Lemma 2.6 and the techniques used
in Section 3.6.5 in [15] to overcome the resulting difficulties.

Proof of Lemma 4.1. Asin the proof of the effective viscous flux lemma for the compressible Navier—Stokes equations
with constant viscosity coefficients (see Proposition 5.1 in [12] or Proposition 7.36 in [19]), we introduce the following
test functions:

(4.54) va(t,2) = 6(p(@) A [Thlea)],  v(t,2) = 6(0)p(2)A [Tilo) ]

where ¢ € C°(0,T), ¢ € C(Q), and A is the Fourier integral operator introduced in (2.2). We remark that o,
and p are extended by zero outside of Q in (4.54).

Taking these v, and v as test functions in the weak formulation (1.23) and the weak formulation of (4.51),
respectively, results in

T
/ / [ontn - Oy vy + (0n0n @ Uy) 0 Vv, + p(05) dive vy — Sy, : Vv, | dodt

0o Ja

T
(4.55) = / / T, :Vevy, —onf v, dzdt,
Q
T [

/ / [gu -Ov+ (pu®u) : Vv + plo)divyv — S va} dz dt

0o Ja

T
(4.56) :/ /T:va—gf-vdxdt.
0o Jo

The main idea is to pass to the limit n — oo in (4.55), and compare the resulting limit with (4.56), which will
ultimately imply our desired result (4.53). Since, following the contributions of Lions [18] and Feireisl [13], this type
of argument is by now well understood, instead of including all of the details here we shall focus on the terms that
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do not appear in the case of the compressible Navier—Stokes equations with constant viscosity coefficients. These
‘new’ terms are the following:

T T T T
/ / T, : Vyv,dzdt, / / T:V,vdzdt, / / Sp i Vev, dzdt, / / S:Vyvdedt,
0o Ja 0o Ja 0o Ja 0o Ja

and the goal is to prove that

(4.57) hm/ /']T :Vevpdodt = / /']T Vv dadt,

and
T T
lim / /Snzvmvndxdt—/ /S:Vzvdxdt
n—oo Q Q
(4.58) = lim / / o(t) [( ?57771) - uB(nn)> dikun] Tk (0n) da dt
n— oo

[ [ et [(“T“” ~ ) ) div| i@ .

By the strong convergence of T, stated in (4.37) in Section 4.7 it is straightforward to show the convergence result
(4.57), so we only focus on proving (4 58). We begin by noting that

Sy Vevy, dedt = ¢(t) Sn: (Vap @ AlTk(0n)]) dedt + ' o(t) | ©Sn: R[Tk(0n)] dadt,
Q Q 0 Q

where R is the Riesz operator deﬁned in (2.2) in Section 2.4.
For any fixed k € N, the sequence {T)(0,)}nen is uniformly bounded in L>(0,T; L"(R?)) for all 7 € [1, oc]. Thus,
by Lemma 2.5, we have that

(4.59) sug ”'A[Tk(@n)]HLOO(O,T;WLT(Q;RS)) <c¢ foranyr € (1,00).
ne

Observing that Tj(-) fulfills the properties in (1.26), it follows from (3.26) that

(4.60) 0Tk (0n) + divy (Tk(on)un) + (T (0n)0n — Tk(0n)) diveu, =0 in D'((0,T) x R3).
This implies that
(461) at'A[Tk(Qn)] = A[atTk(Qn)] =-A [dlvz (Tk(gn)un)] -A [(Té(gn)gn - Tk(gn)) divxun] .

Since A;div, = — Zle 0;0, AT = — 2?21 Ri; are Riesz type operators, by Lemma 2.5 we have that
1A, [divae] [l ormey < ¢l @ome) for any @ € L™(R%R®) and any r € (1, 00).
By using (4.5) and (4.6) we deduce that
[ A[dive (T(on)wn)lll L2 0,y Losmsy) S ¢ whenw > 0;

lA [divy (Tk(gn)un)]HLQ(O,T;L2+152\W\ ) <c¢  whenw <0.

(4.62)

Furthermore, by Lemma 2.5 in conjunction with (4.5) and (4.6) we deduce that
HA [(Tlé(gn)gn - Tk(Qn)) diku]HL2(01T;L6(Q;R3)) S C when w 2 0;

(4.63) , B

HA [(Tk(gn)gn Ty, ( )) dlvzu]” 2(0,T; L2+6\w\ (QR3)) Sc when w < 0.
Thus,
(4 64) ”at [Tk(gn)]HLQ(o T; L6 (:R3)) <c when w > 0;

Hat [Tk(Qn)]” 2(0,T; L2+6\w\ (QR?)) <c when w < 0.

It follows from the uniform estimates in (4.59) and (4.64) and the Aubin-Lions—Simon compactness theorem that
(4.65) AlTx(00)] = AlTk(0)] = A[Tk(0)] strongly in L>(0,T; L"(Q;R3)) for any r € (1, 00).
Together with the weak convergence of S,, stated in (4.17) and (4.19), we deduce that

T T
(4.66) im [ 6(t) [ Sn: (Vap® AlTk(0n)]) de dt = /0 o) | 8:(Vop @ AT de
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Therefore, to show (4.58), it suffices to prove that

[ o0 [ o5 Rtz [ o) [ o5 RT@Iarar
(4.67) = lim. / / () [( 3(’7) MB(nn)) dikun} Ti(0p) dz dt

[ oo [(52 - ) aivan] Te@iara

y (1.5) we have that
r r Vu, +VTu,
o) [ o5, s minentasat= [ o) [ ousn (YT ) Rz 0] s

T
(4.68) —1—/0 qﬁ(t)/ﬂcp (uB(nn) - %) (divyu,)I: R[Tk(0n)] da dt

T T S
= [ o) [ enSmTu, s Rt arar+ [ o0 [ o (1)~ ") @iven) o) s

where have we used the fact that R is symmetric (see Lemma 2.5) and that I : R = 2?21 Rii = L. Further, by

Lemma 2.5, and noting that Zl =1 Ri;0;ul, = div,u,, we have that

T
/0 (b(t)/ﬂgous(nn)Vun:R[Tk(gn)] dxdtz/ / Z Rij [¢ 1 (nn) 05l ] Ti(0n) da dt

1,j=1

(4.69) :/ / Z 90/1' (1) R ij [(9 u, }Tk(Qn) +RU Tk(Qn)) dzdt

i,j=1
3

T
= [ o [ entn) @iven) Tilen) + 3 R Tulen) | daat

ij=1

where R is the commutator defined by RY := R;; [pp%(n,)05ul] — ¢ 1% (nn)Rij [0jul,] . We will use Lemma
2.6 to derive uniform bounds on R¥. We first consider the case 0 < w < % Then, by (1.28) and (4.12), the
sequence { V1% () tnen = {(1#°) (Mn)Vann bnen is uniformly bounded in L2(0, T; L?(Q;R?)) when 0 < w < 1, and
in L2(0,T; L= (2;R?)) when 1 < w < 3. Thus,

5
S S

W, < when 0 <w < 1; 2 < when 1 < —.
igg”ﬂ (M)l L20.m;wr2(0)) < € enlsws ilelgl |1 (nn)||L2(07T;W1,5 @) =€ en lsw< 3

By (4.5) the sequence {V u, }nen is uniformly bounded in L?(0,T; L?(2; R3*3)). Furthermore, we note that

11 1 2 1 w 1 143w 5
4.70 —t-—-==-<1l; 4= —=-= 1 1 < —.
( ) 2+2 3 3<, 2+2 3 5 <1, asongasO_w<3
Hence, by Lemma 2.6, for any s > 1 such that
1 1 1 1 2 1 1 w 1 143w
4.71 - >—-+=-—=-==- when0<w<1l;, —>-+—=—=-= hen 1 < =
(4.71) s>2+2 3=3 When0sw<l s>2+2 3 G enl <w< -,
we have, for r, =2 when 0 < w <1 and for r,, = % when 1 <w < %, that
(4.72) B [y oy < € llor® ()l () 10500 || £2(0)
where 8 € (0,1) is such that
1 1 1 1 1 5
(4.73) §:§+E—1 when 0 < w < 1 §:§+E—$ When1§w<§.
Therefore, for some s > 1 and some 0 < § < 1, we have the uniform estimate
(4.74) Slelg HRfleLl(QT;Wﬁ,s(RS)) <c Slelg H<P/LS(77n)||L2(o,T;WLm () Slelg Hajujz”L%O,T;L?(Q)) <c

Hence, by the strong convergence of 7,, shown in Section 4.4 we have that

(4.75) RY — R :=Ryj [ppn® (m)oju’] — o n”(n)Rij [0ju’]  weakly in L5 ((0,T) x Q).
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By the boundedness of T} we have

(4.76) Ti(0n) = Ti(o) weakly in L™((0,T) x Q) for any 1 < r < 0.
Next, we want to prove the convergence of the product

(4.77) RYJ Ti(on) — R9Ti(0) weakly in L"(0,T;L7(€)) for any r < ;29
We shall use the Div-Curl lemma to this end in the time-space variables by setting

(4.78) Uy, := (Ti(on), Tr(0n)un), Vi := (R}],0,0,0).

By (4.60) we then have that

(4.79) div Uy, = 0Tk (0n) + dive (Tk(on)un) = — (Tr(on)on — Tk(on)) divyuy,

which is uniformly bounded in L2((0,T) x Q) and, therefore,
{div; ; Up}nen is precompact in W=12((0,7) x Q).
Next, on observing that curl; , V,, does not include the time-derivative of R%, by (4.74) and Lemma 2.7 we have
that
{curly , Vi, }nen is precompact in W=15((0,T) x Q; R3%3).
Thus, the Div-Curl lemma (Lemma 2.4) implies (4.77). This gives

n—roo

T 3 B T 3 3
li ij ) do dt = id dz dt.
(4.80) im i (b(t)/ﬂmz_an Ti(0p) dz: dt /0 ¢(t)/ﬂi;13 Te(0) da dt

We shall now briefly summarize the proof of (4.80) when —3 < w < 0. By (1.28) and (4.12) the sequence

{15 (nn) }nen is uniformly bounded in L2(0,7; W12(Q)) when w < 0. By (4.6) the sequence {V,u,, },en is uniformly
bounded in L2(0, T; L7¥1=1 (Q); R3*3). We have that

1 2 1 4
(4.81) 3 + —|—4|w| ~3 <1, aslongas — 3 <w<0.
Then, by Lemma 2.6, for any s > 1 such that

11 24w 1

4.82 > = - =
( ) S - 2 4 3’
we have that

ij s i
(4.83) B3 [y s, gy < €l (Un)HWl,z(Q)HajunHLﬁ(mv

where 8 € (0,1) is such that

B 1 1 1 24w
4.84 P_l,.2_2_ ,
(4.84) 3737572 4

Therefore, for some s > 1 and some 3 > 0, the following uniform estimate holds:

ij S 11t
(4.85) sup IR L1 o mows.e sy < € sup [[ops” (1) | 20,row 2y SUp IOunll L, oty o <

Thanks to the strong convergence of 7,, shown in Section 4.4, we have that

(4.56) R} — RV := Ri [o 1 (m)oju’] — o u®(n)Rij [95u]
weakly in L"((0,7T) x ), for any r < %(3”“4'

Thus, the Div-Curl lemma implies that

(4.87) R} Ti(0n) = R¥Ti(0,) weakly in L7(0,T; L7(2)) for any r < 524,
which, once again, implies (4.80).

Finally, from (4.68), (4.69) and (4.80), we deduce the desired result (4.67). This implies (4.58) by using (4.66).
At the same time, by tedious but, by now, standard calculations, as in the proof of the effective viscous flux lemma
in [18, 13, 19], we have that

T T
(4.88) lim / / Sy : Vev, dz dt —/ / S:Vyvde dt =0.
n=eeJo  Jo 0 Ja

Combining (4.88) with (4.58), we obtain (4.53) and complete the proof of Lemma 4.1. O



With Lemma 4.1 in hand, the proof of the strong convergence result (4.52) then proceeds along a well-understood
route (see for example [12], from Section 6 to Section 8), so we shall not dwell on the details here. In particular, as
in Proposition 7.1 in [12], the limit (o, u) satisfies (3.26) in the sense of renormalized weak solutions.

It remains to show that the limit (o, u, v, n) satisfies the energy inequality (1.27). This is easily seen by noting the
strong convergence assumption on the initial data in (1.30) and passage to the limit n — oo in (4.1), which directly
imply the energy inequality (1.27) by the application of Tonelli’s sequential weak (weak*) lower semicontinuity
theorem (cf. Theorem 10.16 in [20], for example,) to the terms appearing on the left-hand side of (4.1); in particular,
the sequential weak lower semicontinuity of the LP norm, 1 < p < oo, the sequential weak* lower semicontinuty of the
L°° norm and inequality (4.27) are used. Thus we have shown that the limit (o, u,,n) is a dissipative (finite-energy)
weak solution in the sense of Definition 1.1. That completes the proof of Theorem 1.3.

Remark 4.2. The constraint w < % for the case w > 0 is crucially determined by (4.70) and the condition 3525 > 1,

which appears in (4.75), while the constraint w > —% for the case w < 0 is crucially determined by (4.81). It is
unclear whether, with our present techniques at least, these restrictions on w can be relazed.

5. CONCLUSION: EXISTENCE OF DISSIPATIVE WEAK SOLUTIONS

The conclusions of Theorem 1.3 do not, of course, imply the existence of dissipative (finite-energy) weak solutions to
the Navier—Stokes—Fokker—Planck system with polymer-number-density-dependent viscosity coefficients. A rigorous
proof of the existence of dissipative weak solutions would require the following:

e a suitable approximation scheme, compatible with the energy inequality and the compactness arguments
presented in this paper;

e a rigorous proof of the existence of a solution to the approximation scheme;

e proof of the convergence of the sequence of approximate solutions to a dissipative weak solution, mimicking
the arguments presented in this paper.

Given the formal similarity of the present model to the one studied in [6], a natural approach would be to adjust
the approximation scheme used in [6], based on time-discretization, in the case of the Navier—Stokes—Fokker—Planck
system with constant viscosity coefficients (or, alternatively, to use a Galerkin approximation scheme in the spatial
variables, similar to the one in [14]). The added technical difficulties, caused by the presence of the variable viscosity
coefficients, can be handled exactly as in [1], where a similar scheme, based on time-discretization, was applied to a
diffuse interface model with viscosity coefficients that depended on the concentration.
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