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ALGEBRAIC RELATIONS, TAYLOR COEFFICIENTS OF

HYPERLOGARITHMS AND IMAGES BY FROBENIUS - II

DAVID JAROSSAY

ABSTRACT. In part I, we defined and studied the algebraic properties of a "prime
M

O,prime
Here, we study their relationships with the usual hyperlogarithm motives and peri-

multiple harmonic sum motive" (Li7) and its periods.

ods, and their "finite" variant.

One of the results provides a p-adic lift of the congruence Zo<n<p n® =0 mod p
if p— 14 s. Another one concerns a question of Deligne and Goncharov on how to
read explicitly the series shuffle relation on p-adic multiple zeta values.

On the other hand, we interpret some of the information on the valuation on mul-
tiple harmonic sums in terms of these objects.

The last generic subject of this paper is the definition of the "Taylor period map",
which we have delayed in part I. We state it and we see that it englobes questions
on lifts of congruences and of the question to find a motivic analogue to some of the
information on the valuation of multiple harmonic sums.
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1. INTRODUCTION

We give a short introduction to this paper in §1.1 ; we explain the heuristical situation
in §1.2 ; we recall some notations in §1.3 ; we give an outline in §1.4.

1.1. Context.

1.1.1. General framework. Let Z be a finite subset of P*(Q), containing {0, 1,00} ;

we denote the elements of Z — {0,1,00} by z1,...,2,, where r € N, and zg = 0,
zr+1 = 1. Our framework is mostly the pro-unipotent fundamental group of the va-
riety P! — Z over the number field Q(21,...,2.). We are interested in its periods.
The most usual ones are hyperlogarithms, and, in the case of P* — {0, 1, co}, multiple
zeta values. Hyperlogarithms are iterated integrals of the form Li ( Fiar -0 Py )(z) =
Sdy--+3 81
tn t t
foz wy,, (tn) fo . 03 Wy, (t2) f02 wy, (t1) where w,, = Zizyi and (Yn,...,41) =
sq—1 s1—1
(0,...,0,2i,,...0,...,0,2;,), with 41,...,iqg € {1,...,7}. We will consider their values

at points z € Z — {0,00} - but note that we have, for compatible choices of paths,

Li ( Flar -0 2 )(z) = Li( Zia % Zu )2 )(1). In the complex case, we choose the
Sdy---5S1 Sdy---5S1

straight path from 0 to 1. When z;;, = ... = z;

multiple zeta values ((sq,...,s1) € R.

The common way to formulate their algebraic theory is via :

. = # = 1, the numbers obtained are

i) the existence of motives called "motivic hyperlogarithms", "motivic multiple zeta val-
ues", forming Q-algebras equipped with period morphisms onto the corresponding Q-
algebras of periods, which are conjecturally isomorphisms. This is a powerful tool having
striking arithmetic applications, given the rich structure that motives have.

ii) some standard families of algebraic relations, between both the periods and their
motivic lifts, which conjecturally generate all the existing algebraic relations among
them.

1.1.2. Review of part I. In part I, we built a variant of this setting. Let multiple harmonic
sums be the following numbers :

Hn( Zigyrre e Zig ) _ Z (Ziz/zil)nl (Zid+1/zid)nd(1/zid+1)n GQ

S1 Sd
Sdy.-.,S nt...n
ds 1ol 0<ni<...<np<n 1 d

where d € IN*, 41,...,ig41 € {1,...,7}, Sd,...,81 € N*, and n € IN*,

We call "prime" multiple harmonic sums those whose upper bound n is a power of a

prime number.

In part I, we defined, and studied as a main topic a "prime multiple harmonic sum

zid+1a""2i1
Sdy---5S1

(Ll T)g/,lprime [’LD]

of the weight-adic completion of the Hopf algebra of motivic hyperlogarithms.

It has, as what we call a "Taylor period" (we will study intrinsically this notion later),
2

motive". For each index w = ( ), it is an element



the sequence :

(LT )oprmeli] = (04" iy (0))

(1)

p p prime

where k is any element of IN*, arising as the power of Frobenius. This motive also

(2/¢(2)2)[[A]]

O, prime [@], respectively

has "formal complex" and "formal p-adic" periods (LiT)

(Li ’7')0 pnme [w] in formal power series rings

(Z2/C(2)2)[[A]], resp.  Zp[[A]]
where the formal variable A is the dual of the weight, and Z, resp. Z,, is the Q-algebra
of complex, resp. p-adic hyperlogarithms. The Taylor period is equal to the sequence,
indexed by primes p, of values at A = 1 of the formal p-adic periods. In more concrete
words, prime multiple harmonic sums can be expressed as infinite sums of p-adic hyper-
logarithms. We proved this in an earlier work by a p-adic analytic method.

We established families of algebraic relations for this motive and its periods, which
are variants of the standard families of algebraic relations between multiple zeta val-
ues, and conjecturally generate all their relations. A particularity of the context of the
weight-adic completion of motivic hyperlogarithms, is that it makes sense define period
maps and state period conjectures in the context of complete topological algebras, and
not just algebras. Such maps and conjecture contain more information, can be some-
times more subtle to define ; for this reason, we have delayed to part II the definition of
the Taylor period map, the existence of such a map being suggested by part 1.

1.2. Heuristics for part II. Let us now discuss how to define a priori a "Taylor period
map" given the amount of information provided by part I. The only way to obtain a
well-defined map is to use the post-composition of the sequence of formal p-adic period
maps for all p, evoked above, by the quotient of [, Z,[[A]] by (A —1) ; by our theorem
expressing prime multiple harmonic sums as infinite sums of p-adic hyperlogarithms, we
obtain at first sight a well-defined map that sends each prime multiple harmonic sum
motive (Li 7)3! prime W]
(LiT)o,prime|@w]. However, this simple idea is not sufficient to obtain a good candidate

to the corresponding sequence of prime multiple harmonic sums

for the desired map.

First, we have to take into account the issues of convergence of p-adic series. This conver-
gence is saved and we have a well-defined map if, for example, we restrict to Z-algebras ;
but the composed map evoked above is not well defined as, for example, a map between
Q-algebras. It is not clear a priori which rings of coefficients we can choose.

According to our principle of placing ourselves in the context of topologically complete
algebras, we also have to choose a topology at the target. If we follow moreover the
principle of considering prime multiple harmonic sums as a period by themselves, and
not just a byproduct of the p-adic period, the complete topological algebra at the target
has to be defined purely in terms of the ring Hp Q, and multiple harmonic sums.

The continuity of the map is also put into question ; it should be related to the fact that
the valuation of a prime multiple harmonic sum (p*)"e8(@) [, [] is lower bounded
by its weight.



A primary guess for the topology on the target would be, for example, to consider
the uniform topology on HpQ_p relative to the p-adic topologies. Actually, with this
choice, the conjecture of periods for the given map would be an extremely strong state-
ment ; and there would be no reason - nor conceptual, nor experimental - to believe
in it. It would imply, essentially, that the filtration on the target defined through the
p-adic valuation of multiple harmonic sums is very close to the weight filtration on the
completed algebra of motivic hyperlogarithms. It would also imply a statement on lift
of congruences between finite multiple zeta values, and on the rational coefficients of the
lifts.

Finally, note that given the relationship between prime multiple harmonic sums and
p-adic hyperlogarithms, any definition of a Taylor period map as above would implicitly
relate conjecturally, more than only comparing, the slopes of Frobenius and the Hodge
filtration on the log-crystalline cohomology groups associated to the pro-unipotent fun-
damental groupoid.

For all these reasons, it seems that to attain a reasonable definition of this period map
requires some additional experimentation. Most results of this paper - which also can be
thought of independently of the question of the Taylor period - can be viewed as some
evidence for the existence of a Taylor period map, of a nature different from the one of
part I, and also as indication on what precise form the map should have. We tackle the
following two themes :

A) The interplay between the algebraic properties of the prime multiple harmonic sum
motive and periods, and the algebraic properties of the following motives and periods :
1) the usual hyperlogarithm motive LiM, and its periods. We will discuss especially
p-adic hyperlogarithms.

2) the "finite multiple zeta motive" Cﬁ/‘, and its generalization from P! — {0,1, 00} to
P! — Z. It has, as a period, the finite multiple zeta values of Kaneko-Zagier :

Calsdy...,81) = (Hp(sd, ...,81) mod p) cA= (H]Fp)/( ®p Fp)
P
(here z;,,, = ... = z;, = 1) which could be referred to as a "finite period".

There are several aspects to the theme A : reduction modulo primes, or modulo A
of prime multiple harmonic sums ; in the converse way, lift of congruences ; and the
question to derive an explicit algebraic theory of p-adic multiple zeta values, and more
generally, of p-adic hyperlogarithms. This last issue has been first raised by Deligne and
Goncharov in [DG], §5.28.

B) Arguments for the existence of a "motivic origin" of a significant part of the valuation
of multiple harmonic sums. Let us give here the first example of such a phenomenon
; it is implicitly provided by Kaneko-Zagier’s conjecture on finite multiple zeta values.
Indeed, this conjecture, combined to the usual period conjecture for multiple zeta values,



implies, for all indices w = (sq, ..., $1), the following equivalence :

¢ (w) # 0 < v,(Hy(w)) = 0 for infinitely many p

1.3. Notations for the fundamental groupoid. Here, let us take again a curve
P! — Z with the same notations : Z C P'(Q) contains {0,1,00} and Z — {0,1,00} =
{z1,...,2+}, where r € N, and 29 = 0, 2,41 = 1. We reviewed definitions and facts on
the pro-unipotent fundamental group of P! — Z in part I, §2. Let us recall here a few
notations. A few other definitions will be recalled throughout the paper when necessary.

1.3.1. Notation for 7™ (P — Z, can). Let ez be the alphabet {eq, €=, ..., €., ,e1}. Let
the non-commutative algebra of formal power series with variables in ez and coefficients
in an algebra R be denoted by

R{{ez)) = R{{eg, €z, ---,€2,,€1))

An element of it can be written uniquely as

-1 -1 —17_sq—1 -1 -1
f=r0+ E fleg? o g en 60" leg? T et ez e
Sdy---,80€IN*
Gdy.., 01 E€Z—{0,00}

1.3.2. Generating series of hyperlogarithms and multiple zeta values. Generating series
of (complex, p-adic, motivic) hyperlogarithms, resp. multiple zeta values are elements

®o. € C{eo, €1)),  (Poz)p.—k € Cplleo,e1)), BT € Za({eo, €1))

resp.

US R<<60’61>>a (I)p,—k € QP<<60561>>’ oM e Qp<<60561>>’
where £k € IN* is the number of iterations of Frobenius, and z is the extremity of the
path of integration appearing in the definition of §1.1.
Take the following correspondence between words on ez and indices that appeared in
§1.1:

(B o (1 e e e,

Then, we have, for all indices :

C(8ds---,81) = (=1)3®@[es ey .. eg " teq] ete.

The factor (—1)? comes from that the series expansion at 0 with respect to z of a dif-
dz
z—z;)

values, has a negative sign.

ferential form which occurs in the iterated integral representation of multiple zeta

Finally, the p-adic, resp. motivic analogues of multiple zeta values are denoted by
Cp,—k, Tesp. Caq. The p-adic, resp. motivic analogues of hyperlogarithms are denoted by
Lip, _p, LiM.

We denote by (p, oo, resp. Lip _oo the numbers obtained from (, _j, Lip,— by taking
limits £ — oo. These are the inverse for the Ihara action of the numbers reflecting the
Frobenius-invariant path in the fundamental group.

We will denote Kaneko-Zagier’s finite multiple zeta values by (4 ; their motivic versions
5



by Cﬁ/l. They have complex and p-adic analogues, which we will denote by 4,z /¢(2)z,
and C4,z,-

1.3.3. The prime multiple harmonic sum motive. For each index w = ( A1 T ) ,
Sdy .- -5 S1

the associated prime multiple harmonic sum motive is :

(1) (Ll T)g/,[prime[w] =

d
_pk —S; . 7 S Zi
2P (-1) (=1 (@o:)M o o
d41 . l; z Sar41 a1y -y Sa+ 1l
0<d'<d | zi )y =ziy,, =0’
ld/+11---7ld20

()

Sd/y. -3 81

1.4. Outline. The §2 is devoted to the simplest transfer of algebraic properties :

prime multiple harmonic sums red. mod. A finite multiple zetas
. red. mod.
(Ll T)g/,lprime - P gﬁ/l
(LiT)o,prime Ca

Proposition 1. The relations of theorem 1 and 3 of part I imply, by taking reduction
modulo A, resp. modulo primes, relations between the finite multiple zeta motive and
its periods, and similarly for their generalizations to curves P! — Z.

We conjecture that they generate all their possible relations.

The §3]is devoted to the question of going backwards from finite multiple zeta and
usual multiple zeta motives, to the prime multiple harmonic sums motive :

{(Li T)OM,prime’ (Li T)Oapfime} i {gM’ ¢, and Cﬁ/l’ CA}

We address this question in the case of P! — {0, 1,00}, considering both the lift of con-
gruences and the lift of the motives themselves.

In §3l1, we show that there exists a lift to a well-known family of congruences between
harmonic sums of P! — {0,1, 00} : for all s € Z and p prime, we have :

, 0 modpifp—1|s
(2) Z n‘sz{

—1 mod p otherwise
0<n<p

Several people, in particular Rosen [Ro], have proved the existence of some lifts to higher
powers of p of certain cases of this congruence, involving prime multiple harmonic sums
pweight Hp-

Theorem 2. There is an relation in 2/\\/1 written as the vanishing of an infinite sum

of elements (Li T)gfprime[u?]’s, which implies the vanishing of an absolutely convergent
p-adic sum of prime multiple harmonic sums, lifting p-adically the congruence (2)).

6



In §312, using a result of Yasuda [Y1] on gﬁ(‘, we prove that ¢ and gﬁ/‘ admit expansions

in terms of of (Li T)g‘prime. Precisely, given the natural map E(LiT)gA = Z;l
) ,prime
satisfying (Li 75 uime = S YA ¢M, we have :
’ ,prime

Proposition 3. There is a converse expansion :

M _ y—1 s T\ M
C - E(Li T)g’fprimc (Ll T)O,prime

M
O,prime"*
g/lprime [’LD] generate topo-

logically the weight-adic completion of the Q-algebra of motivic multiple zeta values.

In particular, (%! can also be expanded in terms of (LiT)
This can also be formulated by saying that the motives (LiT)

It implies also a kind of abstract general lift of congruences between finite multiple
zeta values, related to Rosen’s conjecture of the existence of lift of congruences between
finite multiple zeta values into equalities involving infinite sums of prime multiple har-
monic sums p¥1 F, in the ring Jim (Hp Z/p"Z)/(®p Z/p"Z).

In §4] we discuss how to obtain relations between p-adic hyperlogarithms starting with
relations between prime multiple harmonic sums. This question is close to a problem
raised by Deligne and Goncharov ([DG] §5.28) who asked how to obtain, for p-adic mul-
tiple zeta values, explicit formulas on which the series shuffle relation can be visualized
explicitly.

The method that we describe combines the relations between prime multiple harmonic
sums of part I with some of our work p-adic analytic work, where we have proved that
prime multiple harmonic sums admit a p-adic analytic expansion in terms of the upper
bound p¥, with coefficients equal to certain infinite sums of products of p-adic hyperlog-
arithms, and that this characterizes p-adic hyperlogarithms entirely.

Theorem 4. There is a general implication

relations between prime N relations between p-adic
multiple harmonic sums coeff w.r.t number of hyperlogarithms

iterations of Frobenius

In part I, by our proofs of theorems 1 and 3 we had constructed implicitly a passage
in the opposite direction. Note also that, in §2, a variant of the operation of reduction
modulo A was to take the coefficients of A™, for all values of n € IN. The process of §4
could be seen as an analogue with p* instead of A ; in some sense, we have made p into
a variable.

Since the expansion of multiple harmonic sums entirely characterizes p-adic multiple
zeta values, we have an answer to a sort of indirect version of Deligne-Goncharov’s
question ; separately, since the method yields a variant of the series shuffle relation on
p-adic multiple zeta values, we can also say that we have a partial answer to this question.



In §8 we make a remark on the arithmetic nature of the sequences of prime multi-
ple harmonic sums, (Li 7)o, prime(®] € HPQ_,) : we explain that, in certain cases, the
question of their transcendence can be settled. This will be used in the next part.

In §6] we explain that certain parts of the information on the valuation of multiple
harmonic sums should have a particular algebraic meaning : these are, respectively,
some information on the complex valuation of H,(w) when n — oo, and some infor-
mation on the p-adic valuation v,(H,x(w)) when p — oo. The main results of this
paragraph are implications relating such type of information with algebraic properties.

In §71 we address finally the question of the Taylor period map, explaining how it is
connected to the previous topics. Then, the main result of this part is the statement of
a version of this conjecture.

Acknowledgments. I thank Benjamin Enriquez and Pierre Cartier for their sup-
port. This work has been achieved at Institut de Recherche Mathématique Avancée,
Strasbourg, supported by Labex IRMIA.

2. REDUCTIONS OF (LiT)&!, 0 MODULO A
2.1. Kaneko-Zagier’s finite multiple zeta values and their generalization.
2.1.1. Definition. In the 2000’s, several people, in particular Hoffman and Zhao, have
shown in several papers that the quantities

H,(sa,...,s1) mod p, especially for p large

admit significative analogies with multiple zeta values - where H,(w) mod p is well
defined because the denominators of H,(w) are products of integers in {1,...,p — 1}.
More recently, Zagier and Kaneko have given the following notion and a more explicit,
striking conjecture making this analogy precise :

Definition 2.1. (Zagier, 2011) Let finite multiple zeta values be

(3) Calw) = (Hp(w) mod p) eA:= (HIFP)/(@,, F,)

The ring A = (Hp F,)/(&pF,) is the ring of "integers modulo infinitely large primes".
It is the canonical Q-algebra attached to the Z-module Hp IF,, i.e. we have

A= (H]Fp) ®z Q= (HFP)/(HFP)tm‘S

The terminology "finite multiple zeta values" is explained by the following precise con-
jecture, which means that the Q-vector spaces generated by finite multiple zeta values
of a given weight, has some identical conjectural properties with the analogous Q-vector
spaces of, respectively, multiple zeta values modulo ¢(2) and p-adic multiple zeta values.

Conjecture 2.2. (Zagier, 2011) For s € IN let V5 be the Q-vector space of finite multiple

zeta values of weight s. (By convention Vy = @ and (4(0)) = 1). Then
8



i) The sum of the Vj’s is direct
ii) Let, for all s € IN, ds = dim V5. Then we have :
2

1—=x
s __
stz Tl — 2 — 3
Later, Kaneko and Zagier made a more precise conjecture :

Conjecture 2.3. (Kaneko-Zagier, 2013) There is a well-defined map from the Q-algebra
of finite multiple zeta values to the Q-algebra of multiple zeta values modulo (¢(2)) :
d

CA(Sda oo 731) = Z(_1)5k+1+m+8d§(sk+1a ER 73d)§(ska ceey 51)

k=0
which is an isomorphism.

A good way to formulate such conjectural isomorphisms is via motives and periods. An
essential message of Kaneko-Zagier’s conjecture can be stated as :

Message. The motive
d
2(71)5k+1+m+5d§M (Sk+17 R Sd)CM (Ska cee Sl) mod CM (2)
k=0
has a "finite period", namely a "period" in the ring A.

This is the first occurence of such a phenomenon in the theory of multiple zeta val-
ues.

Although most of Kaneko-Zagier’s conjecture is an inacessible transcendence conjecture,
an interesting part of it is accessible : recall our theorem expressing prime multiple har-
monic sums as infinite sums of p-adic multiple zeta values - in the case of P! — {0, 1, 0o},
and of the first power of Frobenius :

psd+"'+51Hp(sd, coy81) =
d d .
S (Fpamtete I ( l_l) Cpo—1(sars1Hlary1, -y satla)lp,—1(sar,- - -, 51)
d'=01p11,...,la€N i=d'+1 v

By work of Yasuda, we have, for all indices w, and all primes p such that p > weight(w),
that (,(w) € pVe'st ()7, whence, for p > s4+ ...+ s1,

(4) Hpy(sd,...,s1)

d
= pf(sd+...+51) Z (71)Sd/+1+m+sdgp,fl(Sd’+17 o Sd)Cp,fl(Sd’y o 51) mod D
d'=0
For each (sg,...,s1), this equality being true for all p large enough, it descends to an
expression of (4(s4,...,51) in terms of p-adic multiple zeta values, which explains the

formula in the conjecture

As Yasuda pointed out, this also enables to prove that the dimension of the Q-vector
9



spaces Vs in conjecture are upper bounded by those appearing in the conjecture ;
this relies the same upper bound for the dimension of Q-vector spaces of p-adic multiple
zeta values, via unpublished work of Yamashita on the crystalline realization of mixed
Tate motives.

2.1.2. Generalization to P* — Z. We take the same notation as in the introduction : Z
a finite subset of P1(Q), containing {0, 1,00} ; Z — {0,1,0} as z1, ..., 2., where r € IN,
and zp = 0, z,41 = 1. We generalize Kaneko-Zagier’s finite multiple zeta values to this
case. For each prime number p, Q is embedded into Q, ; given a z € Q — {0}, we
have, for all p large enough |z|, = 1 ; in particular, z is in O¢, and we can consider its
reduction modulo me, which (is non zero and) lies in F,.

Definition 2.4. For all indices ( Flagir 0 2 ), let finite hyperlogarithms be :
Sdy -5 S1

Li*(@) = (Hy(@) modp) € ([[F,)/(®,F,)

This contains in particular a definition of cyclotomic analogues of finite multiple zeta
values, corresponding to the case where Z — {0, 00} = pn with N € IN*.

Relying on our expression of prime multiple harmonic sums in terms of p-adic hyper-
logarithms, we extend the philosophy of Kaneko-Zagier to this case, in the following
language.

Definition 2.5. Let the motivic finite hyperlogarithms be :

M~ _ M _ _
(5) LIA [w] = (_1)d(q)021i,1+1 ezid+1 (I)O'Zid+1) [ezid+1 egd 1621'.1 e '681 1621‘1}

Ziy e Zi ey 2

D D R SN L L B
0<d'<d | 7y =2ipss d'+1y---55d s S1

2.2. The reduction modulo A and reduction modulo primes of prime multiple

harmonic sums. Recall that the prime multiple harmonic sum motive is given by the

formulas :

(6)
(LT rmelt] = (V4@ ey Bomy ) [ -

OzidzJrl Zigiq

d
= TS (_qysigpM Zigr g o Zigyn
- Z H ( li )( D (I)OZidH( . . 8d+ 14 )

; Sd’+1 + ld’+1; ..
0<d’'<d | Ziy =Zigy, i=d’

Ly 1sesla>0

5171

S
€z, €0 i €0 ezn]

M (Zid,,...,Zil )

x ®F7
O%igr1 N gp ..., 8

10



We view it as an element of Zx[[A]], where A is a formal variable, via the weight
homogeneity ; namely

Aijl 8

LM -~ -1 M -1 -1
(7) (Ll T)O’prime [w] - (¢0Zid+l €2igps (I)O'Zidﬂ) |: 1— Aeg C2ig egd Caig - 681 €z

d
= ijlSiJrli —S5; \si M Zigryq v Zigia
> g 11 L)Y D ¥ s8d+la )

i Sar41 +larta, -

0<d'<d | 21y =21y, i=d’
lar 1l a>0
% q)a;l ( 1ql (g3 )
fd+1 Y S, ..., 8]
oy . 23 ey % . . . .
Proposition 2.6. Let @ = ( ~“**”""">"" ) be an index of prime multiple harmonic
Sdy--+3S1
sums.
i) We have

Lil{'[w] = A~ Vst O (Li T8 e[@]  mod A

Thus, we also have the same congruence on the level of the complex and p-adic periods.
k—1 k—1
ii) Let k € IN* be the chosen power of Frobenius. Let @y, = ( Fiagr % ) (note

Sdy .-+ S1
that @w; = @. The right-hand side below is well-defined and we have :

Lia[wg] = (p~ V=" *(LiT) 0 prime[@] mod mOcp)p Jarge enough < (HIF_p)/( ®p Fp)
P

Proof. 1) is clear. To prove ii), let p a prime number such that |z;, |, = ... = |z,lp, =1
(this assumption is satisfied if p is large enough). We have :

k—1 k—1
k\sq+...+s Rigyy «+ %1 Sq+t...+s Zf . ~Zf
v, ((p)5 YH ( ) — p LH, (Tl L) >sgt s+l
Sd - --S1 Sq4-.-51
Indeed, the subsum of (p¥)set--+s1 20<n1<»»»<nd<pkk made of indices (ni,...,nq4) €
-1 pkfl
pPTINT x L Lox pFTIINT s equal to pfat i H( Plap i ), as we can see by
Sd-.-S1
making a change of variable n; = p*~!n/. The complementary subsum has higher p-adic
valuation. (|
Remark 2.7. Assume that z;, ,,...,2; € Q. Then the reduction modulo large primes

of (Li7T)o,prime[W] defines an element of (Hp F,)/( &, Fp), which is independent of the
chosen power of Frobenius, since we have, for all primes p and all elements x € IF'),, that
P =z.

We can now state the application of our results of part I to the finite setting.
Application 2.8. The reduction modulo primes and modulo A of theorems 1 and

theorem 3 of I give analogues of double shuffle and Kashiwara-Vergne equations for
finite hyperlogarithms and their motivic, complex, p-adic analogues.

Conjecture 2.9. Those relations generate all the algebraic relations among motivic

finite hyperlogarithms and their periods.
11



Remark 2.10. We can write not only the reduction modulo A of each relation between
(LiT)o,prime[@]’s, but also the coefficient of each A", n € NN, of such relations : we
will study this aspect separately in part III. On the other hand, in §4 we will consider

"coefficients with respects to powers of p*".

2.3. Related work. What follows is, to our knowledge, the work related to the reduc-
tions of our theorems 1 and 3 of part I.

We start by the known work on finite multiple zeta values.

The theorem 1 of part I concerns double shuffle relations. Its reduction modulo A and
modulo primes has been proved by Kaneko and Zagier. To our knowledge, the method
of proof of the shuffle relation is different from ours ; it does not involve the generating
series ®~1eq ®.

A particular consequence of the integral shuffle is a "reversal" relation on prime multiple
harmonic sums stated in I, §4. Its reduction modulo primes, in the case of P! —{0, 1, 0o},
is the formula H,(s1,...,sq) = (—1)**T 54 [ (s1,...,s4) mod p. This result had been
proved by Zhao ([Z], lemma 3.3) and Hoffman ([H], theorem 4.5).

The theorem 3 of part I concerns Kashiwara-Vergne relations. The reduction mod-
ulo primes of the one-dimensional part of the equations has been proved by Hoffman,
using Newton series [H], and named the "duality theorem".

There are also notions of finite multiple polylogarithms.

Sakugawa and Seki have defined and studied the following notion [SaSe] :
Definition 2.11. (Sakugawa, Seki) Let finite multiple polylogarithms be :

tnd

Laturo®= Y e (TI@mai)/( = @hmi)

0<ni<...<ng<p - P
They show in [SaSe] several functional equations among those finite multiple polyloga-
rithms.

Remark 2.12. Note that our results imply more generally algebraic relations among
the following more general object :

t?l tnd

. sty

L.A,(sd ..... 51)(t1a oo ’td) - E not Sd
0<ni<...<ng<p -

e <H(Z/pZ)[t1, . ,td]>/<@p (Z./pZ)ty,. .. ,td])
P
Ono and Yamamoto have defined another notion of finite multiple polylogarithms and
proved that it satisfies an integral shuffle relation [OY] :

Definition 2.13. (Ono-Yamamoto) Let finite multiple polylogarithms be :
tht+la

lien® = S i © (E[(Z/pznzf])/(%(Z/pznt])

0<ly,....la<p
pila,....pfli+...+la
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The relationship between the notions of Sakugawa-Seki and Ono-Yamamoto is estab-
lished in [SaSe], §4.2. Again, we can consider the variant with several variables.

Remark 2.14. Again, we can consider the generalization to P! — {0,1,00} to P! — Z

: replace Zj, by Og-, and replace H,(sd,...,s1) by Hp( Fiaar s 2 )

P Sdy---5 81
Last related work : we stated as a remark the existence of notions of cyclotomic fi-
nite multiple zeta values, their variants defined through the series <I>O_Zlez<l>0Z, and their
algebraic properties, in the first version of part I.

3. LiFTs OF (™ AND gﬁf AND THEIR CONGRUENCES IN THE CASE OF P! — {0, 1,00}

3.1. The problem of lift of congruences and related questions. The finding of
congruences between prime multiple harmonic sums H, modulo p in the 2000’s have
raised the question to find lifts of them modulo higher powers of p.

Let us give an example : for all primes p and all all s € Z such that p — 1 does
not divide s, we have
Hy(s)=0 mod p
Here is a lift of this congruence to a congruence modulo p? [Z], [?] : assume that p > s+1
; we have
5

(8) Hy(s) = PH—I

Indeed, we have first of all H,(s) = Zﬁ;ll nP(P=1)=5 mod p?. This reduces us to positive

powers of n ; the sums of positive powers of integers from 1 to p — 1 are given by, a

H,(1,5) mod p?

standard fact, by a polynomial of p : precisely,

1 <P(P—1)—5+1) !
V2R a— Bp—1)p—s+1-1p
P plp—1)—s+1 l

Because of the hypothesis on p and s, only the [ = 1 term is non zero; finally, by Kummer

— (p—1)p—s —
p—1)—s = ﬁBp—l—s =

p(p—1)—s+1
Hy(s) =

S
congruences, we have B, B,_1-s mod p.

s+1

The problem of lift of congruences has been made systematic by Rosen in [Ro], who
defined a lift of Zagier’s finite multiple zeta values involving p-adic numbers for "p infin-
itely large"

Definition 3.1. (Rosen) Let the weighted finite multiple zeta values be :
gA(Sd, ey Sl) = (Hp(sd, RN 51))p prime € A = 1&1 <HZ/p"Z)/<@ Z/p"Z)
P

The ring A defined in [Ro] is the quotient of [1,Z, by the closure of &,Z, relatively
to the uniform topology on Hp Z,, (where the uniform topology is relative to the p-adic
topologies on each Z,). It is a complete topological ring.

We have reviewed in I, §8, how the two algebraic relations proved in [Ro] are particular
cases of the theorems 1 and 3 of part I. Another aspect of Rosen’s work is a philosophy

of lift of congruences between finite multiple zeta values. Rosen conjectures that all
13



equalities between finite multiple zeta values admit lift to equalities between weighted
finite multiple zeta values in the ring A. For s € {1, 2}, the result of existence of such
a lift is stated in (the first version only of) [Rol, §5, and proven up to mod p’, with a
reference to algorithms for higher congruences.

We are going to see that we can find p-adic lifts of certain congruences, using our
theorems 1 and 3 of part I. Another issue is at stake : our theorems of part I give equal-
ities on prime multiple harmonic sums valid for all primes p and having coefficients in
Z. ; on the other hand, Kaneko-Zagier’s finite multiple zeta values are defined "modulo
large primes", and their structure comes from congruences valid only for p large. The
proof of theorem 2 shows how, by rearranging equalities with coefficients in Z, we arrive
indeed at certain non trivial rational coeflicients.

On the other hand, we are going to see that we can lift A-adically the finite multiple
zeta motives themselves, by expressing them as formal infinite sums of prime multiple
harmonic sum motives. This implies a general lift of congruences between prime multiple
harmonic sums, up to the determination of the convergence of certain p-adic series.

3.2. A lift of congruences between the harmonic sums of P! — {0, 1, cc}.

3.2.1. Introduction. We take the case of P! — {0,1,00}. Let us recall the expression
of certain parts of the theorem 1 and 3 of part I in this case. Some avatars of these
equations appear in [Ro.

i) the series shuffle equation (particular case of theorem 1) : for all words w,w’ :

(9> (Ll T)g/,lprime (’LU * ’LU/) = (Ll T)OM,prime (w) (Ll T)OM,prime (’LU/)

ii) a particular case of a "symmetry equation' that is a particular case of the shuffle
equation (particular case of theorem 1)

(10) (Ll T)g/,lprime(w) = (Ll T)g/,lprlme((zw)* IDV(’LU))

ii) the one-dimensional part of Kashiwara-Vergne equations (particular case of theorem
3) :

(11) (Ll T)g/,lprime(w(eo +e1, _61)) = Z (_1)d6pth(2) (Ll T)g/,lprime(zw)

z€ker 580

For the simplicity of the notation we will rename h(w) = (LiT)g/}prime(w). For R a
ring, and s € IN*, denote by R.h(weight>s) the weight-adic completion of the R-module
generated by polynomials, with constant coefficient 0, of numbers h(w,,) with for all n,
weight(wy,) > s.

Theorem. We have, for all s € IN* :
1

1
h(S)EO mOdZ[—,...,?
S

2
and this can be lifted adically as follows.

By induction on N, let us assume that, for N € N*, n € {1,...,N — 1} and s € IN*,
14
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there exists wX (s) € H. of weight s + n such that
N1

h(s)=Y_ h(w) (s)) mod Z[%, .

n=1

1

[ s + 1]h(weightZS+N)

Then, for N € N*,; n € {1,...,N}, and s € IN*, denoting by

S

12) v =- 2, CDTIRG)

z,word of weight n

S 1
- Z Z ; kwrzyl(kl)**w,]yl(kl)

2<i<s ni,...,n EN* Hi:l i
{(kr, k) €N it tm=n
kid...+ki=s}/S

we have

N 1

ile) FES|

1
hwy ™ (s)) mod Z[Z, ... [P weight>s+N+1)

n=1
3.2.2. Proof.
Remark 3.2. The formulas of [J6], §3.4, which are true in the motivic case, imply that

1
1— Aeg s+1
This is the motivic analogue of the lift (&)

(@t ®)M] erey el = A (@ ey ®)M[———e2ef " er)] mod A?

Lemma 3.3. It follows from the series shuffle equation that

SRR DI S |

w of weight s I=1 {(ky,... k) e(IN*)!| i=1
k1+...+kl:s}/Sl

Proof. In [H], theorem 2.2, Hoffman proves that the series shuffle equation implies, for
all sq,...,s81 € IN*,

(13)
l
D Blsp(y s Se1) = > 0] ((ﬂBz' — (Y Su))
¢ permutation {B1,...,B;} partitions i=1 ueB;
of {1,...,d} of {1,...,d}

This implies that > h(w) is equal to

w of weight s

SOy I

=1 (ky e k) e (V) 1=1
k1+...+kl:s}/Sl

l
S0t S T ) € V)

ij = k/’l}

d>l ni,...,n;>1 i=1
ni+...+n;=d
- 1 [k
_ AYEERY/ - T\ 1\n
- > 'Y S (e
=1 (k. k) € (N =1 d>1 ni,..m>1
lir...Jrkl:S}/Sl ni+...4+n;=d
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hence the result. O

Corollary 3.4. With the assumption of theorem 4, denoting by S; is the group of

permutations of {1,...,1l} we have :
1
h kz) s+1 .
(14) - > 11 gﬂ =——h(s)+ > (=1)¥PEp(zy,)
2<i<s i=1 zEW/\{x}

{(k1,.... k) E(N*)!|
ki+...+ki=s}/S

Proof. This combines the equation (1) in depth one with the previous lemma. ([
Lemma 3.5. We have, for all s € IN*,

1
"s+1
Proof. Let us take s = 1 in the symmetry relation (I0). This gives

2h(1)=0 mod Z[hweight22]

1
h(s) =0 mod Z[§’ ]-h(weight>s+1)

i.e. the result for s = 1. On the other hand, the previous corollary implies

h(s")

-1
—h(s)+(Z-1inear combinations of products of with s’ < s) = h(s) mod Z.h(yeight>s+1)
3 >

Hence the result by induction on s, by regrouping the two terms involving h(s) and
obtaining a term *tLh(s). O

Lemma 3.6. Let us assume that, for a given N € IN*, for all s’ € IN*, we have :

1

N-1
- s +1

1
S/ mod Z[§, ]h(weightZS’JrN)

with, forallmn =1, ... ,N — 1, weight(w)Y (s')) = s’ + n.
Let us take s € IN*, (ky,..., k) € (IN*)! with [ > 2 and k; + ...+ k; = 5. Then :

Loh(k) e 1 1
11 = I1 > hw (k) mod Z[,.... 771 veighez s N +1)
i=1 i=1n;=1
Proof. We apply the hypothesis to s’ = kq,.. = k;. First of all, for all 4, we have
Z[%,...,k_ﬂ] czy, ..,s+1] The numberski (wX (k;)) are of weight > k; + 1, and
the elements of
z[i,..., S,—il]h(weightzk#]\/) are of weight > k; + N. Since we have
l N—-1 1
;_11: ( n=1 )) * Z[ T s+ 1]h(W6ight>S/+N)>

then, the difference

—

N-1

l
— H Z h(w!
i=1n;=1

i=1 i

is made of terms whose weight is superior or equal to > 1<i<i(k; + 1) + kiy + N =
40

(22:1 ki)+N+1—1forallig € {1,...,1}, which is itself superior or equal to 22:1 ki+

N + 1 since [ > 2. O
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Finally, the theorem follows from this last lemma and the corollary [3:41

3.2.3. Remarks and corollaries. We derive four particular consequences of the theorem.

Remark 3.7. Variant for the multiple harmonic sums with large inequalities
One has also in [H], theorem 2.2, a variant of equation (I3)). It applies to the variant of
multiple harmonic sums defined by large inequalities
Y
S1 Sd
0<ni<...<ng<N .-y
It is the same equation with (I3 without the sign (—1)%. It enables to show an analogue
of the theorem for the associated variant of prime multiple harmonic sums. In the proof,
the sums of the type > =,
replaced by sums of the form >_.'_; (Z) = 2" —1. This changes slightly the computation.
The variants of multiple zeta values involving sums with large inequalities are usually

(—=1)"(¥) = —1, that appear in the rational coefficients, are

refered to as "multiple zeta star values".

Let s1,s2 € IN* such that s; + s is even. The series shuffle relation (@) h(s1)h(s2) =
h(s1+ s2) + h(s1,s2) + h(s2, s1) combined to the symmetry equation (I0]) which gives,
by the parity assumption, that h(s1,s2) = h(sz2, $1) mod h(weight>s;+ss+1), implies an
expression of the lowest weight term of h(sq, $1) in depth one :
1
h(s2,51) = g(h(sz)h(sl) — h(s1+s2)) mod h(weight>s,+ss+1)
Combining the theorem and this equality gives :

Corollary 3.8. h(s2,s1) admits a weight-adic expression in A(weight>s,+s2+1)- 1t gives a
p-adic absolutely convergent equality on prime multiple harmonic sums for p > s1+so+1.

This is a lift of the vanishing of (4(s2, s1) when the weight s; + s2 is even. Recall that
this vanishing is the finite counterpart of the vanishing of even p-adic zeta values, or,
equivalently, of the fact that we have ((2n) € Q72" for all n € IN*.

Remark 3.9. By considering the coefficient of each A’ in the theorem, we obtain an
infinite family of relations among multiple zeta values, which is a consequence of the
double shuffle and Kashiwara-Vergne equations.

The p-adic multiple zeta values of depth one admit the following expression as sums of
series in terms of prime multiple harmonic sums : for all s € IN*, for all primes p, and
for all k € IN* :

ps S n + s n
(15) Gor(6) = 2 X B0 (1) 0 s )

n>—1

Recall that those numbers are also values of the Kubota-Leopoldt p-adic zeta function
tGpk(s) =p*Ly(s,w'™%).

Let us apply the previous theorem to the term n = —1 of the series, i.e. to the factor
(P*)*~ Hye (s = 1).
17



Corollary 3.10. For p > s, there is another series expansion of the p-adic zeta value
Cp,—k(s) in terms of multiple harmonic sums, that reflect the integrality property coming
from cohomology

p’
Cp—k(s) € Z ?ZP

s'>s
3.3. Lift of ¢M and ¢}' in terms of (Li T)5, ime for P* — {0, 1,00}

3.3.1. Introduction. Among all the information implied by the conjecture of Kaneko and
Zagier, combined to the usual conjecture of periods for multiple zeta values, one has the
following assertion : the numbers

d

D (=)t cM s 5a) M (s, 51) mod ((2)

n=0
generate the Q-vector space of motivic multiple zeta values modulo ¢((2) ; and thus
similarly for all versions of multiple zeta values. (It is indeed implied by the conjectural
equality of dimensions of the Q-vector spaces generated by, respectively, these numbers
and the usual motivic multiple zeta values modulo ¢(2)).
This assertion has been proven true by Yasuda, as a consequence of the double shuffle
relations [Y1].

Remark 3.11. The main technical step of Yasuda’s proof is the corollary 3.3 of [Y1] :
it is an expression of Zizo(fl)s““*"“*‘sdg/‘/‘(an, ooy 80)CM (8, ..., 51) in as a poly-
nomial expression over  of motivic multiple zeta values of depth < d — 1 and 2iw. We
have given a different proof of it via associator relations in [J6], where we study more
generally the phenomena of depth reduction via associator relations.

3.3.2. Statement and proof. Using Yasuda’s result, we can obtain :

Theorem 3.12. Each coefficient ®[w] of the motivic Drinfeld associator ®M admits
the following expression, for a formal variable A :

_ 1
@[w] = Z((I) 161@)M[m61wn]An
n>0
where w,, € Hy(eo,e1) is of weight equal to weight(w) + n.
In other words, each motivic multiple zeta value can be written as an infinite sum of the

M ~

prime multiple harmonic sum motives (Li T)O,prime[w]

This has the following consequences :

Corollary 3.13. The weight-adic completion of the algebra of motivic multiple zeta val-

ues is topologically generated by the prime multiple harmonic sum motives (Li T)é/,[prime [@].

Corollary 3.14. Every algebraic relation between motivic multiple zeta values implies
a relation between prime multiple harmonic sum motives.

Now let us give the proof of the statement.

Proof. By Yasuda’s theorem, the Q-vector spaces generated by the coefficients of ® of a
given weight are generated by the numbers of the form (®~te;®)le; ...e;]. Thus, given
18



a word w, there exists zg € H(eo, e1) such that
(I)[’LU] = (Q_lel@)[elzoel]

By induction on [ € N, let z; € H(eo, e1) such that
-1
(@~ te1®)[e1ze1] = Z (@ ey ®)[el ™ erzmen]

m=0

By the definition of the sequence (z;) we have, for all [,

l l
Am
(I)M [w] = Z((I)ilelq))M[l_iAeoelzmel] — Z Z ((I)flelq))[egelzmel]A“er
m=0 m=0u>l—m
The assertion is obtained by taking the limit I — co. (I

4. TRANSFER OF ALGEBRAIC RELATIONS FROM (Li T)o,prive TO p-ADIC
HYPERLOGARITHMS

4.1. The problem of a theory of series of p-adic multiple zeta values. The p-
adic multiple zeta values have been first defined in [DGI, §5.28. There, it is conjectured
that they satisfy the same relations with complex multiple zeta values, plus the analogue
of 72im = 07”. Later, it has been proved that they satisfy double shuffle relations [BF],
[FJ], and associator relations with parameter zero [U2]. The analogue of the relation
"2t = 07 is reflected, among others, on the fact that the parameter of associator re-
lations is zero, and on the fact that p-adic multiple zeta values of depth one and even
weight vanish : this recasts a classical statement on values of the Kubota-Leopoldt zeta
function.

In [DG] §5.28, Deligne and Goncharov also ask the following question : "4l serait intéres-
sant aussi de disposer pour ces coefficients [p-adic multiple zeta values| d’expressions
p-adiques qui rendent clair qu’ils vérifient des identités du type [series shuffle relation]".
Separately, the question to compute p-adic multiple zeta values in depth two, or to make
an "educated guess', has also been raised by Deligne (Arizona Winter School, 2002, un-
published). This last question has been solved by Unver in [UI].

Our formula expressing prime multiple harmonic sums in terms of p-adic multiple zeta
values is the first close formula, valid for every value of the depth and relating p-adic
multiple zeta values and explicit functions :

) (C]l)k)sd"'"""salk (Sdy---,81) =
(=)0 2ty rvtaz0 L lima () Cp—r(sar41 + a1y 80+ 1a)Cp,—k(5ars - -, 51)
On the level of prime multiple harmonic sums, the series shuffle relation is clear. More

generally, as we will explain in ITI, all the algebraic relations of prime multiple harmonic
sums can be read explicitly via elementary operations on series.

This formula suggests that the present work could be seen as an indirect algbraic theory

of series for p-adic multiple zeta values, related to Deligne-Goncharov’s question, and

more generally of p-adic hyperlogarithms. Here, we sketch how, combining part I and
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some of our p-adic analytic results, to make this idea more precise and explain how to
turn it into a less indirect theory. This is only one point of view among other possible
points of view : we will provide a different one in part III.

4.2. Sketch of the statements. For simplicity, we restrict to the case of P —{0,1, 00}.
We showed in [J2] the following result, which shows the importance of considering all
powers of Frobenius at the same time :

Proposition 4.1. The expression of prime multiple harmonic sums in terms of p-adic
multiple zeta values and the integral shuffle relation of p-adic multiple zeta values char-
acterize entirely p-adic multiple zeta values.

Precisely, we have showed that p-adic iterated integrals expressing the action of the
Frobenius map F, (of [D] §11) on the canonical paths 41, of the fundamental groupoid
can be expanded analytically in terms of the power of Frobenius, and that the coefficients
of the expansion have a natural expression in terms of the iterated integrals associated
with the Frobenius-invariant path.

Theorem 4.2. Each algebraic property among prime multiple harmonic sums, valid for
all possible powers of p, is equivalent with a family of relations involving infinite sums
of polynomials over @ of p-adic multiple zeta values.

Corollary 4.3. The explicit double shuffle and Kashiwara-Vergne relations of part I,
theorems 1 and 3, for prime multiple harmonic sums are equivalent to variants of the
double shuffle and Kashiwara-Vergne relations for p-adic multiple zeta values.

This gives an answer to a variant of the question of Deligne-Goncharov. It would remain
to characterize more precisely these variants.

5. INTERLUDE ON THE TRANSCENDENCE OF (Li 7)o priue

We are going to see that the question of the transcendence of the sequences of algebraic
numbers (Li 7)o prime[w] is sometimes accessible. This means, heuristically, that their
nature may be closer to the one of hyperlogarithms, analytic functions on P! — Z, rather
than their special values at tangential base-points such as multiple zeta values. We will
use several times the following fact.

Fact 5.1. Let an infinite countable product [], . An of Q-algebras, such that either
for all n € N, A, C C, or for all n € N, A4, € Cp. An element a € [] . An is
transcendental as soon as it has infinitely many components that are pairwise distinct.
Indeed, a polynomial P € Q[T] such that P(a) = 0 has then infinitely many roots, and
is thus equal to 0.

5.1. The case of P! —{0,1,00}.

Proposition 5.2. Assume that Z = {0,1, co}. Then, all the sequences (Li 7)o prime[w],
elements of Hp QC Hp Q,, are transcendental.

Proof. We will view HPQ C Hp C. Let us fix an index (sg,...,81). The maps n +—
Hy(s4,--.,51) and n — n®dTT51 are strictly increasing functions IN* — R ; thus so is
their product
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n > St TSUH (s4,...,51). This last map is in particular injective. A polynomial, not
necessarily with rational coefficients, mapping infinitely many values n®*+51 H, (sq4,..., s1)
to 0, has infinitely many roots in Q, and is equal to 0. O

Remark 5.3. Kaneko-Zagier’s finite multiple zeta values are obtained by reduction
modulo large primes of these sequence of prime multiple harmonic sums. The study of
their transcendence may use one day this simple fact.

5.2. On the totally real case. Fix an embedding Q < C, and let Zigy1se s 20y De
non-zero algebraic numbers whose images by this embedding are in R**. Let w an index

of the form( a1yt

), with sg,...,s1 € N*.
Sdy.-+5S1

Proposition 5.4. The sequence (Li7)o prime[w], in HPQ C HpQ_p is transcendental.

Proof. Viewing [, QcC [ 1, € by the embedding above, the mapn € IN* nveight(w) [y [p)
is again injective as in the previous proposition. ([

5.3. The "universal" case. The results of part I have been stated as being valid for all
curves P! — Z over a number field. Except for the motivic results, they can be restated
as concerning by replacing elements of Z by formal variables. Then, the results concern
the following polynomials :

Definition 5.5. Let, for d € IN*, and (sg,...,s1) € (IN*)4, and n € IN*,

. Ty
Psl,,..,sd,n(le---7Td7Td+1) = Z WT(}ZJ S Q[le--dedeJrl]
0<ni<..<nmg<n 1 777d
The very simple statement below can be viewed as a "universal" analogue of the previous
propositions, involving implicitly all curves P! — Z. We fix d € IN* and (s1,...,54) €
(IN*)“.

Proposition 5.6. The polynomials Ps, . s, n(T1,...,Ta, Tas1) for n € IN* are pairwise
distinct.

Proof. For each n € IN*, the degree of Ps, . s, n(T1,...,Ta, Tatr1) with respect to Tyt
is equal to n. (I

5.4. On the general case. For a general curve P! — Z, we make the following conjec-
ture.

. , Zigiise -y Zi . —
Conjecture 5.7. Let an index w = ( Z;“ i ") with zi,,,,..,2, € Q — {0}
dy- ey 51

Then, the subsets I of IN such that H,[w] takes the same value for all n € I are finite.
In particular, there are infinitely many distinct values of H,[w] when n varies in IN.
Then (Li 7)o, prime[w] is transcendental, by fact Bl

The reason for this conjecture is the following.

Remark 5.8. Assume first sy > 2. If there are infinitely many n such that H,[w] takes
the same value, then the limit lim,,, o H,[w], which is a value of an hyperlogarithm at a

tangential base-point, is an algebraic number. This contradicts the usual transcendence
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conjectures on values of hyperlogarithms at tangential base-points. In the case where
sq¢ = 1, we can make a similar reasoning using the asymptotic expansion of multiple
harmonic sums, which we will recall in the next paragraph.

5.5. The case of any complex or p-adic values of z;,, ,,...,2;. The definitions of
multiple harmonic sums H,[w], n € IN* and of (LiT)o prime[w], extend to all indices
Zigiise -y Zi . .
w= (" ") with (2ig,,, -5 20) € CTor (2igy,5 -5 2,) € €L e, where
Sdy 581

zj; are not necessarily algebraic, by the same formulas with the usual ones. As men-
tioned in the paragraph on the universal case, the algebraic relations of part I remain
true. We are going see below that, not surprisingly, for most values of (zi,,,,..., 2, ),

the obtained sequence of prime multiple harmonic sums is trasncendental.

First, let Q@ € Q[T4,...,T4,Ta+1] be a polynomial such that its set of roots inside
C+1 or Cg“ satisfies that, for each ¢ € {1,...,d 4+ 1}, its image by m; the projection
CH1! - C, resp. Cg“ — C,, onto the ith coordinate, is infinite. Then @ = 0. Indeed,
this follows by induction on d using that a polynomial in one variable having infinitely
many roots is equal to zero.

This, together with proposition (.6 implies that, for n,n’ € IN* with n # n’, the sub-
set of C?*! characterized by Ps,....sum — Psy....sumn 7 0 is a dense open subset for the
complex resp. p-adic topology. In particular

Remark 5.9. The subset of C?+!, resp. Cg“ such that Ps, . s,n— Ps,.....syn 7 0 for
all n,n’ € IN* such that n # n’ is dense inside C*™*, resp. C¢*!. This follows from the
facts above and Baire’s theorem that a countable intersection of dense open subsets of a
complete metric space is dense in the complete metric space. This very simple remark is
of course not sufficient to deal with the case that we want to study, where z;,,,,..., 2
are algebraic.

6. ON THE VALUATION OF MULTIPLE HARMONIC SUMS AND ALGEBRAIC RELATIONS

We know that some of the information on the p-adic valuation of multiple harmonic
sums M, [w] is equivalent to relations between motives, up to two conjectures : the
usual period conjecture for multiple zeta values, and Kaneko-Zagier’s conjecture on
finite multiple zeta values.

Here, we sketch how this principle can be extended in three different directions.

6.1. Constraints relating the p-adic valuation of H, and H,,. Recall from our
p-adic analytic work [J2], that the multiplication by a power of a prime number of the
upper bound of multiple harmonic sums, under an appropriate hypothesis on P! — Z,
is expressed in a compact way in terms of the fundamental groupoid, in the following
form :

(16) ((pkn)weighthkn[w])w _ nweight (q)azlezq)()z)p7_k

oy (nweightHn [w])ﬂ]
where oy is an operation that we call the harmonic Thara action, and the sequences
of multiple harmonic sums ((p*n)“&"H s [@]) = and (n“*8" H, [@]) . are indexed by
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Zid+l,...,zi1

) such that z; = Z.
d+1
Sdy -+, 81

words W = (
Given the expression of (¢521€z¢0z)p7_k in terms of prime multiple harmonic sums,
this indicates that some of the information on the p-adic valuation of multiple harmonic
sums, not necessarily prime, should have an algebraic origin. Separately, there are
bounds on the p-adic valuations of (‘I)o_zl ez@OZ)pﬁ . given by log-crystalline cohomology
; they imply constraints on the p-adic valuations of multiple harmonic sums H,, and
H,.

6.2. Complex valuations of (LiT)o for n large and (Li7)3! . Recall that (LiT)o
denotes the sequences of all multiple harmonic sums, not necessarily primes. We have
seen that relations between prime multiple harmonic sums can be obtained by taking
Taylor coefficients of algebraic relations between multiple polylogarithms.

We address the question of going backwards : how could we retrieve, from an algebraic
relations between prime multiple harmonic sums, an algebraic relation which would be
true for all, non necessarily prime, multiple harmonic sums, and thus true for multiple
polylogarithms. We are going to see that this question is related to the valuation of
multiple harmonic sums.

6.2.1. Preliminary : the asymptotics of multiple harmonic sums in C when n — oo. We
Zid+15"'5zi1 ) _

fix an embedding Q@ — C. Let us see multiple harmonic sums Hn(
Sdy -5 S1
(Zi2 /ziq ) T (zid+1 /Zi.i)nd (1/Zi.1+1)n

20<n1<...<7h<n nil...ngd

viewed as a complex number. Here is a way to obtain their asymptotic expansion

as functions of their upper bound n,

when n — oco. Such an asymptotic expansions appears in [CM] (at least in the case
of P! —{0,1,00}), and also in [ABS]. There are many ways to obtain this asymptotic
expansion ; we write here the one that seems to us a quick way to get to a formula.

By using the series shuffle product, we can reduce ourselves to two subcases
Zigs %
i) the case of the indices ( 12’1 ). When z;, = z;, = 1, this is the harmonic series

H,=1+...4+1
ii) the convergent case, i.e. the one of indices s4 > 2 : it is the case where H,,(w) has a
limit in C when n — oo.

The first case is classical. To deal with the second case, we can consider the com-

. . (Ziz/zil)nl»»»(zid I/Zid)nd(l/zid 1)n = .
plex infinite sum 3 0<ny <...<ng<oo T + € Q, consider a
T td

n € IN*, and cut the sum at n :
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Proposition 6.1. We have :

(17) Z (Z@/zil)m e (Zid+1/zid)nd (l/zid+1)n _

E Sd -
nq ...7’Ld

0<ni<...<ngqg<oc0

i ( Z (Zi2 /Zil)nl e (Zid/ﬂ/zid/)ndl
S1 Sd/
n

d’=0 “0<ni<..<ng<n d’

ni nd n
» (Zid/+1/zid/+1) R (zid+1/zid) (1/Zid+1)
Z Sd’+1 nsd
n<ngry<...<ng<oo d'+1 "'
This implies that the map n +— H,( ~*"""7" ™" ) is a C-linear combination of maps
Sdy. -5 S1

(18) n+— Z (Zid’ﬂ/zid’ﬂ)nl ;;l'+(lzid+1/zid)nd (1/Zid+1)n)

Sd
ngnd/+1<...<nd<oo nd/-l-l s 'nd

where 1 < d’ < d and maps n +— H,[@'] with depth(@’) < d. it reduces us, by induction
on d and application of the series shuffle product, to maps given by convergent iterated
sums from n to 0o, and to the case of the harmonic series. We can treat the case of the
maps ([I8) via the Euler Mac Laurin formula as follows. Take the following notations :

Notation 6.2. 1) Bernoulli polynomials : By(z) =1 ; for n € N, B! (z) = nB,_1(x)
and fol B, (z)dx =1

2) Their periodic variants : for n € N, P,(z) = B,({z}), where {2} =z — |z].

3) Bernoulli numbers : b,, n € IN.

Notation 6.3. Let the following linear operators on the C-vector space of C* functions
on a given interval of R :

1) My : multiplication by a function ¢

2) 0° : derivative iterated i times.

N Ty:d— ¢ —¢a), a € R.

Proposition 6.4. (Euler Mac-Laurin formula) For [a,b] C R a segment and f : [a, b] —
C a C* -function we have, for all k € IN :

b—1 k b
b; i i— Bk({l _t})
> 1) = - G - £ @) - [P 0 g
n=a =0 a
Then, writing the primitive of f which vanishes in a as f(~ we obtain :
k

b-1 . . b _
> s =3 oo - [ P 0 g
n=a =0 a

It is also possible to write an iterated Euler Mac-Laurin formula :

Proposition 6.5. (iterated Euler Mac-Laurin formula) For [a,b] C R a segment, r € IN*
and f1,..., fr : [a,b] = C C* -functions we have, for all k € IN :

Z fr(nr)...fl(nl)

a<n<...<n,<b—1
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k k b )
= > e (10" My, . T,0" My, (1))(0)

11=0 1-=0

—Ti 3 < H £i(ny) >/ns+lw<MhTaﬁ“1...Mf1(1))(k)(t)dt

s=la<ngy1<...<n,<b—1 “j=s+1

\ B . (k)
[P (e ) o

We will take a = n, and the limit b — oo in the convergent case. It is possible to bound
the integral rest as in the application of the usual Euler Mac-Laurin formula. This gives

Proposition 6.6. For all indices @ of multiple harmonic sums, there is an asymptotic
expansion of H,[w] in C when n — oo, of the form below, where I € IN, and a;; € C :

Z a; jlog(n)'n™’

0<i<T

0<y
Now, we take f1 : t — ts%,...,fT e ts%, Si 6 IN*. We want to give an idea of
the shape of the formula in this case. If f : ¢ — t—s, s € IN*, we have, for all i € N,
% :t— (7). (This extends to the case i = —1 if we pose (%) = tL=.) For all

i1,...,%4 > 0 we obtain :
(Tu 97 My, .. Tu % My, ) (b) =

r =€ (P)y(_ Smax Fimax +.otsr+ip) ,— (514914 ..+ Smax P Himax
ZPc{l " Hj 1( Z] )( ) Pp—(Smax(P)+1 ax(P)+1 )~ (s1+i1 P P)

(P)=s;ifjeP
with &(P)=s;ifjePp, . Now we take a = n, and take the limit b —
Gj(P) =8j-1+€-1+S; lf_j ¢ P
Proposition 6.7. In the case where b — oo, the main term of the iterated Euler
Mac-Laurin formula is : Zi:o D D l;”! (T.0' My, ... To0" My, (1))(b)

=0 41!
k k 1 ¢;(P)(s sr)
_ _ —¢j( 1,---7 _\iP
I S D S 1 )y
i1=0  i.=0 Pc{1,..,r}repj=1
rxk €;(P)(s Sr)
. . - ] 13 R _1\iP
I I NS DR | [ G )
015y >0 Pc{1,..,r},rePj=1
[ e ]

6.2.2. Properties of independence of multiple polylogarithms. Hyperlogarithms satisfy
standard properties of linear or algebraic independence that can be proven via their dif-
ferential equation. By taking Taylor coefficients, this implies properties of independence
of multiple harmonic sums functions.

Proposition 6.8. The maps n € N* — H,,[w] € C are linearly independent over C.

This follows from the well-known linear independence of the hyperlogarithms on P — Z.
Similarly, it follows form a property of hyperlogarithms.

Proposition 6.9. The only algebraic relations over C between the functions n € C are
the series shuffle relations.
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6.2.3. Application to prime multiple harmonic sums. We fix k € IN*, the power of
Frobenius and we consider the associated sequences of prime multiple harmonic sums,
(pk)weighthk [w]. The asymptotic expansion above gives us a way to try to go back,
from certain relations between prime multiple harmonic sums, to relations between all
multiple harmonic sums, i.e. relations between hyperlogarithms.

Proposition 6.10. Every algebraic relation between prime multiple harmonic sums

H, is true for the asymptotic expansion of the previous paragraph.

Proof. Take the limit p — oo. O
This leads us to ask the following question.

Question 6.11. Are the algebraic relations satisfied by the asymptotic expansion of
multiple harmonic sums are also satisfied by sequences of multiple harmonic sums them-
selves 7

This amounts to a statement on the valuation of multiple harmonic sums. Take a linear
combination of words z =}, ;
The condition that the asymptotic expansion of H,(z) is trivial amounts to say that :
H,(2) =p_oo o) for all s € IN*.

ns

a;w;, where a; € C and w; are words.

Proposition 6.12. The implication (H,(2) =p—c0 0(75) for all s € N* = H,(z) =0
for all n € ]N*) would imply that all algebraic relations between prime multiple har-
monic sums are true for general multiple harmonic sums, i.e. are relations between

hyperlogarithms.

6.3. p-adic valuations of (Li7)o prime for p large and gﬁ/‘ . We have said in §5.1
that the question of the transcendence of finite hyperlogarithms may require the one of
sequences of prime multiple harmonic sums, which is more accessible, as a lemma. An
intermediate object between prime multiple harmonic sums and finite hyperlogarithms
is Rosen’s weighted finite multiple zeta values, generalized to all curves P! — Z. Thus
we can imagine, for the very long term, a process of transfer of properties of linear or
algebraic independence :

prime multiple . Rosen’s weighted . Kaneko-Zagier’s
harmonic sums finite MZV finite MZV

Left aside the motivic aspects, let us try here to analyse the passage from prime multiple
harmonic sums to Rosen’s version, from the point of view of p-adic valuations. Equip
HPQ_,) with the product topology associated with the p-adic topologies. The natural
quotient map

12— [[Q/e:Q
p P
maps (Li 7)o prime|w] to the variant of Rosen’s weighted finite multiple zeta values [Ro]
recalled in §3.1.

We would like to know under which condition this map induces an injective on the
corresponding algebras. We have :

Remark 6.13. This injectivity would be true if any non-zero element S = (S,), =
(ano G/n(pk)ank [wn])p € Hp Qp, with a, € Q, w, € Hy(ez) of weight n, is not in
26



@pQ_p. In other words : either S = 0, or liminf, . v,S, < 00, i.e. a subsequence of
the sequence (v,Sp)p. stabilizes at a value not equal to co. We conjecture that at least
a weak form of this fact (up to conditions on the sequences a,, for example) is true.

6.4. Rings adapted to the valuation of prime multiple harmonic sums. We
now introduce some algebraic objects, in an axiomatic way when possible, which could
be useful one day to express some precise information on multiple harmonic sums. The
ring lim (I1,Z/p"Z)/( @, Z/p"Z), which is part of this setting, has been introduced
by Rosen in [Ro.

6.4.1. A family of rings describing stabilization of the valuation of prime multiple har-
monic sums. The most basic information provided by Kaneko-Zagier’s conjecture on
finite multiple zeta values is actually the question to know which of them vanish. For
an index w = (8g4,...,51), the non-vanishing of (4(w) is equivalent to

H,(w) # 0 mod p for infinitely many p

To our knowledge, this subject is entirely conjectural : until today, no proof of the ex-
istence of a non zero value {4(w) is known. For many indices w, it is expected, more
precisely, that there are both infinitely many p’s such that H,(w) # 0 mod p and in-
finitely many p’s such that Hy(w) =0 mod p.

Denote the set of prime numbers by P = {p1, ps,...} with p, < p,41 for all n € IN*.
Let ¢ : IN* — IN* a map satisfying, for all n € N, ¢(n) < ¢(n + 1). Denote by
11 ¢Q_p = [1epan) Qp,.- Let now their subsets describing the stabilisation of the valu-
ation.

Definition 6.14. Let
Vi, c V@ c [[Qp
]

be defined as follows : V,Q, is the subset of [] ¢Q_P made of sequences (zp, Jnen+ such
that vy, (zp,) has a limit, distinct from —oo, when n — oo, and VJQP its subset
characterized by those sequences having a limit > 0.

6.4.2. Two complete topological rings.

6.4.2.a. Generalities

Let (K, v,) be a sequence of fields with discrete valuation vy, : K,, = Z U {4000} ; We
denote by O,, the ring of integers of K,, and m,, its maximal ideal. We consider two
topologies on the product [],, K. For any element u of [[,, Ky, for each n, the term at
K, of u will be denoted by wu,,.

1) Let, for all z € [],, K, :

vi(x) = nlenmf* Un(Tn)

We have, for z,y € [],, K, such that v;(x),v;(y) > —oo,

1) vi(zy) = vi(x) + vily)
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ii) vi(z + y) > min(v;(z), v;(y)), which is an equality if v;(x) # v;(y).
It defines the uniform topology i.e. [[ m,-adic topology, generated by the open subsets

Vioa {xEHKn,vl x —xg) > a}

We have inclusions
= oK, C{z e HKT““%' z) > —oo}

ﬁHOn—@nO CHOnf{:EGHKn,vZ ) >0}

These are the 1nc1us1ons of ideals into topologlcal subrmgs of [1,, K.

2) Let, for all x € [],, K»
Voo(T) = 1inr_1>inf Un(xn) € ZU{£oo}
We have, for z,y € [[,, Kn such that vy (), v (y) > —00,
i) Voo (2Y) 2 Voo () + Voo (y)
i) voo(z + ¥) > min(veo (), Voo (y)), which is an equality if voo (%) # Voo (¥)-
Let the topology reflecting the valuations of the K,,’s for all n infinitely large, generated
by the
Voo = {2 € HKn,voo(sc —1x0) > a}

We have inclusions

J={r,v(x) = +0} =®K, C {z € HKn,voo(x) >0}

J={2,v0(z) = +0} = ®K, C {z € HKn,UOO(ac) > —o0}

These are inclusions of ideals into topological subrings.

3) We are interested in the comparison, not of the two topologies themselves but of
a certain quotient of them. The topological subrings of [[,, K, of 1) and 2) are related
by

(19) {:EGHKH,UZ >O}C{:c€HKn,voo( ) >0}

(20) {J:G]:[Kn,vZ > oo}—{xEHKn,voo( ) > —oo}

By passing to the quotient by the ideals appearing in 1) and 2), these inclusions give
bijections

{J:G]:[Kn,vZ >0}/(Jﬂ{$€HKn,vl )20}):{:1:6]:[[(”,1)00(30)20}/3
{:Eel_[Kn,UZ > —00}/T ~ {xEHKn,voo x) > —o0}/J

Each member of these equalities being equipped w1th the quotient topologies arising
from 1) and 2), we have :
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Proposition 6.15. These bijections are isomorphisms of topological rings, and the
topologies on these rings are all induced the same ultrametric distance arising both
from v; and V.

These quotients have an axiomatic meaning :

Proposition 6.16. These two quotients are, respectively, the universal objects for all
the following problems :

i) A quotient of {x € [[,, Ky, voo(x) > 0} (resp. {z € [],, Kn,vsc(x) > —0o0}) in which
the topology of 2) is metrisable.

ii) A quotient of {x € [[,, Ky, voo(x) > 0} (vesp. {z € [[,, Kn,voo(x) > —00}) in which
there exists C' € Z such that each x is equal to a y satisfying v;(y) > C + veo(x) (We
can take C' = 0).

iii) A quotient of both sides of (I9) and (20) by an ideal which makes (I9) and (20) into
isomorphisms of topological rings.

Proof. Essentially follows from the definitions and from that J is the intersection of the
open subsets for the topology 2) which contain 0. (I

Proposition 6.17. Let us denote these two quotients by, respectively, Zk, .. et

Ok, .- The operation (K)nen — (Zk,_ .9k, . ) commutes with the comple-
tion of topological rings, i.e. we have canonical isomorphisms of rings Zx =Z

noo Rooroo
and QKnaoo = anﬂw.
Proof. The completion of ], K, equipped with the uniform topology is [[,, K,, equipped
with the uniform topology.

Then, the completions of the subrings {z € [],, Kn,w'(z) > 0}, {z € [[,, Ky, w'(z) >
—oo} and of the ideal {z € [[,, Ky, w(x) = +oo} are their analogues in [, K, are still
completion morphisms. This implies the result. ([

Corollary 6.18. In particular, we have Zg, , = limg([], On/m¥)/(©,0, /mk).

Proof. The uniform topology on [, O, is the [[m,-adic topology. Hence the quotient
topology on Z(g,,) is the [Jm, /([T m,N®O,) = [T m, /Em,-adic topology. é(Kn) being
complete, it is thus isomorphic to the projective limit of its quotients by (] m,,/@m,)* =
[Imk/@mk which are equal to ([],, On/mb)/(@,0,/@,mk) ; in fine, ©,0,, /mk is equal
to 6,0, /mk, where the bar denotes the closure for the quotient topology of [, O, /mk.

O

Remark 6.19. i) Let ng € IN*. Let, for all n € N, £, = Kj4n,. Then, there are
canonical isomorphisms Zx, |~ Z, and O, ,. ~Qr .
ii) The ideal © (resp. ®@’) of divisors of 0 in Zk, ,__ (resp. Ok, _,..) is the set of elements
x = (z,) such that there exists a subsequence of (x,) which is identically 0. We note
that Ok, /D’ is the field of fractions of Zk, _ __/D.
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6.4.2.b. The case of (Q,vp)p prime

Notation 6.20. In the case of (K,,v,) = (Q,vp), the following notations seem natural
to us :

Lp oo = H Zp/@pzp
P
Qproo = {(zp) € HQpaigf vp(xp) > —00}/®pQy
P
Moreover Z,_o0 = @(HP Z/p"Z)/(®pZ/p™ZL).

6.4.2.c. A generalization including the ring A

.. can be generalized, to every sequence of rings (4, ) equipped
with an ultrametric distance bounded by 1, as[[, An/®A, where [[, A, is equipped

The construction of Zg
with the uniform topology.

This can be applied to the all the sequences (Z/p™Z)p prime Which yields the rings

(I, Z/p"Z)/(®,Z/p"Z) and is compatible with the equality [, ZpDpZy =

Wm([], Z/p" 7)) (©pZ/p" 7).

6.4.3. A discrete valuation ring. Let U, respectively V, the subring of [],, K, made of
the elements © = (z,,) such that (v (zy))nen+ has a limit when n — oo in IN U {+oc0},
respectively Z U {+o00}.

Definition 6.21. Let Og =U/INU C Zk and K =V/INVY C Ok

n— oo n—»o00? n— 00 n—oo "

equipped with x — lim, . v, (2,) is a discrete valuation
Its residue field is Fx, .. = {0}U([L, k:/ D, k).

Proposition 6.22. Ok
ring. Its field of fraction is Kx

n— oo

n—o00 °

Definition 6.23. We denote respectively by Op_oc, Kpsoo €t Fpsoo the completed
discrete valuation subring, its field of fractions and its residue field, associated to the
sequence (Q, Up)p prime-

We will denote by v, the limit of the valuation when p — oo, if it exists, of an
element of Hp Qp, as well as the valuation over O

n—oo

We thus have injections Op_y00 = Zp—s00, a0d Kp_yo0 = Qpoo-

The following result is a form of universality property of O among the subrings

n— oo

Zx which are of discrete valuation.

n— oo

Lemma 6.24. Let A be a subring of Zk,_,__ on which v(x) = liminf v, (x,) defines a
valuation. Then there exists a function ¢ : IN — IN, strictly increasing, such that the

intersection of A with the image of [], Oy (n) is equal to Ok

w(n)—oo*

Proof. Let A be such a subring. A is countable ; we denote the elements of A — {0}

by ;... 2% ..., with 2¥ = (2%),cn. For each 2% € A, let E,x = {n € N/v,(2F) =

lim inf,, o v, (2%)} 5 it is by definition an infinite set. The hypothesis implies that

lim inf,,_ oo 2?21 vp(2d) = 2?21 lim inf,, 00 v (2%). We can modify a representant of
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the 27’s by adding an element of J, which permits to assume, for all j € IN*, n € N, that
zJ, > liminf 2J,. We see then that E,, ., C Nf_,E, . Thus, N¥_, E, is an infinite set.
We define by induction a function ¢ such that for all k, ¢([k, +00[) C Eq, : @(k+1) is
an element of £, N...NE strictly superior to (k). O

Tr41

7. THE TAYLOR PERIOD MAP

7.1. Summary of the evidence for the existence of a Taylor period map. Our
results of part I and II can be seen as information towards the solution of the following
precise problem : show that any relation between numbers (Li 7)o, prime[W] is equivalent
to a relation which is motivic up to the usual period conjectures on multiple zeta values
and finite multiple zeta values.

A solution to this problem would justify entirely the view of (Li 7)o prime[®] as "Taylor

periods" of (Li T)5! ime[@] and the definitions of a "Taylor period map".
Let us explain first why we think that this problem can be settled positively. If we con-
sider any identity between any multiple harmonic sums (e.g. not all primes at the same
time), there is no reason for this identity coming from the pro-unipotent fundamental
groupoid of P! — Z : the first counter-example is our theorem expressing multiple har-
monic sums in terms of p-adic hyperlogartihms, viewed in each Q, and not the product
Hp Q_p ; there, multiple harmonic sums, being algebraic numbers, are p-adic hyperloga-
rithms of weight 0.

What it seems that we obtain a very rigid object when we consider sequences of multiple
harmonic sums, ((p*)"8" H . [w])p with p varying in the set of all prime numbers. If
a relation between prime multiple harmonic sums is true for all p, given a k € IN*, we
expect that it comes from a relation between hyperlogarithms ; either by taking Taylor
coefficients or by taking infinite sums of values at tangential base-points and using the
expression of prime multiple harmonic sums in terms of p-adic hyperlogarithms.

Now, let us explain the role of the results of part I and II regarding this problem.

In I, we have retrieved algebraic relations between prime multiple harmonic sums, proved
by elementary methods by Zhao, Hoffman and Rosen, as particular cases of our theorems
1 and 3, for which we know the geometric origin.

In II, we have seen in §6 that, embedding Q in C, given a relation between sequences
((p*)elsht H [w])p, we can take its limit p — oo and obtain a relation concerning
the complex asymptotic expansion of multiple harmonic sums when the upper bound
n — oo.

We have seen also in §4 that, given a relation between prime multiple harmonic sums
which is, moreover, true for all powers of Frobenius - which is true for all our known
examples - it implies, by considering the asymptotics with respect to the power of Frobe-
nius, a relation between p-adic hyperlogarithms.

We also have seen in §2 that a relation between prime multiple harmonic sums implies,
by reduction modulo large primes, a relation between finite multiple zeta values, which
is conjecturally motivic by Kaneko-Zagier’s conjecture which has been tested experi-
mentally.

This last statements reduces our problem to obtain a process of lift of congruences. In
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§3 we have constructed an implicit general lift of all congruences of for P! — {0, 1,00}
: this solves our problem up to a question of convergence of series, i.e. to a problem of
controlling certain rational coefficients.

7.2. Summary of the indications on the shape of the Taylor period map. We
have discussed in §1.2 in which form we would define a Taylor period map. This would
involve two topological algebras, over a ring that has to be determined. One of the
algebras is motivic and the other one is defined through prime multiple harmonic sums,
their valuation and p-adic numbers. Let us now review the indications that we have
concerning the shape of this Taylor period map.

We know that the p-adic valuation of a prime multiple harmonic sum (p*)“eieh*(w) [ , [w]
is superior or equal to the weight of w. The principle of lift of congruences says the fol-
lowing : if the valuation of a polynomial of prime multiple harmonic sums of a given
weight is strictly superior to the weight with certain additional assumptions, for example
"for all p large enough", then, the corresponding polynomial of prime multiple harmonic
sums can be expressed in higher weight. This gives a partial converse inequality compar-
ing the weight and the valuation. Note that, given the relation between prime multiple
harmonic sums and p-adic iterated integrals, and given the relation between the weight
filtration and the Hodge filtration on the fundamental groupoid, this question is close to
the one of studying the distance between the Hodge filtration and the slopes of Frobenius
on the associated log-crystalline cohomology groups.

As for the topology on the algebra of prime multiple harmonic sums, we have is that
certain particular parts of the information on the valuation on multiple harmonic sums
(non-necessarily prime) should have a motivic lift. These are provided by Kaneko-
Zagier’s conjecture, and by §6.1, §6.2, §6.3.

As for the possible denominators of the rational coefficients, we have the following in-
formation. The universal families of algebraic relations of part I between prime multiple
harmonic sums have rational coefficients in Z, except for the Kashiwara-Vergne equa-
tions, for which only the one dimensional part has coefficients in Z ; we expect the rest
of the equations to have non-trivial rational denominators of at most

1/ weight!

This kind of denominators also appears in the divided powers of the log-crystalline
cohomology associated to the pro-unipotent fundamental groupoid ; and also in our
lift of congruences of §3.1. On the other hand, Rosen’s work on lift of congruences
[Ro] suggests that there might be lifts for which the denominators are much bigger,
and do not give absolutely convergent p-adic series for all p large enough, but, instead,
absolutely convergent sums in the ring (Hp Zp) / (M) - where the closure refers to
the uniform topology on the product of all Z,,’s.

7.3. Primary form of the conjecture. Now we can write the most primary version
of the conjecture. We chose a power k € IN* of Frobenius.

As in §1.2, we consider, for all primes p at the same time, the p-adic period map from
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the weight-adically completed algebra of motivic hyperlogarithms, and viewed with a
factor AVi8I Tt is a map :
Zum — [T 2[4
P

Its restriction to the Z-algebra topologically generated by the prime multiple harmonic

M

0,prime> and post-composed with the quotient by (A—1) gives a map

sums motives (LiT)
of Z-algebras :
per: (Ll T)g/,lprime - HZP[[A]]/(A - 1)
P
that sends (Li T)g/}prime [w] = (LiT)o,prime[w] for each index w. The image of per in-
side [, Z,[[A]]/(A — 1) must be seen as included in HPQ_p ; the quotient by A —1 gives

absolutely convergent series by the lower bounds of valuations of p-adic iterated integrals.

Take an integer s € IN* and consider the restriction of per to the sub algebra of
(Li T)g”fprime generated by elements of weight > s ; its images is and [, Z,[[A]]/(A — 1)
; then compose it with the quotient with keeps only the primes p > s :

per' s (LTS ime) ergniss — 11 ZolIAT/ (A~ Dseigheze = [ ZolAT/ (A~ Vg
p p>s

Question 7.1. Do there exist :

- a ring of coefficients A,

- a sub A-algebra of the source of per resp. per’,

- a quotient of the target of per, of per’,

- topologies on these two algebras, where the topology on the target is defined purely

in terms of prime multiple harmonic sums, and the one on the source is motivic, which

makes them into complete topological A-algebras,

such that the map perrqyior induced by per, or per’ is an isomorphism of complete

topological A-algebras 7
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