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Automaton semigroups: new constructions results
and examples of non-automaton semigroups

Tara Brough and Alan J. Cain

Abstract

This paper studies the class of automaton semigroups from two per-
spectives: closure under constructions, and examples of semigroups that
are not automaton semigroups. We prove that (semigroup) free products
of finite semigroups always arise as automaton semigroups, and that the
class of automaton monoids is closed under forming wreath products with
finite monoids. We also consider closure under certain kinds of Rees ma-
trix constructions, strong semilattices, and small extensions. Finally, we
prove that no subsemigroup of (N, +) arises as an automaton semigroup.
(Previously, (N,+) itself was the unique example of a finitely generated
residually finite semigroup that was known not to arise as an automaton
semigroup.)

1 Introduction

Automaton semigroups (that is, semigroups of endomorphisms of rooted trees
generated the actions of Mealy automata) emerged as a generalisation of au-
tomaton groups, which arose from the construction of groups having ‘exotic’
properties, such as the finitely generated infinite torsion group found by Grigorcéuk
[10], and later proven to have intermediate growth, again by Grigorchuk [8]. The
topic of automaton groups has since developed into a substantial theory; See,
for example, Nekrashevych’s monograph [I8] or one of the surveys by the school
led by Bartholdi, Grigorchuk, Nekrashevych, and Sunié [T} 2, [7].

After the foundational work of Grigorchuk, Nekrashevych & Sushchanskii [9]
esp. Sec. 4 & Subsec. 7.2], the theory of automaton semigroups has grown into
an active research topic. Broadly speaking, there have been two foci of research.
First, the study of decision problems: what can be effectively decided about
the semigroup generated by a given automaton? For example, the finiteness
and torsion problems are now known to be undecidable for general automaton
semigroups [6], but particular special cases are decidable [14] 13} [16]. Second,
the study of the class of automaton semigroups: which semigroups arise and do
not arise as automaton semigroups? Two particular aspects of this question are
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whether the class of automaton semigroups is closed under various semigroup
constructions, and giving examples of semigroups that do not arise as automaton
semigroups. This paper is concerned with both of these aspects.

For some constructions, such as direct products and adjoining a zero or identity,
it is straightforward to prove that the class is closed; see |4, Section 5]. For
many other natural constructions, the question of closure remains open. For
example, whether automaton semigroups are closed under free products is an
open question. (This is related to the problem of showing that all free groups
arise as automaton groups; the recent positive answer to this question was the
culmination of the work a series of authors; see [22] and the references therein.)
The free product of automaton semigroups is, however, at least very close to
being an automaton semigroup: in a previous paper, we showed that (S % T)!
is always an automaton semigroup if S and T are [3, Theorem 3].

Since closure under free products seemed difficult to settle, the second author
asked whether free products of finite semigroups always arise as automaton
semigroups [4, Open problem 5.8(1)]. In [3, Conjecture 5], we conjectured that
the answer was ‘no’, and suggested a potential counterexample. However, in
this paper we prove that the answer is ‘yes’: free products of finite semigroups
always arise as automaton semigroups (Theorem 2]). This parallels the result
that (group) free products of finite groups arise as automaton groups [I1]. More
generally, we show in Theorem [3] that the free product of automaton semigroups
each containing an idempotent is always an automaton semigroup.

In our previous paper, we also considered whether a wreath product ST,
where S is an automaton monoid and 7' is a finite monoid, was necessarily an
automaton monoid. We managed to prove that such a wreath product arises
as a submonoid of an automaton monoid. In this paper, we obtain a complete
answer: all such wreath products arise as automaton monoids (Theorem [).

We consider whether a Rees matrix semigroup over an automaton semigroup is
also an automaton semigroup. We do not have a complete answer, but we prove
that this holds under certain restrictions (Proposition[d]). This is a step towards
classifying completely simple automaton semigroups [4, Open problem 5.8(3)].

We prove that a certain kind of strong semilattice of automaton semigroups is
itself an automaton semigroup (Proposition[)). This result is then applied when
we turn to the question of whether a small extension of an automaton semigroup
is necessarily an automaton semigroup. (Recall that if S is a semigroup and T is
a subsemigroup of S with S\ T finite, then S is a small extension of T and T is a
large subsemigroup of S.) Many finiteness properties are known to be preserved
on passing to large subsemigroups and small extensions; see the survey [5]. It
is already known that a large subsemigroup of an automaton semigroup is not
necessarily an automaton semigroup, for (NU{0}, +) is an automaton semigroup
but (N, +) is not; see [4, Section 5]. We do not have a complete answer, but we
prove some special cases in Section[7l The importance of these results is that if



the class of automaton semigroups is not closed under forming small extensions,
then we have eliminated several standard constructions as potential sources of
counterexamples.

In all of the automaton constructions in this paper, we use alphabets of symbols
consisting at least partially of tuples of symbols from the automata for the ‘base’
semigroups of the construction. This seems to be quite a powerful approach, as
it allows the automaton to have access to a lot of information at each transition.

Finally, we present new examples of semigroups that do not arise as automa-
ton semigroups. This is an important advance, because a major difficulty in
studying the class of automaton semigroup is that if a semigroup has the prop-
erties that automaton semigroups have generally, such as residual finiteness [4]
Proposition 3.2], then there are no general techniques for proving it is not an
automaton semigroup. In the pre-existing literature, there is a unique example
of a residually finite semigroup that is known not to arise as an automaton
semigroup: namely, the free semigroup of rank 1 (or, if one prefers, (N, +)) [4]
Proposition 4.3]. We prove that no subsemigroup of this semigroup arises as
an automaton semigroup (Theorem [I3]). Although our proof is specialised, and
thus still leaves open the problem of finding a general technique for proving that
a semigroup is not an automaton semigroup, we at least now have a countable,
rather than singleton, class of non-automaton semigroups.

2 Preliminaries

In this section we briefly recall the necessary definitions and concepts required
in the rest of the paper. For a fuller introduction to automaton semigroups, see
the discussion and examples in [4], Sect. 2].

An automaton A is formally a triple (Q, B, d), where @ is a finite set of states,
B is a finite alphabet of symbols, and ¢ is a transformation of the set @ x B.
The automaton A is normally viewed as a directed labelled graph with vertex
set @ and an edge from ¢ to r labelled by x | y when (g, x)d = (r,y):

Cxly@

The interpretation of this is that if the automaton A is in state ¢ and reads
symbol x, then it changes to the state r and outputs the symbol y. Thus, starting
in some state qg, the automaton can read a sequence of symbols ajas . .., and
output a sequence (155 ... By, where (g1, ;)0 = (q;, 5;) for alli =1,... n.

Such automata are more usually known in computer science as deterministic
real-time (synchronous) transducers, or Mealy machines. In the field of au-
tomaton semigroups and groups, they are simply called ‘automata’ and this



Figure 1: The set {0,1}* viewed as a rooted binary tree.

paper retains this terminology.

Each state ¢ € @ acts on B*, the set of finite sequences of elements of B. The
action of ¢ € @ on B* is defined as follows: « - ¢ (the result of ¢ acting on «)
is defined to be the sequence the automaton outputs when it starts in the state
q and reads the sequence a. That is, if @« = ajas...a, (where o; € B), then
a - q is the sequence 3183 ... 08y, (where §8; € B), where (¢;—1,®;)0 = (g;, ;) for
alli=1,...,n, with gg = q.

The set B* can be identified with an ordered regular tree of degree |B|. The
vertices of this tree are labelled by the elements of B*. The root vertex is labelled
with the empty word €, and a vertex labelled « (where o € B*) has |B| children
whose labels are a8 for each § € B. It is convenient not to distinguish between
a vertex and its label, and thus one normally refers to ‘the vertex o’ rather
than ‘the vertex labelled by o’. (Figure [l illustrates the tree corresponding to

{0,1}%)

The action of a state ¢ on B* can thus be viewed as a transformation of the
corresponding tree, sending the vertex w to the vertex w-q. Notice that, by the
definition of the action of ¢, if aa’ - ¢ = 85’ (where o, 8 € B* and o/, 8’ € B),
then a- ¢ = (. In terms of the transformation on the tree, this says that
if one vertex () is the parent of another (wa’), then their images under the
action by ¢ are also parent () and child (33’) vertices. More concisely, the
action of ¢ on the tree preserves adjacency and is thus an endomorphism of the
tree. Furthermore, the action’s preservation of lengths of sequences becomes a
preservation of levels in the tree.

The actions of states extends naturally to actions of words: w = wy---w,
(where w; € Q) acts on a € B* by

(...((a.wl) .w2)...wn_1) W,

So there is a natural homomorphism ¢ : QT — End B*, where End B* denotes
the endomorphism semigroup of the tree B*. The image of ¢ in End B*, which
is necessarily a semigroup, is denoted 3(.A).



A semigroup S is called an automaton semigroup if there exists an automaton
A such that S ~ X(A).

It is often more convenient to reason about the action of a state or word on
a single sequence of infinite length than on sequences of some arbitrary fixed
length. The set of infinite sequences over B is denoted B“. The infinite sequence
consisting of countably many repetitions of the finite word a € B* is denoted
. For synchronous automata, the action on infinite sequences determines the
action on finite sequences and wvice versa.

The following lemma summarises the conditions under which two words w and

w’ in QT represent the same element of the automaton semigroup. The re-

sults follow immediately from the definitions, but are so fundamental that they
deserve explicit statement:

Lemma 1. Let w,w’ € QT. Then the following are equivalent:

(i) w and w' represent the same element of L(A);
(i) wo = w'¢p;
(i1i) a-w=a-w for each « € B*;
(iv) w and w' have the same actions on B™ for every n € NY;

(v) w and w' have the same actions on B¥.

Generally, there is no need to make a notational distinction between w and
we¢. Thus w denotes both an element of QT and the image of this word in
Y(A). In particular, one writes ‘w = w’ in X(A)’ instead of the strictly correct
‘wep = w'¢’. With this convention, notice that @ generates X(A).

Some further notation is required for the rest of the paper: For w € Q%, define
Tw : B — Bbybw— bw. Forbe B, definemy, : Q — Q by g — rif (¢,0)5 = (r,x)
for some = € B (in fact, © = bry). So ¢m, is the state to which the edge from ¢
labelled by b | - leads. Thus (g,b)d = (gmp, b1y).

Further, let w € Q. For any a € B*, there is a unique w|, € End B* such
that af - w = (a-w)(8 - w|q); see [18] for details. Notice that w,w’ € QT are
equal in X(A) if and only if w|, = w'|, for all & € B*.

We now recall the notion of wreath recursions. The endomorphism semigroup
of B* decomposes as a recursive wreath product:

End B* = End B* 1 T,
where Tp is the transformation semigroup of the set B. That is,

End B* = (End B* x ... x End B*) % Tp

|B| times




where T acts from the right on the co-ordinates of elements of the direct prod-
uct of n copies of End B*. Hence, if p,q € End B* with p = (20, 21,...,2n—1)T
and ¢ = (Yo, Y1, .-, Yn—1)p, where 7,p € T and z;,y; € End B*, then

prq = (xOyO‘ru T1Ylry -y xn—ly(nfl)‘r)Tp' (1)

If p € End B* with p = (20,21, ...,2,—1)T, then 7 describes the action of p on
B and each z; is an element of End B* whose action on B* mirrors the action
of p on the subtree b; B*. Alternatively: to act on B* by p, act on each subtree
b;B* by x;, and then act on the collection of the resulting subtrees according to
T.

If pe Q, then 7 = 7, and z; = pm;. That is,

b= (pﬂ—lupﬂ—27 v 7p7rn—1)7_p'

This description of the action of p is called a wreath recursion. Its primary use
is to calculate, by means of the multiplication given in (), the action of a word
w € Q1 on B*.

3 Free products

The free product of two semigroups S = sgp(X; | R1) and T = sgp(Xa | Ra),
denoted S x T, is the semigroup with presentation sgp(X; U Xo | R1 U Ra).

In [3, Conjecture 5|, the present authors conjectured that there exist finite
semigroups S and T such that ST is not an automaton semigroup. We begin
by showing that this is not the case.

Theorem 2. Let S and T be finite semigroups. Then S xT is an automaton

semigroup.

Proof. Let e and f be distinguished idempotents of S and T respectively. Let
A= (Q,C,)) with Q = Q1 U Q2, where @1 is a copy of S and @2 is a copy of
T. Define an alphabet

B= {13 (IO GO Gl Gls) | se Site T}




and let § be the transformation of @ x B given by the following transition table.

A
&~
Hm
o

N N /N

S

S

S

=
F
]

»
[e]

[e]

~
o]
= = —

o

[ »
a@

[

o
Qﬂ
o"

—~
o
&
va)
o

~— ~—

Sl

o
—~
VA
o

~—

—~

~ o

for s€ @Q1,t € Q2,a € S and b € T, where as and bt denote elements of S and
T respectively rather than two-letter words.

We will refer to [TJ-symbols and (1D-symbols, meaning all symbols having those
shapes. Actions on strings of [T]-symbols will help us distinguish words begin-
ning with an element of S, while actions on strings of (ID-symbols help us
distinguish words begining with and element of 7. We call a symbol full if it
has entries in both boxes, open if not, and marked if it has the © superscript.
Notice that all states ‘ignore’ marked symbols: that is, if ° is a marked symbol,
then (¢, )0 = (¢, z) for all ¢ € Q.

We begin by showing that A defines actions of S and T, and hence of ST, on
B*. Firstly, we consider only the states e and f, whose actions are illustrated
in Figure 2l These states are of particular significance, as it can be seen from
the definition of § that all transitions lead either back to the state they started
from or to one of e or f.

The state e has no effect on marked symbols or the symbol (D, marks any full
[T J-symbol, and multiplies the second entry of non-empty (D-symbols by e (or
inserts e if it is blank) — returning to state e on all of these actions — while on
open [ J-symbols it multiplies the first entry by e (or inserts e if it is blank)
and moves to f. The action of f can be described by switching the roles of e
and f and of [TJ-symbols and (D-symbols in the preceding sentence.

Let B = B\{[ | |[a] ]:a € S} and Bf = B\{( [ ).(b] ):beT}
The above discussion and the fact that e and f are idempotents in S and T
respectively implies that e and f act as idempotents on B} and B3 respectively.
To see how e acts on a string in B*, the important symbols to take note of are
the [TJ-symbol with empty second component, then the next (D-symbol with
empty second component, and so on alternatingly, since these are the symbols
that will cause the automaton to change state. So we write each string as a
prefix of some alternating product of strings in B, and By, distinguishing the
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Figure 2: Actions of e and f.

important symbols, as follows (where a; or b; may denote empty space):

an[aa] BB ada] BB[D. .. € B2,

where o; € BY and §3; € B]*Z. Then

afar] (] - e BB - -e
=(o1 - e)are] [(Br- f)(buf] ). (ai-e)[ae] [(Bi- f)(bif] ).

(If, for example, a; denotes an empty space, then a;e = e.) Acting on the
resulting string by e again has the result of replacing each e and f by e and f2
respectively, but since we already know that e acts idempotently on S and B},
while f acts idempotently on T and B%, this makes no change. Hence e2=ein

%(A). Similarly, to show that f2 = f in £(A), we would express strings in B*

in the form B1(b:] Jaa[ar] .. ..

We can now describe the action of )1 on B*. Each state in 1 recurses to itself
on marked symbols (which it leaves unchanged) and on full [TJ-symbols (which
it marks); to e on unmarked (D-symbols; and to f on open [T]-symbols. Let
C be the set of marked symbols and full [TJ-symbols in B, and for a € C*, let
«® denote the word obtained from « by marking all unmarked symbols. We can
express any string in B* in the form afy, where a € C*, § € B\ C, v € B*.
Let s1,...,8, € S. Since the type ([T or (D) of the symbol 5 is not changed
by the action of any state, and also 8- s ¢ C for any s € S, we have for some




ecde f}

afy-s1...8.=[a®(B-s1)(y-€)] s2...5n
=...=a°(B-s1...8)(7y - €")
=a°(B-s1...50)(7 " €),

Thus the action of (Q1) on B* depends only on its action on B\C'. (Note that the
idempotency of e and f is critical in establishing this.) Let w = s1...5, € Q7
and let s,, be the element of S represented by w. Then
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This shows that the action of w on B* depends only on s,, € S, so that (Q1)
must be isomorphic to some quotient of S.

By symmetry of the construction, we also find that (Q2) is isomorphic to some
quotient of 7', and so A defines an action of ST on B*.

It remains to prove that this action is faithful. We have already seen that
the actions of words in Qf and Q;r depend only on the elements of S and T
respectively that they represent, so it suffices to consider the action of reduced
words. The idea of this automaton is that the action on the string [T]* can
be used to recover any reduced word in S x T starting with an element of S,
while (D% is used to recover reduced words starting with elements of T'. Given
a word sity ...sitr with s; € S, t; € T, we have

EDW - S1t1 ... SEtE = I:Dw ~t189 ... SEtk
][ - sate. .- st

= ’51‘751 ‘O’Sz‘tz H ‘ ‘w - 83l3 ... Sktk

=[s1]ts [ [s2]t2] - [su-1[to—1] [se]te |

If the final ¢ is not present, the resulting final symbol will instead be [sx] |
Thus we can read off any reduced word w starting with an element from S from
the string [T1“ - w. Similarly, if w is a reduced word starting with an element
from T, we can read it off from the string (D% - w. Meanwhile,

[T tise. tsk = [afta] - - [aalta] 6]
(T - sitr - site = Gfn)’ - - Gaalon) (B[

Hence pairs of distinct elements of S x T' can be distinguished by their actions
on one of [T1* or (D, and so X(A) = S« T. O




We can in fact considerably generalise the above construction: the important
point is the existence of idempotents in the factor semigroups. The following
theorem generalises [3, Theorem 2], which says that the free product of automa-
ton semigroups S and 7' is an automaton semigroup if S and 7' each contain a
left identity.

Theorem 3. Let S and T be automaton semigroups each containing at least
one idempotent. Then S xT is an automaton semigroup.

This is immediate from the following more technical theorem.

Theorem 4. Let S1 and Ss be automaton semigroups and suppose that there
exist e; € S; such that if w =g, w’, then eLwI = elw ! fori=1,2. Then S1 x So
15 an automaton semigroup.

Proof. Let e and f be distinguished elements of S and T respectively satisfying
the hypothesis of the theorem. (For example, e and f might be idempotents.)
Let A; = (Q1, A,01) and Az = (Q2, B, §2) be automata for S and T respectively.
We may assume that e € Q1 and f € Q2. Let X = {{a[b],(b]a)|a € Abe B}
and Y = {$, #}. We shall call the symbols in X dominoes and the symbols in
Y gates. We construct an automaton A = (Q, C, ) with Q = Q1 U Q2,

C={z,2%2",2°y.97|reX,yeY}
and ¢ the transformation of @ x C' defined as follows. For s € Q1,t € Q2, a € A,

b € B suppose that (s,a)d1 = (s, ao) and (t,b)d2 = (to, bo). Then the action of
@ on [T J]-symbols and $-gates is given by

S

’a‘b; (307’00‘
[a]0]" | (s0;[ao]
[al6] | (s,[a]o]) | (¢

[alo] | (s:[e]6]) | (& [e]2])

$ (£.9) (£.9)
$ (5.9) (1:9)
$ (s,9) (t,9)

The action of @ on the remainder of C' ((1D-symbols and #-gates) is given by re-

placing each in the above table by and swapping the corresponding
symbols in the tuples (S, s, so, f,$) and (T, t, to, e, #).

For x € X and y € Y, we call © unmarked, ° S-marked, 7 T-marked, z°
circled, y open, § half-open and § closed.

10



This construction is inspired by the construction in Theorem Since single
symbols are no longer sufficient for distinguishing elements of S and of T', we
instead use strings of several [T]- or (D-symbols, separated by either $-gates
or #-gates.

We first describe the action of a word in Q1Q™ on a string consisting only of
unmarked [T ]-symbols and closed $-gates. Let w = uqvy ... upvg with u; € Qf
and v; € Q;r and let o = O[1§O[2 .. .gak with each «a; consisting only of unmarked
[T J-symbols (note that «; may be empty). Then u; acts on « by acting on
the first entries of ay just as in Ay, S-marking the resulting [TJ-symbols and
leaving the rest of the string unchanged. Next, v; acts on « - u; by acting on
the second entries of ay - w4 just as in Ag, T-marking the resulting [T]-symbols,
half-opening the first $-gate, and leaving the rest of the string unchanged. Now
a - u1vy begins with a string of T-marked [T1-symbols, followed by a half-open
$-gate. The first state in ug circles the initial string of [TJ-symbols and opens
the $-gate, all the while not changing state. By induction, we have

a-w= (a1 -uiv)°$(as - usv2)°$ ... $(ag - ugvg).

(All dominoes up until the last $- gate are circled.) Thus if w’ = ujv] ... uj v}, is
another word with v} € Q7 and v € Q7 and some u #g u;, we can d1st1ngulsh

w and w’ as follows. Let v = § B , where f3 is some string of [T]-symbols such
that reading off the first entries of 3 gives a word which u; and w} act differently
on. Then

Yow=8"18 w)° #A$B U = w
If instead some v; #r v}, then the same idea using second entries instead of first
entries for 5 works. Words in Q1Q™ representing elements of S % T of dlfferent
reduced lengths can be distinguished by their actions on the string $”. (The
reduced length of an element s € S+ T is the length of an alternating product
of elements of S and T representing s.)

Words in Q2Q™ have an analogous action to the one described above on strings
consisting only of unmarked (1D-symbols and closed #-gates, and can thus be
distinguished similarly. Two words not startuig Wlthwsymbols from the same Q;
can be distinguished their actions on either § or #  (usually both).

It remains to show that A defines an action of SxT on C*. For this, it suffices to
show that the action of Qf gives an action of .S, since it will follow by symmetry
of the construction that the action of Q5 gives an action of 7.

Let w € QF and a € C*. For clarity, we explain the action of w on a by a series

of observations.

(i) When acting on C* by Qf , certain symbols are ‘uninteresting’, in the
sense that the same thing happens to them when acted on by any word
in Qf, and they also do not affect what happens to the rest of the string

11



(iii)

(iv)

containing them. All circled symbols are uninteresting, as are $,$,#,
unmarked (D-symbols and T-marked [T]-symbols. We may thus assume
that a contains none of these symbols; that is, that

e 8. F #.[a[0)[a[s]".(a[0)".(a[1) |a€ Ab € B}

Furthermore, under actions of Qf, the following pairs of symbols are es-
sentially the same: (#,#), ([a]b], S) and (T,S). This is
because the action of @)1 on the two symbols in each pair is identical. In
each case, the output from both symbols is a symbol of the second type,
and the symbols of the first type do not occur in C* - Q. We may thus
assume that

ae {8 #.[a[6],(5]a)" |ac Abe B}

For S consisting only of S-marked dominoes, then let 4 € A* be the
word obtained from [ by reading off the symbols from A in each domino
(which will be the first entry for [TJ-symbols and the second entry for
(D-symbols). Then (8- w)a = Ba - w, where the action of w is in A
on the left-hand side and in A; on the right-hand side. If we define 8p
similarly, then (3 - w)p = Bp. Hence Q7 defines an action of S on S-
marked dominoes.

Moreover, note that for v € Q3 we have (3-v) 4 = B4 and (3-v)p = Bp-v.

In general, a can be assumed to be a prefix of some v = ayy1a0ys . . . gy,
where each ¢; is a string of S-marked dominoes and each y; is a gate. If
w has length n, then

yew = (a1 - w)yi (- g5)y2 ... (- g5),

where g; is e if y;—1 = # and f if y;_; = $. By (iii) and the hypothesis
on e and f, the string oy - w and each «; - g]' depend only on the element
of S represented by w. Hence we have o - w = « - w’ whenever w =g w’,
for w,w’ € Qf and a € C*.

Thus A defines a faithful action of ST on C* and so S % T is an automaton
semigroup. O

Aside from S and T containing idempotents, another way to satisfy the hy-
pothesis of Theorem Ml is for S and T to be homogeneous, meaning that any
two words representing the same element have the same length. (In this case
e and f can be taken to be arbitrary elements of S and T respectively.) Free
semigroups and free commutative semigroups of course have this property. A
less trivial example is the plactic monoid (see, for example, [I5, Ch. 5], which
Picantin has recently shown to be an automaton semigroup [19].

12



The question of whether the class of automaton semigroups is closed under
taking free products remains open. It is even possible that the condition in
Theorem M is necessary. Unlike [3, Theorem 2], Theorem Ml does account (by
induction) for the free semigroups and free monoids that can be constructed as
free products of automaton semigroups (i.e. free semigroups of rank at least 4
and free monoids of rank at least 2).

4 Wreath products

The wreath product of two automaton semigroups is certainly not always an
automaton semigroup, since it need not even be finitely generated. One way to
ensure that a wreath product ST is finitely generated is to require S and T to
be monoids, with T finite. For monoids S and T with T' = {t1,...,t,} finite,
the wreath product S1T of S with T is a semidirect product S!7! x T, where T
acts on elements of SIT1 by (s¢,,56,,...,56, )" = (Styt, Stats -+ 5t,¢)-

It turns out, contrary to [3l Conjecture 6], that the wreath product of an au-
tomaton monoid and a finite monoid is always an automaton monoid.

Theorem 5. Let S be an automaton monoid and T a finite monoid. Then ST
is an automaton monoid.

Proof. First observe that SIT! (the direct product of |T| copies of S) is an
automaton semigroup by [4, Proposition 5.5], and let A = (Q, A4,d) be the
standard automaton for SI71, which has Q@ = PI7! (the Cartesian product of |T|
copies of P) for some generating set P of S.

We construct an automaton B = (Q',C,d") with X(B) = S1T. Let Q' = Q x T,
C = A x B, where B is a copy of T, and let ¢’ : Q' x C — Q' x C be given by:

((s,t), (a, b)) — ((sbwa, 17), (ate, bt))

forse@,teT,a€ A, be B, and m,, Te are as in A. Note that after reading
the first symbol in any a € C*, the automaton B only utilises the states of the
form (s, 17), which act like s on the first component of symbols in C' and leave
the second components unchanged. (See the example in Figure Bl)

The ‘ideal’ strings in C*, which we use to distinguish elements of ST, are those
from D = (A x T)(A x {17})*. For strings in D, we will simplify the notation
by writing (a1,b1)(az, 17) ... (an, 17) as (arag...an,b1). We have
(Oé, 1T) . (Sl,tl)(SQ, tg) ce (Sm, tm) = (Oé + 81, tl) . (Sg,tg) ce (Sm, tm)
= (Oé . Slsgl,tltg) . (Sg,tg) P (Sm, tm)

= (- sysht syt sttt by o t).
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Figure 3: Automaton for the wreath product Ng:Cs, where Cj is the cyclic group
of order 2, with element set {e, c}. For reasons of space, symbols ((H, A), u) are
abbreviated kAu; thus ((17 0), c) is shown as 10c. At the top of the diagram, in

the grey box, is the original automaton for Ny.
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Since we already know that A gives a faithful action of SI”7! on A*, this shows
that B gives a faithful action of S?T on D*. (Acting on («,b) with b # 1r
simply has the effect of premultiplying all the elements from 7" by b.) Hence any
two words in (Q')* representing different elements of ST can be distinguished
by their actions on some word in D C C*.

It is less obvious that B defines an action of ST on the remainder of C*. To
see that it does, we view words in C* as a concatenation of words in D, and
then for w € (Q")" we have:

(al, bl)(ag, bg) e (ak, bk) - w
= [(ou,b1) - w] [(a2,b2) - (w2, 17)] ... [(ak, bk) - (wk, 17)]

for some elements w; € S. But wy is determined uniquely by (a1,b1) and the
element of ST represented by w, and then each w; is determined recursively
by all the (o, b;) and w; for i < j (setting wy = w), so that ultimately all the
w; are determined uniquely by the string (ai1,b1) ... (o, bx) and the element
represented by w. Hence B does indeed define an action of ST on C*, and so
ST =3X(B). O

5 Rees matrix semigroups

Let us recall the definition of a Rees matrix semigroup. Let M be a monoid, let
I and A be abstract index sets, and let P € Matax (M) (that is, Pisa A x I
matrix with entries from M). Denote the (), 4)-th entry of P by py;. The Rees
matriz semigroup over M with sandwich matrix P, denoted M[M; I, A; P], is
the set I x M x A with multiplication defined by

(Z.a x, /\)(va, :u) = (Za fZ?ijya,U)-

The Rees matrix semigroup construction is particularly important because it
arises in the classification of completely simple semigroups; see [12 Sect. 3.2—
3.3] for background reading.

Proposition 6. Let S be a Rees matriz semigroup M[M;I, A; P) with I and A
finite and M an automaton monoid. and P € Matpx (M) a matriz containing
the identity element of M in some position. If there exists an automaton for M
with state set @ such that 1 € Q and Q is closed under left-multiplication by
each non-zero entry of the matrix P, then S is an automaton monoid.

[Note that if P consists only of ones and zeros, then the hypothesis on @ is
always satisfied.]

Proof. Let A = (Q, A, ) be an automaton with X (B) = M. We may assume
that @ satisfies the hypothesis of the theorem. The fact that 15, is in @ and
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also appears in the matrix P ensures that S = M[M; I, A; P] is generated by
the finite set @' = I x Q x A. Let I = {1,...,k} and A = {1,...,1}. Let
P = (pxi)-

We construct an automaton B with ¥(B) = S. Let B = (Q', B,d’) with B =
AUC, where C = ((IU{e}) x A) and ¢’ the transformation of Q' x B given by

(G, 2, p), (e, A) = ((1,2,1), (4, 1))
((j7'r7:u’)’ (ia /\)) = ((Lp)\jx’ 1)7 (ihu’))
((j,ZC,M),a) = ((171;7‘—117 1)7a7—m)

forze@,iel,jel, \,y€ Aand a € A, and 7, 7, as in B.

This construction somewhat resembles the automaton for the wreath product,
in that it is designed to perform the appropriate ‘twist’ to the action of M.
The ‘ideal’ strings, which we use to distinguish elements of S, are those in
D = ({e} x A)A*. For (ji,xi, i) € (Q)*, let (j, =, 1) be the element of S
represented by (j1, 71, 1) - .. (Jk, Tk, ). For (e, \)a € D we have

(e, Na - (g, m1, 1) - - - (i, T, fik)
= [(J1, p1) (- 21)] - (J2s w2, p2) - - - (i, T, i)

[(J1s p2) (- T1puy o 2] - (J3, 23, 143) - - - (Js Thes k)
= (J1, e )(Q - TIPpy A T2 - - Py A, Th)

Thus B defines a faithful action of S on D.

It is then easy to see that this action extends to an action on the whole of B*.
We can write any string in B* as an alternating product of strings in A* and C*.
Let w € (Q')* with w =g (j,2,1) € Q'. When w acts on o € A*, the output
string is « - = and the automaton ends in state (1, 2|, 1) , while when w acts
on (i1, A1) ..., (ix, A\x) - (4,2, p), the output string is (i1 - j, ) (i, 1) ... (ix - 5, 1)
(where I U {e} is treated as a left zero semigroup with adjoined identity e)
and the automaton ends in state py,;pa,1-..Pr,12. Since these end states and
outputs depend only on (j, z, 1) and the input string, we conclude that A defines
an action of S on alternating products of strings in A* and C*, that is, on B*.
Moreover, this action is faithful, since elements can be distinguished by their
actions on D. Hence X(A) = S. O

6 Strong semilattices of semigroups

We recall the definition of strong semilattices of semigroups here, and refer the
reader to [12] Sect. 4.1] for further background reading;:

16



0[0
11 0[0

()

0]0
1/0

eA|11
illil

Figure 4: Above, the automaton for semigroup F°, where F is the free monoid
generated by b, and with identity a. Below, the automaton for M[I, F°, A, P],

where I = A = {1,2} and P = [§ §].
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Definition 7. Let Y be a semilattice. Recall that the meet of o, 3 € Y is
denoted a A 5. For each a@ € Y, let S, be a semigroup. For a > [, let
®a,8 1 Soa — S be a homomorphism such that

(i) For each v € Y, the homomorphism ¢, , is the identity mapping.
(ii) For all o, 8,7 € Y with a > 8 > 7,

ba,898,y = Pa,y-

The strong semilattice of semigroups S = S[Y'; Sa; ¢, 5] consists of the disjoint
union J, ¢y So with the following multiplication: if z € S, and y € Sg, then

Ty = (xgba,oc/\ﬁ)(ygbﬁﬁa/\ﬁ)a

where a A 8 denotes the greatest lower bound of o and 5.

The following result proves that a certain type of strong semilattice of automaton
semigroups is itself an automaton semigroup. Although it is of restricted scope,
this result is of independent interest, and it will also be applied in the following
section on small extensions of automaton semigroups.

Proposition 8. Let Si,...,Sk be automaton semigroups and T a finite semi-
group with a right zero. Let' Y be the semilattice where all the S; are mutually
incomparable and all greater than T, which is the minimum element of Y. Then
the strong semilattice S = S[Y';S1,..., 5, T; ¢1, ..., o] with ¢; : S; — T is an
automaton semigroup.

Proof. For 1 <i <k, let A; = (Qi, 4;,9;) be an automaton for S;. Let P be a
copy of T and B a copy of T and for 1 <i < k let A) = A; U{0}, where 0 is a
new symbol not in any A; or B. Let B = (Q, C, ), where Q = Q1 U...UQrUP,
C=AYx...x A% x B and § is defined as follows: Let ¢ = (ay,...,ax,b) be any
element of C. For p € P we define (p,c)d = (z,(0,...,0,bp)). For a € A; and
q € Qi, let m, and 7, be as in A;. We extend 7, to 7/ : A) — A} by defining
at, to be at, if @ # 0 and 0 if a = 0. The output on reading c in state q is
(ah, ..., ay,bpi(q)), where a} = a;7, and a}; = 0 for all j # i; and we move to
state qm,, if a; # 0 and to state z otherwise.

For p € P we have C¥ -p C C(0,...,0,2)%¥, so the action of P™ on C* depends
only on its action on C', which is essentially just the action by right multiplication
on B=T! so (P)=T.

Fix some i € {1,...,k}, and let C; be the subset of C consisting of all tuples
without 0 in their i-th component. Then every string in C* is a prefix of some
acB, where a € CF, c € C'\ C; and 3 € C*. Now for w € Qf

acf-w = (a-w)(c w|q)z”.

18



11 2|2 elle; 11

21 a1

1]2
ele elz
18z|10z 26|20z afz|0Bz alz|01z
10z|10x 282|102 20|20z 08z|0Bx 01z|01z
202|102 a2z|01z
022|012

18x|20z
10z|20z

00z|00x
00z]00x

08x|00z
08z|00x 00z|00z

02|00z
00|00z

0000z

afz|00z

a0x|00x

08z|00x afz|00z

00|00z a0z|00z
08z]00z
002|002

Figure 5: Below, the automaton for the strong semilattice of semigroups
S[Y; 51,59, T; ¢i], where S; = Fy (with basis {a,b}), So = Ny (with ¢ be-
ing the additive identity of Ny and d representing the natural number 1), and
T = {e, 2z} (where ¢ = e and ez = ze = 2? = 2), where a¢; = e and b1 = z,
and c¢o = e and d¢; = z. Throughout the diagram, o and § are arbitrary sym-
bols in {1, 2} and z is an arbitrary symbol in {e, z}. For reasons of space, triples
(K, A\, i) are abbreviated kKA. Above, the original automata for (clockwise from
top left) Fy, Ng, and T.
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Since the state transitions during the computation of a - w are governed entirely
by the i-th components of the symbols in «, which in turn are the same as in
A;, w|, depends only on « and s,,, the element of S; represented by w. If for a
string v € C* and j € {1,...,k + 1} we denote by ~(j) the string obtained by
reading off the j-th components of symbols in v, then we have (a-w)(i) = a(i)-w
and (a-w)(j) = 0™ for j ¢ {i,k + 1}, where m = |a|. Thus the action of Q;
on the first & components of strings in C* is an action of S;. Now we need to
check the action on the final component. Let o; be the prefix of o of length 7,
for 0 < j < m, and let b; be the final component of the j-th symbol in a. Then
(- w)(k+1)=0b]...b;, with b = b;¢;(w|a,_,). Since each w,,; depends only
on « and wy, this concludes the proof that the action of QZF on C* is an action
of S;. Moreover, this action is faithful, due to the action on the i-th component
of strings being identical to the action in 4;. So @; generates a subsemigroup
of X(B) isomorphic to S;.

Finally, we establish that the multiplication works correctly outside of the defin-
ing subsemigroups Si,...,Sk,T. For any word w € QT containing elements
from more than one defining subsemigroup, we have C*¥ - w C C(0,...,0,2)%.
This is because acting by a state in P, or acting on a tuple with 0 in the ¢-th
position by a state in @;, both cause a transition to the state z, which sends all
strings to (0,...,0,z). Hence the action of ‘multi-subsemigroup’ words on C*
is determined entirely by their action on C. For ¢ = (a1, ...,ar,b) € C, p € P,
¢i € Q; and ¢; € Q; with 7 # j, we have

C-pq; = (Ovaoubp)ql = (07707bp¢1(Q)) :C'p_%7
C-q;p = (Oa'"7Oaai7—qwoa-'-7Oab¢i(Qi)) P = (07'-'70ab¢i(q)p) :C'QTv
C- qiqj = (O, ..,O,aiTqi,O,. 7O;b¢1(Qz)) 'qJ' = (O, 7O;b¢1(Q1)¢g(qJ)) = C'qi—qJ',

where W denotes the element of S represented by w. Hence X(B) = S. O

7 Small extensions

Recall that if S is a semigroup and 7 is a subsemigroup of S with S\ T finite,
then S is a small extension of T'.

In this section, we present some examples of small extensions of automaton
semigroups that are again automaton semigroups. Our first example is the
k = 1 case of Proposition B (For k > 2, the semigroups in Proposition [ are
not small extensions of automaton semigroups.)

Example 9. Let S be an automaton semigroup and let T be a finite semi-
group with a right zero. Then if ¢ : S — T is any homomorphism, the strong
semilattice S(1 < 2; 5, T; @) is an automaton semigroup.

This is example is interesting because it has the potential to lead to an answer
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to one of the basic open questions about automaton semigroups (see [4, Open
problem 5.3]):

Question 10. Does there exist a non-automaton semigroup S such that SO is
an automaton semigroup?

If we can prove that some similar strong semilattice with the finite semigroup
T not having a right zero is not an automaton semigroup, then we will have
an example of a semigroup that is not an automaton semigroup, but becomes
one on adjoining a zero. We conjecture that following strong semilattices of
semigroups are not automaton semigroups:

o Fy = (z,y) above Cy = {e, f} with ¢(x) =e, d(y) = f.
e Ny = (0,1) above Co = {e, f} with ¢(0) = e, p(1) = f.

Example [9] can be generalised in a different direction:

Proposition 11. Let S1 be an automaton semigroup and Sz a finite semigroup
with a right zero. Then any semigroup S = S1 U Sy having S2 as an ideal is an
automaton semigroup.

Proof. Let A1 = (Q1, A, d1) be any automaton for S7 and let A2 = (Q2, B, d2) be
the automaton for Sy having Q2 = Sa, with B be a copy of S (whose elements
we will denote in the form b) and (t,b)ds = (z,bt) for t € Q2, b € B, where z is
some right zero in Q2. We construct an automaton A with ¥(A) = S as follows:
For each s € 51, let A\ and ps be the transformations of B induced by the left
and right actions respectively of s on S3. Define A = {A; | s € S1}U{tp}. Since
A is a subsemigroup of the full (left) transformation semigroup of B, it is finite.
Let C = (AXx A)UB and let A= (Q1UQ2,C, ) with ¢ given by

(z,(a, ) = (x7a, (aTe, pAz)) (2,b) — (2,bps)
(v, (a, 1)) = (2, 79) (y,b) = (2,by)

forz€Q,y€Qe,ac A, peA, be B and for 7, and 7, as in A;.

We begin by considering the action of words in Q3. For (a,u) € Ax A, b€ B,
a € C¥ and y € @2, we have (a,u)a -y = gz and ba -y = byz¥. Thus the
action of w € Q5 on C* depends only on its actions on A and on B, both of
which depend only on the element of S5 represented by w. Moreover, the action
on A is faithful, since 1pb = b for all b € B. Hence the subsemigroup of %(A)
generated by @2 is isomorphic to Ss.

Next we consider the action of words in Qf For a € (A x A)*, be B, yeC¥
and w € Qf we have _
aby - w = (a - w)bpy,, 2~
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Let s,, be the element of S represented by w in 2(Ay). If a = (ag, p1) - .. (ak, i),
let a-w = (¢1,11)...(ck, V). Then in A; we have ay ...ap-w =cy...ck. Since

¥(Ap) = S1, this means that A restricted to states in Q1 defines a faithful action

of Sy on the first component of strings in (A x A)*. Also note that p,,|, depends

only on « and s, so that the only possible obstacle to (Q1) being isomorphic

to S1 would be the action of w on the second component of strings in (A4 x A)*

not depending only on s,,. However, if for 0 < i < k — 1 we let «; be the prefix

of a of length ¢, then viy1 = pit1Ay|,, , and so the second component of a - w

also depends only on s, and a. Hence @1 generates a subsemigroup of %(.A)

isomorphic to 5.

It remains to establish that products sise and sps; with s; € S; act correctly.
Since C¥ - Sy C C2*, we only need to consider the action on C. For a € A,
weAN be Bands; €5; with s150 =g s and s9s1 =g s’ we have

(aaﬂ) $ 8182 = (aTsluﬂ)‘sl) tS2 = M)\5152 = (aaﬂ) -5,

(a,p) - s281 = 153 - $1 = Fs2ps; = (a, ) - 8,

~—

- 5182 = bps, - S2 = bps, 52 =1b " s,

S oo

- 8981 = bsy - 81 = bsaps, =b- 5.

Hence X(A) 2 S and so S is an automaton semigroup. O

In [17], Maltcev and Ruskuc gave a construction for a type of small extension as
follows. Let S be any semigroup acting on a finite set X (on the right). Let z*
denote the result of acting on € X by s € S. The semigroup S[X] is defined
to be the union of S and X, with multiplication given by

st = st, xs = x°, sx =, Ty =y,

for s,t € S, z,y € X.

Example 12. Let S be an automaton semigroup and X a finite set. Then the
semigroup S[X| is an automaton semigroup.

Proof. This follows immediately from Proposition[I] since X is both an ideal of
S[X] and a right zero semigroup. Note that the automaton from Proposition [I1]
may be simplified in this case, since every element of S acts as a left identity on
X and hence the set A is superfluous. An example is shown in Figure O

It is not obvious how to construct a (right) automaton for the dual of S[X]
(where S acts on the left and X is a left zero semigroup), because the idea of
Proposition [[] relies heavily on using a right zero to ‘forget’ information once
it is no longer required. A left zero cannot be used in the same way. This leads
to the following question.

Question 13. Does there exist a semigroup S such that S is a right automaton
semigroup but not a left automaton semigroup?
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Figure 6: On the right, the automaton for the semigroup F5[X] with F = (a, b},
X ={p,q} and p® = ¢, ¢® = p, p* = q, ¢" = q. On the left, the original automata
for Fy and X.

8 Some new examples of non-automaton semi-
groups

There is so far no general method known for proving a finitely generated semi-
group not to be an automaton semigroup, other than by showing that it fails to
have one of the properties satisfied by all automaton semigroups, such as being
residually finite or having solvable generalised word problem. Previously, the
only known example of a residually finite non-automaton semigroup was N, the
free semigroup of rank 1 [4, Proposition 4.3].

Every subsemigroup of N is finitely generated [20, Theorem 2.7]. (This also
follows from noting that any subsemigroup S of N is isomorphic to one whose
elements have least common multiple 1, and that such a semigroup contains all
but finitely many natural numbers by Euclid’s algorithm and is thus a large sub-
semigroup of the finitely generated semigroup N. Finite generation is preserved
on passing to large subsemigroups |21, Theorem 1.1].) Furthermore, subsemi-
groups of N are residually finite. In this section we show that they do not arise
as automaton semigroups. The importance of this result is that we now have a
countable set of finitely generated residually finite non-automaton semigroups.

In fact we will show slightly more. We establish that no subsemigroup of N°
(the free semigroup of rank 1 with a zero adjoined, not to be confused with
Np, the free monoid of rank 1) is an automaton semigroup. This establishes
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that subsemigroups of N are not potential examples for a ‘yes’ answer to Ques-
tion[I0 on the existence of non-automaton semigroups which become automaton
semigroups upon adjoining a zero.

Our approach is akin to the proof of [4, Proposition 4.3], in that we use wreath
recursions to show that any hypothetical automaton for a subsemigroup of N
must contain a state corresponding to a periodic element. We make use of the
following simple lemma.

Lemma 14. Let A = (Q, B,0) be an automaton such that X(A) has a zero.
If there exist q,z € Q, with z representing the zero element of S, such that q
recurses only to itself and z, then q represents a periodic element of S.

Proof. Let q = (q1,...,qx)7T be the wreath recursion for ¢, with ¢; € {g, z}. Then
for any n, we have ¢" = (un1,...,Unm)7", where each u,; can be expressed as
a product of n elements from {q, 2z}, and is hence in {g",2}. But this means
that two distinct powers of ¢ must have have identical recursion patterns (that
is, there exist distinct m,n such that 7™ = 7", with u,,; = ¢™ if and only if
un; = ¢") and hence represent the same element of S, and so ¢ is periodic. O

Theorem 15. No subsemigroup of N° is an automaton semigroup.

Proof. Let S be a subsemigroup of N° and let X = {(2),m1,...,m,} be a
minimal generating set for S, with m; < mg < ... < m,,, where z represents
the zero of N° and the brackets indicate that z may not be present in X.
Suppose that S = X(A) for some automaton A, and let @) be the state set
of A. We denote a state in @) representing an element i of NU {z} by ¢;. In
particular, we have ¢; € @ for every i € X. Let k € N be maximal such that
qr € Q and write kK = aymq + ... + apym, with «; < m;—q for 2 < i < n.
Consider the wreath recursion for g obtained from gx = gy, - .. gy . We have
qr = (u1,...,uq)p, where each w; is a state in @ which can be expressed as
a word the form pi*...p%" for p; € Q. The smallest non-zero element of S
that can be expressed in this form is [ := mja, where @« = min{«a;}. Thus
each u; is in {z,q, q1+1,-.-,qrk}- If kK = [, then this means that g recurses
only to z and itself and is thus periodic by Lemma [[4 So assume | < k. Let
q = (v1,...,v4)0, and note that v; € {z,q,...,qx} for all i. Now consider two
wreath recursions for the element kl = [k of N:

qrl = qé = (wl,---,wd)pl

= qlk = (‘Ilv"'v'rd)gk

where each w; is in @', while each x; is in Q, and w; =g x; for all 4. If all
w; are z, then g is periodic, so assume that some w; # z. Clearly one way to
achieve w; =g x; is if w; = qé and z; = qlk. And indeed this is the only possible
solution, since replacing any state in w; would result in a word representing
a smaller element of S, while replacing any state in z; would result in a word
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representing a larger element of S (since the states are allin {q, ..., g }). Hence
qx and q; both recurse only to themselves and z and are thus periodic, again by
Lemma [[4l But this is a contradiction, since S has no periodic elements, and
hence the automaton A cannot exist. o

Question 16. Is there some general technique — perhaps a kind of ‘pumping
lemma’ — that gives a general tool for proving a finitely generated residually
finite semigroup is not an automaton semigroup?
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