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Abstract. It is usually assumed that the inflationary fluctuations start from the Bunch-
Davies (BD) vacuum and the ¢ prescription is used when interactions are calculated. We
show that those assumptions can be verified explicitly by calculating the loop corrections to
the inflationary two-point and three-point correlation functions. Those loop corrections can
be resumed to exponential factors, which suppress non-BD coefficients and behave as the
ie factor for the case of the BD initial condition. A new technique of loop chain diagram
resummation is developed for this purpose. For the non-BD initial conditions which is setup
at finite time and has not fully decayed, explicit correction to the two-point and three-
point correlation functions are calculated. Especially, non-Gaussianity in the folded limit is
regularized due to the interactions.
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space quantum field theory, but have to be reconsidered in cosmology.

Introduction and Summary

Inflation is the leading paradigm of the early universe cosmology. The fluctuations
generated during inflation provide seeds for the cosmic microwave background (CMB) and
the large scale structure (LSS) formation [1] . The standard calculation of those primordial
fluctuations follows from the quantum theoretical in-in formalism following two assumptions,
namely the standard vacuum initial condition (known as the Bunch-Davies vacuum [2], or
BD vacuum for short) and the ie prescription. Those assumptions are inherited from the flat

e The BD vacuum initial condition. This is the simplest choice of initial state in the
simplest models of inflation, because inflation is an attractor solution. However, it has
been debated for long because of the following issues:



— Beyond the attractor stage of inflation. Scale dependent features during inflation
can override the BD vacuum initial conditions . For example, inflation may be
just enough and the start of observable inflation may be close to the absolute
start of inflation [3]. As another example, there may be features on the inflationary
potential such that the inflationary fluctuations after the features are in an excited
state before horizon crossing [4].

— Beyond the simplest theory of fluctuations. In cosmology it is convenient to fol-
low the time evolution of a comoving perturbation mode. The comoving mode
originates from scales much smaller than the inflationary Hubble scale, and its
physical wavelength expands with the cosmological expansion. During the expan-
sion of its physical wavelength, the dynamics of the mode may be governed by
different effective field theories, or no effective field theory at all when its physical
wavelength is shorter than the Planck scale (the trans-Planckian problem [5]).

— Beyond the leading order calculation of gravitational fluctuations. Practically, the
BD vacuum is selected as the lowest energy state. However, when gravitational
fluctuations are concerned, energy is a gauge dependent quantity. Different gauge
can have different definition of time, and thus different definition of energy. This
is similar to the case that in the Minkowski vacuum, accelerating observer sees
Unruh radiation [6], which appears to be no longer the lowest energy state. In
the literature in each gauge people choose the lowest energy state as the physical
“vacuum” state. This cannot be right. Only the vacuum state of one gauge should
be physical and the vacuum in other gauges should be the gauge transformation
of the same physical vacuum.

e The ic prescription. This prescription is not relevant in the tree level power spectrum
calculation, but become important for the non-trivial in-in calculation for higher point
correlation functions or loop diagrams. In flat space in-out formalism, the ic prescrip-
tion is proposed to project the physical interacting vacuum onto the vacuum of the
free theory, because only the vacuum of the free theory is operationally defined by the
free quantum fields (or the interacting picture fields) and can be practically used in
the perturbative calculation. One can relate the free vacuum |0) and the interacting
vacuum |Q) by

e HT10) = e PT(Q[0)] Q) + 3 e EnT (] 0) ) | (1.1)
n>0

where T is the duration of the interaction, H is the full Hamiltonian, Fy is the energy
of the ground state defined by Ey = (| H|?), and E,, = (n|H|n) for non-perturbative
states |n) with higher energies. One can then send 7" to co by 7" — oo(1 — ie). Then
all but the first term in the RHS of (1.1) vanishes, and we obtain a relation between
|0) and |©2). The following assumptions are involved in this prescription:

— One can adiabatically turn off the interactions. This assumption works fine in flat
space calculation of the S-matrix because we are preparing the initial states in the
far past with large spatial separation. Following cluster decomposition [7], or any
explicit law of forces, the states can indeed be considered to be non-interacting.
Actually, under some mild assumptions, the validness of relating interacting vac-
uum to the free vacuum in this way can be rigorously proved in quantum field



theory, known as Gell-Mann and Low theorem [8]. However, in cosmology, we are
interested in considering the time evolution of the initial vacuum state. The state
is initially of sub-Hubble size and all (virtual) particles stay close to each other.
Thus we are no longer sure about the validity of turning off interactions in the
calculation of cosmological perturbations.

— There exists enough time duration T for the ie prescription. This assumption is
again tricky in cosmology, because this statement is again coordinate dependent.
For inflation, one can use conformal time or proper time. When the conformal
time is used, one indeed have nearly infinite (though still not really infinite because
inflation cannot be eternal to the past) amount of conformal time in the past.
However, when using proper time, the amount of time duration gets shortened
exponentially. One can indeed argue that before horizon crossing, the conformal
time is more relevant. But explicit calculation is needed to verify the argument.
Even we use the conformal time, a mathematically infinitesimal ie does not work
because of the finiteness of conformal time, even if the duration is exponentially
long.

In this work, we aim to provide a systematic method towards resolving the above puzzles.
This is an extension of our previous work [9]. We show that interaction is the key to the
vacuum and the ie problems.

Interaction exists in the early universe. The theory of gravity is nonlinear. The gravita-
tional nonlinearity provides a lower bound on the interaction of perturbations during inflation.
In terms of the non-Gaussianity estimator fyr,, the minimal gravitational nonlinearity cor-
responds to fnr, ~ O0(0.01). Large non-Gaussianities are predicted in some inflation models
and the current observational bound is fyg, of order 10 or 100, depending on the shapes of
non-Gaussianity.

For this purpose, in our previous work, we calculate the one loop correction of the
two point function with non-BD initial conditions. We have shown that, with the help of
interactions, the non-BD initial conditions dissipates exponentially fast towards large scales.
The one loop correction of the non-BD coefficients can be classified into two types, namely
the correction to the amplitude and phase of the non-BD coefficient. The correction to the
amplitude of non-BD coefficients corresponds to the contributions close to the folded limit
of the interaction vertex. This amplitude correction is negative and can be resumed onto
the exponent by dynamical RG method [10-12]. As a result, for sub-horizon fluctuations, we
have

& =ewexp[-T(r —m)] , T~ Pk (1.2)

where ¢, is the absolute value of the tree level non-BD coefficient, ciﬂ is that with dynamical-
RG-resumed one loop corrections, and 7 is the initial time where the non-BD initial condition
is setup. For fnr, ~ O(1), the characteristic scale on the exponent is between k7y ~ 4,
indicating that non-BD initial conditions which are setup at sub-Horizon scales as deep as
4 e-folds start to decay exponentially. For larger non-Gaussianities, the decay of non-BD
initial conditions become significantly faster. As a result, smaller non-Gaussianities, which
seem not great for the purpose of probing interactions during inflation, have the advantage
of better preserving the initial state of inflation.



In this work, we solidify the previous calculation by an explicit loop calculation, fixing
the previously undetermined order one coefficient. For (9;¢)? interaction, the result is

19683

P 2 1.5/.5 .5 ) 1.
20000 CfNLk (T TD)) ( 3)

SE(7) = e exp < -
The dynamical RG resummation method which has been used in our previous work is also
checked explicitly using a direct resummation of one particle reducible multi-loop diagrams.
We show that the two results agree up to a two-loop contribution, which is under control
when proper scale of renormalization is chosen.

There are model dependent and model independent components in (1.3). The numerical
factor is of course model dependent. The 5th power in 7 is also model dependent. If the
interaction were marginal (i.e. dimension 4 after canonically normalize (), then one expects
linear dependence in 7, because the total amount of interaction should be proportional to
the length of interaction time. Here, the operator under our consideration has dimension 6.
Thus for each interaction vertex there arises two additional powers of 7 due to UV sensitivity.
As a result the exponent scales as 7°. For inflation with standard kinetic term and Einstein
gravity, the interactions have dimension 5 and we should expect the exponent scaling as 72.
The dependence on P, fni, and the exponential structure of the decay, on the other hand,
should be model independent. Also, the interaction scales linearly in 7 — 79 when 7 — 7 is
small. This is model independent from the physical interpretation of a decay rate.

Technically, it is interesting to note that, in the sub-horizon limit, the reducible multi-
loop diagrams (as a chain of one loop diagrams) dominate over the irreducible ones. The
reason is as follows. We hope to pick up the highest power of |k7p| in the calculation. The
highest power comes from the diagrams where the largest number of vertices can freely take
values from 7 ~ 79 to |k7|~ 1, which is a large range. In the reducible diagrams, the vertices
group into freely moving pairs, each pair represent a loop and the relative time difference is
constrained by the uncertainty principle. However, for diagrams which contain irreducible
multi-loop parts, more vertices are constrained by the uncertainty principle and thus do not
show up at leading power of |k7p|. This further assures the validity of the dynamical RG
method.

We then study the one loop correction of the three point correlation function. In the
case of the three point function, the three external legs can carry different momenta and thus
the dynamical RG method becomes no longer accurate. We can nevertheless still calculate
the multi-loop reducible diagrams and sum them up explicitly. The result corresponds to
adding a decaying factor to the propagator:

G(1a,) —  G(74,7p)exp ( — #k’5(7‘£’ — 7'3)) (1.4)

With the help of the resumed propagator, the folded limit of non-Gaussianity no longer
diverges. The folded contribution of non-Gaussianity vanishes if taking 79 — —oo0. Once
a finite initial time 7y is given, explicit loop-corrected shapes of non-Gaussianities can be
obtained. For example, if the non-BD modes are set up at relatively early time, the non-
Gaussianity may show some nontrivial shape like Figure 1. One of the underlying reason is
that the large & modes decay faster, while small £k modes decay relatively slowly and thus
leave more prominent non-BD initial information on the observations.

Also, it is known that once given an initial time 79, one can no longer use the ie terms
to suppress the boundary terms in the UV. As a result, the tree level result depends on 7
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Figure 1. A typical plot for non-BD non-Gaussianity shape after including loop corrections with
sharp initial time cut-off.

strongly and oscillations are present if the cutoff is sharp. Such dependence presents also
for the BD initial condition. We show here that those 7y dependent terms also decay with
a similar exponent. In other words, the interactions practically serve as the ie, and indeed
pick up the physical initial state.

The rest of the paper is organized as follows: In Section 2, we write down a simple
interaction model and review the basic formalism. In Section 3, we calculate the two point
correlation function. After recapitulating the one-loop folded limit cut-off result as given in
our previous work, we come up with the new technique: loop chain diagram resummation.
The dynamical RG method is also used to double check the result. In Section 4, we calculate
the loop corrected three point function. The decay of both the non-BD terms and the non-ie
suppressed terms are manifest.

2  Our Model

We start from general single field inflation with £ = P(¢, X) [13, 14]. The second and
third order action up to the first order in slow parameter € can be derived as

Sy = / dtd3 [a3£2¢2 . ae(ag)z] , (2.1)
CS
1 3 3e : 1
Sy = /dtd% a3{ - [2 (1 - —2) + 24 5 )+ 2l cz)g(ag)Q} (2.2)
where the dot “ ° 7 denotes the derivative with respect to time ¢ and the prime “ ’ 7

denotes the derivative with respect to conformal time 7. Also we set the reduced Planck
mass M, = 1.
The relevant quantities of this model are




From non-interacting S2, we can quantize the field (:
Ch(r) = ug(1)ag +uj(r)a’ ,, | (2.4)
with superscript “I” for interacting picture. The mode function is given by

ug(T) = \/Z%Sk?’ Ci(k)(1+ ik:csT)e_’kCST +C_(k)(1— ik:csT)elkCST . (2.5)
As our motivation is to see the effects of interactions, we can use the sub-horizon limit
approximation |csk7|>> 1. The reason is that after horizon crossing, the modes are nearly
frozen and can not evolve anymore. So, interactions can play no role in the super-horizon
case.
In such limit, the mode function and its derivative have the following approximate
behaviors

+ikesT
b

. 1 ;
ug X kegte U oc —k*c2reFikesT (2.6)
a

For ( field, the leading order time dependence is similar and note that the real space
derivative corresponds to momentum multiplication in momentum space 9¢ < k(x. So, we
have the following relation

1. 1 1 k
—(~ 2OC ~ Sk ~ =C (2.7)
Cs a a a

In the 3rd order action Ss for interaction, the ratios of different terms are

2nd term (C/es)?

Srdterm . C(9cja)E " 0 2.8
3rd term (0¢/a)? ’ (2.8)
1st term 1 224 C 1 Il
I Th ¥ I
2nd term 3H Le(1 — ¢2)H? ¢ 3lel — 2)H? cskT (2.9)

We can easily see that in the sub-horizon limit, usually the first term is much larger than other
two terms. So, one can just consider the first term and discard other two. This is because
the highest dimensional operator is the most sensitive to the UV physics. Furthermore, for
simplicity, we set sound speed cs to be 1.

Based on these arguments, we can consider a simple model of inflation described by

S = / dtd3z [eai”g’? — ea(i0)? — 2a3%¢'3} = Sy + / drd3z [— 2(1%{'3] . (2.10)

The Hamiltonian for interaction is
A Al
_ 3 3] _ 3 /3
H[(T)——/d:E[—QCLBC }-/dm{—247_C }, (2.11)

where the scale factor a(7) ~ —ﬁ for quasi de-Sitter space during inflaton.
In this simplified model, the mode function is given by

up(r) = —2
W

where the coefficients C,C_ are subject to the following constraint required by the consi-
tency of quantization

[C+(k:)(1 +ikT)e T 4+ O_(k)(1 — uw)e“ﬂ , (2.12)

ICy2P—|C_|*P=1. (2.13)



In the usual case, the requirement of the vacuum state as a minimal energy state or the
matching of de-Sitter space-time in the sub-horizon limit with Minkowski space-time will
give rise to another condition C_ = 0. This is the so called Bunch-Davies vacuum [2]. But,
here we consider small C_ , corresponding to non-Bunch-Davies case. To the first order, we
have C4 (k) ~ 1,C_ (k) = cxe®. So the mode function and its derivative are given by

g () ;I[

&

E—3/2 [(1 + ikT)e R 4 et (1 — ikT)eT (2.14)

22

1/2 i ikt _
2\[zk‘ [ — cpeke } (kT >1), (2.15)

uk(T) 2\/‘

22

k1/2 ( 7ik7—_’_ckei9k6ik7> ' (2.16)

In order to make the story simple and clear in some sense, in the following calculations,
we assume that the mode functions do not depend on the directions of momentum. Namely,
we require ug = ug, 0 = 0. The calculations and conclusions are expected to be more
general independent of these assumptions except possible complications.

3 Two-point function

3.1 General consideration: tree level and one-loop level

The interaction Hamiltonian in interaction picture is

H[(r)—/ [ 27{1/3 /H d3p]3 B il ' () p2( ¢! } o) 53(21)]).

(3 1)
The two-point correlation function can be calculated by using the in-in formalism (see
Appendix A):

{Cha (T)Gaa (1)) = (0], (T)Ciiy (7)|0) + 2T /T : dr1 (0[Ck, (T)Ce, (T)Hir(1)[0)
" / an / drs (O Hi(r ), (r) Gl () i (72)]0)
—2Re /TOT dm /T: dry (0| ¢k, (T) Gy (T)H (1) Hy(12)[0) + -+ (3.2)
The zeroth order of two-point correlation function is given by (note our notation k = ki ):
(0[¢i, ()G, (1)|0) = (2m)26° (Ra + Keo)upe (7)o (7)
~ (2m)303 (k1 + kg)%k_lTQ 1 —2cpcos(2kT +0)| ,  (3.3)

where we consider the sub-horizon limit —&k7 > 1 and only keep terms up to the first order
in cg.

The first order correction of two-point correlation function vanishes due to odd number
of operators or imbalance of creation and annihilation creators.

Next, we consider the second order loop corrections. There are two types of corrections:
non-BD mode in the loop and non-BD mode in the external line. When the non-BD modes



are in the external line, the physical meaning is very obvious if we cut the loop. This process
can be thought as the decay of non-BD mode in the external line into two BD modes in the
loop. Furthermore, in order to match with tree level result as will be elaborated later !, we
need to have something like ¢z which also implies a non-BD mode in the external leg. Thus,
for simplicity, we can just consider this case by setting cp,cq = 0.

We are interested in the sub-horizon limit which means that |k7[>> 1. Usually, this
doesn’t imply |(p + ¢ — k)7|> 1 in the folded limit. But, for simplicity, let’s first consider
the unfolded case. In such a case, when evaluating the above equations, we only keep those
terms which have highest power in 7 and zeroth and first order in cg. Then we can use the
following integration formula [ 7e'97dr ~ %eiQT +---

The second order symmetric part is:

/ "in / "y (O Hy ()G, (1), () Hy (72)|0)

_ (_2;\‘1)2/7 dTl/ de/H dpz )353(Zpi)/n(6;1(1)1‘3(27T)353(Zqi)X

(G (TG, (704G (1) G (7))o Gy (1) ()0 (Gl (71)G, (7))o + dlifferent contractions|

:(—2;Q2Px3x2x4@ﬂ%%h+kﬂ@ﬁm()/}fpmmg¢)bﬁ, (3.4)

where

fo = 7 kpq/ dT1/ dm 2l (m1)u (ﬁ)u;(ﬁ)u;c (7'2) (7-2) *(12)
" 27'07' cos[(k 4+ p+ q) (T — 19)] n
w+p+q> (k+p+@ (k+p+q)?
s (TNt 2hr) 4 i conlO o+ 2h) — 2 conli 4 -+ ) onl(r = )+ )
* (~k+p+q)(k+p+q)

+2 permutations of k,p, q| , (3.5)

where we have defined k = ki, p=k + q.
The second order asymmetric part is:

9 Re / "dn / "y (0[ch, (r)CL, (7 Hiy () Hy (72)|0)

= (— 2%)2 [3 X 3 X2 x 2} (2m)363 (ky + k?)ul*c(T)uk(T)/ (d3)3 k:pq<2\[) /(3.6)

!The physical meaning of matching the tree level result is that, the contributions coming from ¢, and cq
correspond to processes where two long modes fuse into a short mode. When the short mode is far away
from vacuum and the long mode is nearer to the vacuum (considering more time of decay), this is unlikely
to happen. However, there is an important exception: Near thermal equilibrium, the detailed balance makes
sure that the decay of the short mode is indeed balanced by the fusion of the long mode. Our calculation thus
does not apply for such near equilibrium cases. An approach of Boltzmann equation would help and we hope
to explore this possibility in the future.



where

H =6 1 ug(r dTl dre .
$af(=2) = Re | (52) D [ [ S e (a2
T cos(2k‘7’ — 2kTo) n B 7'027' cos[(k+p+ q)(m —10)]
2k(k —p—q) Qk‘(k‘+p+Q) (k=p—q)(k+p+q)
2(7° — 75)(p + g)cx sin (Ok + 2k7) 4 4 22
+ + O(1%, 79, 777 3.7

[ (p+a—k)(k+p+aq) (T m) 37

where we use the approximation *ng = —e 2k — 2icy sin(2kT + Og)]. It should be noted

that we have 7° terms now. This is because the exponential parts of mode functions cancel
and the power of 7 increases after integration. So, the final result is

2 3
(G ()Gaal7) = (2778 + ki) 1+ s [ k(s + 1)

~ (@) (k1 + o) QHf) f1r2

2
X [1 — 2¢g cos(2kT + O) + 9

4H?2e3

3
/ (57:)13 kpq(fs + fa) + - ] - (3.8)

Because we are considering the sub-horizon limit, 7° terms dominate. Note that in Eq. (3.7),
the oscillation is sine function form while the tree level result in Eq. (3.3) is cosine function
form. This means that the unfolded part can not modify the amplitude of effective non-BD
coefficient at leading order.

3.2 Folded limit momentum cut-off

In the previous calculations, we focus on the unfolded case and thus have the approx-
imations [ 7"e/9Tdr ~ T5e/97 + .- for Q7[> 1. While in the folded limit, |Q7|< 1 with
Q = p+q—k, so the appropriate way is to expand e’Q7 = 1+iQ7+ §Q272+- --. Thus, the in-
tegral can only be approximated as [ dr7"e!®" = [drr"(1+iQT+ %QQTQ-F‘ )& nn:f +-

It should be noted that the leading term of the integral at small ) case is real now.

With this in mind, we need to reexamine the asymmetric part:

(H =6 1 ug(r

fA/(_z) = 2f kpq uk

/dTl/T1 e g™ (1)U (1) g (1)l ™ (T2) ™ (72) g™ (72)

= Re

where the ellipsis denotes the relatively irrelevant terms.

Now that the tree level result has different function form with unfolded loop correction,
we may expect the dominant loop correction comes from the folded limit. So, we can Taylor
expand the integrand and perform time integration, yielding

2(13 _ 73)2
fi=—2Re A — )

. T T1 i
- 6_2’]”/ dm / dry 272 ek . 1] = —cg cos(2kT + Og)
70 70

_ 62“?7/ dm / dry 7-127-22 (ckefl(’kel(p+q+k)(72*ﬁ) + Cke*19kel(p+qfk)(72*ﬁ) 4.
T

)

)

(3.9)



As we expect, the tree level function form emerges which would be the dominant loop con-
tributions. After that, loop momentum integration can be performed as follows by choosing
a momentum cut-off near the folded limit (p + ¢ — k) <A,

/ g kpqf / g kpqcy cos(2kT + Ok) 2( 3 _13)?
— ~ T —(7° — 1,
@m)E AT Jocprgomzn @TETE "8 ’

1+A/k 1 7Tk3 1 2,2 2
_ 2 2 LA X: 3 312
= /1 dﬂ/_l d’/T(M -V )(2@374 k CkCOS(QkT‘i'ak)E(T —79)
5 32 KA
= ¢ cos(2kT + Ok)(T° — 77) 10802 ° (3.11)

When evaluating the above momentum integral, we use the elliptical coordinate system (see
Appendix B). While for the unfolded part, we can use Eq. (3.7), so Y %kpq fa x
¢k sin(2k7T + 0). Naively, the coefficient is infinity due to non-bounded momentum integra-
tion. But physically, if we take the renormalization counter term into considerations, the
coefficient should be finite. Nevertheless, its dependence on non-BD coeflicients are different
from the folded limit one and tree level result.

Note that in order for the expansion to be valid, we require |(p + g — k)(72 — 11)|< 1
which leads to the condition A(T —7p) < 1. A reasonable choice of cut-off is A = 1/(7 — 1) in
spite of an order one discrepancy. Collecting all the facts, we get final two-point correlation
function under one-loop correlation,

(Chy (T)Chep (1)) = (27)36% (K1 + @){fklﬁ 1 — 2¢, cos(2kT + Oy)
2D
(1 48072 H?2é?
where the ellipsis includes the loop corrections of BD modes and higher order corrections

to non-BD modes. It is very interesting to see that the loop corrections to the non-BD
coefficients are negative, implying the decay of non-BD modes.

(T2+TT0+TO2)2(7'77'0)) +} . (3.12)

3.3 Rigorous treatment of momentum integral

From previous calculations, in the sub-horizon limit, by power counting, the 7° terms
are the dominant one. From Eq. (3.8), after loop correction,

9\2 d3q
— 2¢p, cos(2kT 4 Ok) — —2ck cos(2kT + Ok) + 125 / Wkpq(fg + fa) . (3.13)

In our sub-horizon limit approximations, fg + fa actually is given by Eq. (3.9). We can
regard the right hand side as non-BD contribution with effective parameters running with
time, so

9N?

_ 2(02:1:1:008(2]{7' =+ Hi:ff) — Ck COS(2]€T + 0k)> = 2mck

<cos(2k7 + 0k) Re I — sin(2k7 + 6f) Im I) ,
(3.14)
The effective one can be written as

—2¢5 cos(2kT 4 05T) = —2<ck cos(2kT +0g) 4 dcg cos(2kT +0y) — cg sin(2k‘7+9k)(59k) +oe,
(3.15)

~10 -



where dcg, = c?ff— Cl, 001, = 9,‘1&— 0 are very small when 7 and 7y are very close. By matching
the form, we can get

9N? 9N?
“eppza el = s

eff

Cp — Ck =0ck = ImI . (3.16)

The integral I can be simplified by using elliptical coordinate system (see Appendix B)

1= /d?’q kpq /T dry /T1 dry 7272 (ei(P'i'Q—k)(Tz—Tl) _|_€i(p+q+k)(rz—ﬂ)>
(2m)3 - . 172

6 00 1 - .
= 12];2/ dM/ dl/(,u2 ]/2)2/ dTl/ ! dr 7_127_22 (ei(#—l)k(m—n) +ei(“+1)k(72_7'1)>
T ! -1 70 T0
k‘6

— " ([ +1,).
1287r2( +1+)

Let’s focus on the integral I_ first. We define z = ;4 — 1 and find that

1 i . |
S(z) = / dV(NZ - V2)2/ dTl/ dTo 7'127'22 et n—1k(r2—71)
1 70 T0

16ir°  8r! 6kt 16iy | 87y 641'73)

) 1
= polynomial terms of z + 2 [( R + 32 + e T 2 o

16757>  6ditor® | 1672 | 64itgT 3277 8it | 1673 81'70)]

—ikz(T—10) ( _ .
e 32 Y B ¥R M T T
e*ikZ(T*Tg) 1 1 e*ikZ(T*TO)
+fractional terms like {;, 2 3 276} . (3.17)

Then, we need to integrate over p or z. From the expression for S(z), we can write it
as the following general form

6 —ikz(T—70) _ b
S(z) = Z 4n€ g ~ + polynomial of z . (3.18)
n=1

The polynomial part of S(z) implies the power divergence if we integrate over z. They can
be discarded if we choose to believe that these terms can be canceled by the the local counter
terms. So, we only need to care the fractional part Sy. In the UV region and sub-horizon
limit, intuitively, the most relevant contribrutions come from those terms with lowest power
in 1/z and highest power in 7, i.e. % for the current problem. But, this navie choice
is a little problematic due to the divergence near z ~ 0. Fortunately, we can simplify this

problem by introducing a new basis functions 7, (z) (see Appendix C)

12U 6
Siz) =Y anezinb" =S A4, T0(2), with  w=—k(r —m) . (3.19)
n=1 n=1

We can easily solve the above equation to obtain A,. In particular, A; is given by

64it3  64its 81 87} 16iT0  16i7)

A= 7
! o3 T ord  3k2  3k2 T Tk 75k

(3.20)
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Thus we have A; = by as emphasized in Appendix C. So,

/ du/ dy,u —? / dTl/ dm 7'2 2 pilp—1)k(r2—m1) (3.21)
—>/ dzS; (2 ZA / dzTy(z) . (3.22)

As mentioned in Appendix C, T3 is not integrable and thus, we need to choose a momentum
cut off on z,

136i7°  16irort  SirdT®  Sirgr?  16iiT  136ir)
An [ deTo(e) = - _8im 07 136175\ a4
Z / ) = Sk " sk ok ok T ok sk O 7o)

. )
A /0 411 (=) = Ay ( Ci(kA(7 — 7)) — i Si(kA(r — 70)) ~ log(kA(r — 7)) —7p) . (3.24)

In the sub-horizon limit, we only need to keep the highest power term in 7, i.e. 7° terms.
Then, I_ can be approximated as

8i(T — 10) (1774 + Tro73 + 27'027'2 + 77'5’7' + 17761)
375k

) (cl(k;A(T —10)) — i Si(kA(T — 70)) — log(kA(T — 7)) — VE) (3.25)

y—

n 16d(7°
75k

It’s interesting to note that

1 5 5_.5
Rel_ = 6(75k) Si(kA(T — 10)) — 877(7’75k7'0) when  kA(T —719) — +o0 . (3.26)
Similarly, we can get
1 5__ .5
Rel, - 6(7751;0) ( Si(kA(r — 70)) — Si(2k(r — To)))
kA(r—70)—+00 8T(T° — 73) 2
— (1 = Si(2k(r TO)>) . (3.27)
When k(1 —719) 2 1,Re Iy ~ 0.
kS kS 8m(75 —19) 1
— I +1 I = 0/ _ (15— 13 3.28
152 - T 1) w Rel = o =5k 2007" (7 7 T0) (3.28)
S0
off 9N? 3\? 5(.5_ .5
Ck :Ck—CkaeI:Ck(l—mk (’7' —7'0)> . (329)

Compared with the folded limit cut-off result (3.12), they only differ by a decay factor, i.e.
3(rt+ 30+ T2+ g 4+ 73) /1600 and (74 + 2737 + 3727 + 27175 + 1) /(4807), which is of
order O(1). Another important observation is that 7° terms appear in unfolded case, folded
limit cut-off result and present rigorous treatment with universal power. So, our strategy
can be like this: analyze the unfolded case first, extract the highest power terms and then
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transform back to the folded limit. Very amazingly, the transformations can be simplified by
just changing 1/z to T31(z) with exactly the same coefficients (remember b; = A;).

The one loop correction is small as long as the initial time and final time are close
enough. Once the time difference becomes large, the one loop perturbation is not valid any
more. We need to try to cure the secular growth with time, either through the dynamical
renormalization group method or by turning to higher order loop analysis.

3.4 Dynamical Renormalization Group method

The one loop corrections of effective parameters are

92 92
Once we come to realize that ¢ should be csz and running, the cg above should be replaced
with ¢$(7) . This yields

c‘ff(T) — ¢k o9\?2
_— = — Rel 3.31
() AH2S3 O (3:31)
with initial condition ¢{(79) = cg. It is easy to get
off 302 55 5
Ck (T) = Cg €XDP ( — mk (T — T0)> . (332)

The idea essentially is the dynamical renormalization group method [10-12]. The effects
of early time modes to later time modes through loop corrections can be viewed as the
modifications of effective parameters, yielding the running effective parameters with time.
For DRG method, the physical picture is very clear and enlightened. In the next section, we
are going to provide another way which is more rigorous in mathematics.

3.5 Multi-loop analysis and loop chain diagram resummation

In the following, we are going to consider the higher loop corrections to the non-BD co-
efficients. In principle, there are infinite ways to draw the corresponding Feynman diagrams,
nested or non-nested. As we see before, all the modes which run in the loop are BD modes.
Non-BD modes in the loop will not affect the effective non-BD coefficients ¢ and thus are
not considered. Furthermore, we only consider the non-nested loop-chain diagram which
consists of loops connected in series. Due to the time sequence of interacting vertices, there
are still lots of diagrams which have the loop-chain topology but differ in the time ordering.
Thanks to the sub-horizon limit, we only need to keep the highest power term in 7. In such
a limit, we are going to show that only those V-shaped diagrams dominate.

Let us analyze the basic component of the diagram first. For each loop, there are three
possibilities of time sequence as shown in Figure 2.

In Figure 2(a), suppose 1y > 71 > 19 > 71, (77, 7, are upper and lower limit of integra-
tion and 79, T2 are time of two interacting vertices of the loop) and note that loop modes are

~13 -



0 o/

) BD loop ) Non-BD loop ) Non-BD loop d) V-shaped loop chain di-
agram

Figure 2. Basic building bricks of two-point function Feynman diagrams. All the modes running in
the loop are BD modes. The red arrow indicates possible non-BD modes which can yield 7° terms.
Non-BD loop means that one of the two modes which connect loop and other components of the
whole diagram is non-BD mode (We only consider the first order in ¢ ), while BD loop means that
all the six modes which run in the loop and connect loop with other components are BD modes. For
any loop, the possible time ordering has three possibilities (a), (b) and (c). If we want to get 7° term,
we require (a) to be BD loop and (b),(c) to be non-BD loop with non-BD modes indicated by the red
arrow. After some considerations, only the V-shaped diagrams are dominant as shown in (d).

BD-modes, we have the following integral

4 U dr L dr
oo /q?’kpq/ 1/ ()" (r2)ug () (ro) ™ (1) (72)
TL
/ %q kpg / / dryr2rlc ;D+!1)(7’2—7'1)<6ik7'1 4 et 6—ik71) (e—ik-rg + epeife eikm)
oc/ / / droTi 7-2( ip+Ha—k)(m2=11) | ¢ o=k i(p+0)(T2—T1) g—ik(T1472) +>

b,
2m)3
a(/’ g ( Sk)+-0( )) (3.33)

where the 7° terms are contributed by e'Pta=k)AT while O(7*) are contributed by other
terms. In the sub-horizon limit, only 7° terms are most relevant, so in the original expression,
we only need to keep e!Pta— k)AT like terms. In particular, in such case, all the related modes
are BD modes.

In Figure 2(b), suppose 7 > 11 > 7o > 77, similarly we get

ot
J
J
yh

U dT1 1 d7'2 ,

o p (T2)ug(m1)ug" (r2)u” (11)up" (72)

q/ dﬁ/ dror2rlel (p+q)(r2— Tl)< kT +Cke—i0ke—ik71) (eikm i cke—ieke—z’km>

dTl

kpq 617.27.17.2 e PR | =ik GipatR) (2 m) +,...)

5 5 5
g~ 7L TL —i0, . Tu 7L —i0) 4 )

——=——cre — = —cpe + O(r , 3.34
5(p+q—k) 5(p+q+k) ) (3.34)

3kpq

Similarly 7° terms are contributed by e“PT4ERAT  Now, we have two such terms. The first one
corresponds to the folded limit case, while the second one vanishes when k(7 — 71) 2 O(1)
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according to the previous one-loop analysis. Thus, we only need to keep el(PTa=R)AT fermg
and now, the late time m external mode is non-BD mode.

For Figure 2(c), the analysis is nearly identical to that in Figure 2(b).

Besides the behavior of building components mentioned above, there are several other
interesting properties for the whole diagram:

e The time sequence of these interacting vertices should be all time-ordered or anti-time-
ordered. There is no mixing. In another word, in the in-in formalism, the relevant
contribution comes from (?H...H and H...H(? which are related by some complex
conjugation.

) = S [ din [ s [ @ ) Hi () (1)L (1)
k k mzzo /TO /TO 1 /T 1 I\71 I k k 0

0

SO [Can [ dne [T dndch ()G (P HL () (7))
nzz;) /TO 1 /7_0 2 /TO k k {71 I 0

= 2Re oo(—z‘)" TdT 7-lalT Tn_ldm(CIl(T)CIQ(T)H (11)...Hr(m0))o -
R
(3.35)

The reason is that when we go along the loop chain, we start from time 7 and finally go
back to time 7. So, there must be some turning and extremal loops. These loops should
be non-BD loops if we require the 7° terms. While we only keep terms up to first order
in non-BD coefficients ¢, there can only be one non-BD loop and the only possible
configurations are V-shaped with all time-ordered or anti-time-ordered interaction time
sequence.

e The two time of vertex at each loop should be consecutive. The reason is not to disturb
the time integration and get as high power as possible.

All these conditions are verified by explicit calculations.

Remember that we only keep the lowest order term in cg, which means that we can only
have one non-BD mode in whole diagram. In order to get as high order terms as possible,
the diagram can only be composed of lots of BD loops (as shown in Figure 2(a)) and one
non-BD loop (as shown in Figure 2(b)). The final dominant diagram is V-shaped loop chain
diagram (as shown in Figure 2(d)) where the tip of V is the non-BD loop (see Figure 2(b)).
The non-BD mode has the earliest time and connects the non-BD loop with other BD loop.

So, the final contribution is of the form (The time ordering is 7o7,_1 > Tor, > Tor_3 >
> T3> T > T > )

L 3 ) o
T (k- — d’q; ko T2J+2d 4 ™ ld 2 2 oi(pitai—k) (T2 —T2-1)
L(k; 70, Tar42) = [ ] (2m)3 P34 Toj-1 T2j Tyj-1T25 €

]:1 T T

0 0

d3qL ToL+2 ToL—1
= /WkaQL/ dTQLl/ drer, T3 _1Tar,
T T

0 0
xe Prta=k)(mL=mr-0T, (k7 T01) . (3.36)
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Here, we make an assumption or approximation:

dS(]L T2L+42 T2L—1 9 9
ReZr(k; 10, Tor+2) = Re [/WkaQL/ dTng/ dTar T51,_1Tar,

) T0 T0

w et (PL+aL—k)(T2L—T20-1) Re Zr—1(k; 7o, TQL)] . (3.37)

Mathematically, it will give rise to very easy and interesting result. The other part starts
from two-loop. We drop this two-loop contribution for the reason that shall be explained at
the end of this subsection.

As we calculated before (Zyp = 1),
5(.5_ .5
/ k’plﬂh/ dTl/ dTQ 7_2 2 Zp1+q1 k‘)(TQ—Tl)IO N Rel'l _ k (T4 7'0) .
12007
(3.38)
By mathematical induction, we can show that under the previous approximation
1 k(15400 — TH)\ L
Lok (B =) .
Re L( T0 T2L+2) L' 12007_[_ (3 39)

Proof: Suppose it holds for Zy_1, then

d3 T2L+2 T2L—1 )
ReZ; = Re/ (2q)L3k3PLQL/ dTQLl/ dror, 7_22L717-22L et PL+qL—k)(T2L—T21,-1)
T 0

70

X

1 (kﬁﬁi:—ﬂﬁ)L—l
(L—1)!\" 12007

:m/d%wpq : (kp)h{_W&H_%ﬂ+
(2m)3 T = 1)1\ 12007 5L(pr + qr, — k)

_ 1(]‘35(725“2 - To“r’))L ’

= A4

L! 12007 (340)
where the momentum integral can be obtained from the following:
1 k’ (p+v)(p—v) 1
Pakpg—— + ... = / d / dv ( HE3 4.
/ Tk : 4 (k =1k
ﬂk5 161

= — d —— 3.41

16 0 15z + ( )

where we substitute z = p — 1 after integrating v and +--- represents all possible terms
which can not be be written as 1/(p+¢— k) or 1/(u—1) or 1/z.
Using the basis function in Appendix C and note that by = A;, we have

>~ —16 k° —16 —i 2[5
%/ i 2oy 4. 0z T
0

cee 3.42
15 16 15 2 30 + ( )
Next, we need to do combinatorial counting for V-shaped diagrams and restore the
coefficient factors. For L loop diagram, each loop can be on the left or the right leg of
V except the loop at the tip of V, so there are 2 /2 diagrams. In addition, in the series
expansion of in-in formalism (3.35), we have a factor 2(—i)?%. And we should notice that
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Correction from

different number 1 Sub-horizon limitand

I some approximations
of loops PP!

—) | m— ¢ )
1

Loop

Ta

Figure 3. After including loop correction, essentially, the effect is renormalizing the tree level prop-
agators by a exponential factor exp(—#k°(rP — 72)). This property has nothing to do with non-BD.
Actually, it is the general result of loop corrections.

there are three mode functions at each interacting vertex which are symmetric, implying a
factor (3 x 3 x 2)%. Finally, the coupling factor of interaction and the numeric factor of mode
functions should also be included. After taking all of these into considerations, we are led to

a factor )
H \6L /—2)\\2L 9N° \L
2(—i)2L - (3% 3 2L-2L2-(—) (—) :(—7> . 3.43
So, the final result for the effective non-BD coefficient is

eff o 2 5(.-5 5 21.5(.-5 5
(1) OO NEL R o)\ C3NE(T = 1))
P Z( 4€3H2> L!( 12007 ) _eXp< 16007 e3 H2 ) - (344)

Remarks on the approzimation: The real part of one loop result (3.26) is exact. The calcula-
tions above show that higher loop corrections can be thought as the power of one loop result
in some sense. But the even power of the imaginary part of one loop is real, which means
that the imaginary part of one loop result is very important in higher loops. But anyway,
we can regard them as the phase factor corrections e with v ~ O(73, 7). The rigorous
treatment of this phase factor is beyond our capability due to the log term in Eq. (3.24)
which may require involved and subtle regularization and renormalization procedure [15, 16].
But we can justify the log term from a physical perspective.

In one loop calculation Eq. (3.25), the cut-off divergence related part is Ci(kA(r —
70)) —log(kA(T —19)). When 7 — 79 — 0, it vanishes. Otherwise, the cosine integral function
contribute nothing and we can just consider the log part. The divergence is expected to
be canceled by the counter term which has the form ....log(App, /i) where p is the physical
renormalization scale and the coefficient is exactly as that of our loop result if the divergence
is indeed canceled. Note that App, = Ak/a(Tmia) with 79 < Tmig < 7. So, the final result
should be of the form —log(Apnya(Tmia)(T — 70)) + log(Apny /1) = 10g(%%). In order
for the one loop level perturbation result to be valid, k°(7° — 73) can not be too large
and thus 7/79 ~ O(1) in the sub-horizon limit |k7|,|kmo[> 1. After realizing this fact,
the log term can only contribute finitely. So, the imaginary part of Eq. (3.25) is Im I ~
(1—10)O(78, 787, ...7h) ~ O(T°—75). After applying the arguments to each loop of multi-loop
calculation, we can conclude that the final contribution of one loop imaginary part is a phase
factor correction e with v ~ O(73,7°). The exact form or coefficient is complicated, for
simplicity, we ignore the phase factor correction and only consider the amplitude suppression.
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(a) e'Fithathany (b) Jep(L1, L2, L) (c) e TFthatha)ry o (q)
Ch, et(—k1+katks)Ty Cr; et(Fit+katks)Ty JNon—BD(L17L17L27L3)

Figure 4. Three-point function. For BD three point function (3pt function unrelated with cg), (a)
is the tree level diagram and (b) is the loop correction to 3pt function where each propagator in tree
diagram is replaced by a chain of loops. For non-BD three point function (3pt function proportional to
ck), both (a) and (c) can contribute a factor e!(*2+k3=k1)7v Toop diagrams of non-BD 3pt functions
(b) and (d) can be constructed from (a) and (c¢). The red arrow indicates the possible non-BD mode.
It is interesting to note that when earlier time loop number in (d) is taken to be 0, its value is just
(b)7 i.e. mathematically, JNon—BD(zl = 07L1, LQ, L3> = JBD(LI; Lg, L3)

4 Three-point function

4.1 Tree-level result

Following the standard in-in formalism, we can easily obtain the tree level three-point
function

(Clor (7)o (T) ey (7)) 77 = (G, (T) Gy () Gy (7))o + 2Im / ' dw<<,£1 (7)Cky (T)Chy (T)Hi(Tv))0

= (27)%6(k1 + ko + k3) 21111/ dTV [3 X 2} Huk (Tv)

T -3
— (27r)35(k1 + ko + k3)2Im [ukl (T) ey (T)Upeq (T) / dry WTV

70

x\/ k1 koks <ei(k1+k2+k3)7v + Ckle—wkl eilkatks—ki)my +2 perm.)]
(4.1)

4.2 Loop correction

It is well known that when the non-BD initial condition is assumed, the folded limit
non-Gaussianity will blow up. From the two point function calculation, we know that the
effective non-BD coefficient will decay with time due to the loop correction. We expect that
when we include loop corrections to 3pt function, the divergence will be cured.

For the three point functions, there are three external momenta. If we only consider
the loop chain diagrams which modify three legs separately, namely those diagrams where
three legs only meet at the original tree level interacting vertex with time 7y, things will
become very easy. Other diagrams, either nested or connecting different legs, are thought to
only result in small corrections because their contributions are lower orders in 7, which can
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(a) Tree (b) one-loop with 7v < 71, (¢) one-loop with 7v > 71

Figure 5. Tree level and one-loop level non-BD 3pt function. There are two possible two one-loop
diagrams corresponding to non-BD 3pt function (b)(c).

be estimated from the uncertainly principle and number counting of the unconstrained time
integrations.

For loop chain diagrams, we need to consider loop corrections on each leg. This means
that even the BD three point functions will be corrected by loops. We first consider this case
because it is easier to deal with due to the symmetry of three legs.

4.2.1 Loop correction to BD three point function
Explicit case studies show that the dominant diagrams have the following properties:

e Similar to the previous case, time sequence are all time-ordered or anti-time-ordered,
i.e. dominant contributions are H...H(? or (3H...H terms in in-in formalism. Because
these two differ by some complex conjugation, we only need to analyze time-ordered

<43>—2Ren0—z / dn, / drs.. / A (G Hy (71) - Hy (7))o

:2Re22(—7§ /Tdfm /dn/ drs.. / dTml

n=1m=1

.(/:m dv-m+1..'/:n_1 dTn) (CPH (m1).-H(7in)---Hi(7n))o

0 0

— 2Re Z Z n>+n<+1 /TTdTv></T: dry /T: dTQ.../T:L>1 dTn>>

n>=0n<=0

/ dn / i7y.. /T"“dm ) ACHI (). Hy (s ) Hy () Hy (7). Hy (7))o

= 2Im/m dm<c3-[ Py / dn/ dry.. /m> 1d7n> HI(Tl) Hz(rn>)]

.H[(TV) ' [( i (_i)n< /TV dn /Tl d7'2~--/7n<_1 di—n<> HI(Tl)"'HI(Tn<>}>
ne=0 70 0 0 0

(4.2)
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where we use the tricks presented in the Appendix A and 7,,, = 7 is the 3pt-tree level
interacting vertex.

e All loop vertices time are later than three point function interacting vertex 7, < 7.
This implies n. = 0.

e For each leg, the loop chain has similar properties as those stated before including
consecutive loop time.

So, the loop corrected three point function can be written as
(G (7)o (7)o (T = (2?8 (R + ez + Jog)2 T [, (7 (7 ()

S\ . o
x / a5y nkahgei Bk Ziow] (4
70

where Zg2% ~ {(Zf{l:o(—i)’b S dr [2dr [T dTn>)HI(Tl)...HI(Tn>)} is the loop
contribution, essentially the product of mode functions of each loop and momentum integral.
For diagram with L1, Lo, Lg loops at each leg respectively, the result contains the following
term

Jep (L1, L2, Ls) = Iy, (k1;7v, 7)Ir, (ke; v, 7) Ly (ks; v, T) - (4.4)

1 (kS (rP—78) L . .
Recall Zp(k;74,m) = 13 —z0r ) - Next, we need to include coupling constants and do

combinatoric counting. For each leg, the result is

NOL —=2XM\2L; r H \6L; 9 A \Lj
(+4)?59 (3 x 3 x 2)Ld (F> (Tﬁ) = <_ gHTe3> _ (4.5)
So, the loop contribution factor with specific number of loops is
L 9 A2 \Lit+La+Ls
(Zgp "), LayLs = (— gHTeg) Jep (L1, L2, L3)
_ ﬁ (_ 9 X )le(k?(75 - 73))%' B ﬁ L(_ XK} (7 —73))%
N i 8 H2e3/) Lj! 12007 N i L;! 3200 H2e? '
(4.6)

And finally, we need to sum over all possible loops, yielding

00 2

. . 3

Zpp ' = E (ZpD ") L1 Lo Ls = €XP ( - m(k? + ks + k3 (T - 7'\5/)) - (47)
L1,La,L3=0

This is just the philosophy presented in Figure 3, i.e. replacing “1” with some exponen-
tial suppression factor and then you get the loop corrected results.

4.2.2 Loop correction to non-BD three point function

If there is one non-BD mode in the diagram, things are very similar to BD one but a
little more complicated due to different behaviour of non-BD mode.

For illustration, we consider the one-loop case first. This loop is in the non-BD leg.
If we denote the loop time as 71,7 (11 > 72), there are two diagrams with 715 > 7y or
71,2 < Ty. Diagrams with 71 > 7y > 79 means that the loop time are not consecutive and
can not contribute highest power terms from previous analysis.

For three point function, there are two types of diagrams:
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e Type 1 (Figure 5(b)): If 7y < 7 < 71 < 7, the non-BD mode is at 7y and this case is
similar to BD one.

T . . T T1 .
JO :/ dry ckle_’e’ﬁT‘Q/\/klkgkzgez(kﬁk?’_kl)w/ d’Tl/ dTo 7'127'2261(1""‘7_“)(72_“) .
TV TV

70

(4.8)

e Type 2 (Figure 5(c)): If m < 71 < 7y < 7, the non-BD mode is at 7o which is the
earliest time.

T . vV 71 . . .
J(Z) = / dry 7‘2/ v k1 ]{72]@361(]{2+k37k1)7-v / dm / dro 7_127_2261(p+q)(7'2771)ck1 6729’“1 eml(ﬁfﬁ) .
T T0 T0

i (4.9)

We can see that the structure of these equations are the same as the previous ones. The
only difference is the upper and lower limit of time integration. It is not hard to generalize
to the case where there are L, loops later than 7 and El loops earlier than 7y as shown in
Figure 4(d).

Although there are two types of diagrams, actually they are unified with the same
structure. The diagram in Figure 4(b) is a special case of Figure 4(d) by setting L; = 0.
And we have JNOH_BD(Zl =0,Ly1, Lo, L3) = Jpp(L1, Lo, L3). Thus, the loop contribution in
general is

TNon-BD(L1, L1, Lo, Lg) = Ty (k13 70, 7)), (ks 7v, 7) T, (ks 7, 7)Tpg (ks 7, 7) - (4.10)

The coefficient is the product of the previous BD one and those contributed by Zl loops
between time 7y and 7y,

(L9 iy s (S

8 H263 H* 2/
9 A2 \Li+Lo+L: 9 N2 \L
~(-375a5) (i) (4.11)
8 H2e3 4 H?e3
So, the final loop corrected non-BD three-point correlation function is
woob - — (2m)36(ky + ko + k S
(G (7)o (7)o (et = (2770 4 b o Ks)2Tom [y (7)o (P, (7) [y
70
XT‘Q/\/ kikoks (cklefwkl eikaths—ki)ry Zlgg?fBD +2 perm.)] ,
(4.12)
with the loop correction given by
oo 2 2 L
L 9 A Li+La+L3 9 )\ Ly -
Znolap = Z (- §HTe3) (— ZHTei’J JNon-BD (L1, L1, L, L3)
Ly,L1,L2,L3=0
= exp {— 3)\2(214?(7'{:} —70) + (kY + k5 + B (7 — T{E})):| ) (4.13)
32007 H2e3
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It is very interesting to notice that

L
ZepP(rv) L Bb(m)

CBD (tv)

where “1” essentially is just the effective BD coefficients to the lowest order (2.13). So, the
ratio between non-BD and BD effects in different sectors are the same.
The relevant integrals of 3pt function are:

/T d,]_v T‘%eB<(k?+kg+kg)(T5T\5/)) ei(k1+k2+k’3)7'v 7 (415)
70
for BD one and
70
3)\2

for non-BD one, where B = 5555575
There are exponential oscillation terms in the integrals. In order to find a characteristic
scale of initial time, we switch to consider the simpler case by neglecting the exponential

oscillations and study the following two integrals

T —B( (K3 +kS+K3) (52—
R(k17k27k377_077_) _/ dTV 7‘2/6 (( ' ’ 3)( V)) ) (417)
70
T —B(2M D D))
Q(kl)kQa k;377—0)7—) = / dTV Ty E . (418)
70

As for function ), when 79 — —oo the function in the integral is highly suppressed by
the exponential factor. It makes no sense to choose the infinitely past initial time because @
will vanish in that case. Instead, we try to find the conditions for maximal 3pt function. We
expect that there exists one initial time 7¢,, which can maximize the integral Q.

So far our discussions are based on sub-horizon limit approximations |k7|, |k7o[> 1, but
mathematically, it is still meaningful to set 7 = 0. This can be justified from the fact that the
function @ is very insensitive to the final time 7 if |79|>> |7| as well as from Figure 6 where two
curves with different initial time are compared. For concreteness, we choose k1 = ko = k3 = k
and 7 = 0, then we get the function of g

e QORI EES )
Q(k, k. k,70,0) = S(BIB) : (4.19)

We need to find j—g = 0. Numerically, we can find that the integral is maximized
TO=TOm
when —k°73,, B ~ 0.255055 with maximum value

Qb b o ) = 2203001
This roughly calibrates the initial time for maximal non-Gaussianity and its corresponding
amplitude. The weak dependence on the final time 7 and different shape (ko/k1, k3/k1) is
shown in the Figure 6.

While for function R, it will saturate for early enough initial time (see Figure 6).

(4.20)
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Figure 6. The integral value @ or R (representing non-Gaussianity) as a function of initial time.
Function @ (corresponding to non-BD non-Gaussianity) peaks at one specific time g, and is very
insensitive to the final time 7 as well as the ratio of k; 3 3. Function R (corresponding to BD non-
Gaussianity) approaches a constant value when the initial time is early enough. Three vertical lines
mark the initial time e7o.,, Tom, Tom /€. (Here B = 1.5459 x 107 corresponding to fxr, = 1, k17om =
—44.0038)

4.3 Observational non-Gaussianity
4.3.1 Standard result on non-Gaussianity

Before showing the non-Gaussianity under loop corrections, we first review the standard
non-Gaussianity, i.e. the tree level result. In the standard procedure, the initial time is
chosen to be past infinity. This will cause divergence of the integral. In order to regulate
the divergence, we need to adopt the so-called ie prescription which is well understood in
standard quantum field theory, but a little problematic in cosmology.

In standard QFT, ie prescription is valid and vital from both mathematics and physics.
It not only cures the divergent problems in mathematics, but also ensures that physically the
quantum system can evolve from the non-interacting vacuum state in the infinitely past to
the true vacuum state with interaction at present.

However, in cosmology, our universe may start from a finite initial time. What’s more,
de-Sitter inflation has some different non-trivial properties compared to flat space case. The
most well-known and serious problem for this ¢ prescription is the folded limit divergence
of non-BD non-Gaussianity. Even for the BD case, ie prescription comes from the scattering
problem where particles are initially far away from each other. This is not the case for
inflation because the inflation originates from the sub-horizon scales.

Let us first present the result of standard non-Gaussianity. The BD non-Gaussianity
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can be obtained from the tree level 3pt function calculations by setting 7 = 0:

7=0 —3\ )
(Cly s Cg)BS° " = 2Im {Ukl (0)ug, (0)ug, (0) / d oV ’flkz%ez(kﬁkﬁk”ﬂ

. Vonear
H \3 0 32k koks .
= 2T [ () (hikaks) ™2 iy ZIATV 1Kok ittty
2\/E —oo(1—i0+) 2He3/2

( H )6—24)\ 1 [ 21 }

— m

Qﬁ H4 kikoks (k‘l + ko + k‘3)3
—3H?)\ 1

= 4.21
4e3  (ky + ko + k3)3k1kaks (420

where prime denotes that (27)36 (k1 + ko +k3) is stripped, while the non-BD non-Gaussianity
is given by

2Im |:(27\/E) (k1k2k3) /Oo(li0+) dTV 2H63/2

XT‘2/ v/ k1 k’gkjgckle_wkl el(—kithaths)ry | o perm.]

_ -3H2) 1 ( Ck, cos(Ok, )
463 k1koks (—/{?1 + ko + k3)3

Tr /
<<k1 Ckz Ck!3 > Noer?-BD

+2 perm.) (4.22)

Note that for external line, we only consider the BD modes. Non-BD modes in the ex-
ternal lines essentially are just effectively renormalizing the BD part by contributing term
>, Re C_(k;)(Ck, CkyChs)BD- S0, We are not going to consider them anymore and alway as-
sume the BD external modes.

The non-Gaussianity can be characterized by the non-Gaussianity shape function F
which is defined as

2

(Gl G i) = (2m) 70 (Kot + bz + is) 5y kg 2 F (ka/kr, ks k) - (4.23)
1R273
where the scale invariance of the correlation functions has been used to show that F only
depends on the ratios of different momenta.
So, for the standard non-Guassianty, the shape functions for BD and non-BD are given

by
—3\  kykoks

H2e (k‘l + ko + k3)3 ’

A Cp, cos(f
F(ka/kr, ks/k1)Rompp = 71“’1]{2]{3((_];:1-1- ].cg( —ilk)g)i)’

F(ka/k1, ks/k1)Bh° =

-3

2 +2 perm.) . (4.24)
The corresponding shapes can be seen from Figure 7. Evidently, non-Gaussianity di-

verges in the folded limit. But this divergence is unphysical. As we will show later, the decay

of non-BD modes cures the divergence.

4.3.2 Non-Gaussianity with loop correction

Next, we need to consider the loop corrections. The non-BD non-Gaussianity is maxi-
mized roughly when non-BD modes are generated or excited at 7y, instead of the infinitely
past.
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(a) Standard BD non-Gaussianity (b) Standard non-BD non-Gaussianity

Figure 7. Standard non-Gaussianity in literature obtained through ie prescription. Note that the
non-BD non-Gaussianities in the folded limit are actually divergent (b).

kafky

(a) Tree level 70 = eTom (b) Loop corrected 79 = eTom

Figure 8. BD non-Gaussianity shape function at tree level (left) and loop level (right) for initial
time 79 = eTom. At tree level, the sharp initial time cut-off will give rise to a fast oscillating non-
Gaussianity shape. After including loop correction, the oscillating behavior is suppressed to nearly
vanishing value and we nearly recover the usual BD non-Gaussianity shape.

Previously, we only handle the effective value under the sub-horizon approximations,
i.e. |k7|> 1. But physically we expect that in the super-horizon case, the decay is quite slow
due to the frozen of modes. So, super-horizon and sub-horizon admit completely different
behaviors. Tentatively, we can find an intermediate time 7in (|k7int|> 1) to connect these
two pieces. When |7y |> |Tint|, previous sub-horizon approximated results are reliable. While
for |7y |< |Tint|, we can just simply ignore possible loop corrections (which are expected to
be very small due to limited time integrations as well as nearly frozen super-horizon modes)
and only consider the tree level results with different initial conditions—the renormalized
non-BD coeflicients at 7y or more explicitly, ¢, — Ciﬁ(Tint). So, the loop corrections can be
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Figure 9. Non-BD non-Gaussianity shape function at tree level (left) and loop level (right) for
initial time 79 = e7g,, (without Guassian smearing initial time). By including the loop correction, the

amplitude is suppressed to very small value.

evaluated in the following way

0 Tint 0
/ dTV C " — / dTV Ckle\(I)grE)-BD R / dTV Ci:ff(Tint) ety (4.25)
T T0 Ti

int

0
where - - - denotes the tree level relevant terms. It is very interesting to note that c‘;cﬁ(rv) ~

R 20 i (7v) for |73 | 7], |7v|. This suggests that mathematically, the formula for Zioo .
can also be used in the super-horizon limit due to its similar behavior. Similar consideration

also holds for the BD non-Gaussianities.
Based on these arguments, we can still use our previous result derived in the sub-horizon

limit to calculate the observable super-horizon non-Gaussianities simply by setting 7 = 0:

L H \6-24\ 1 0 2 i(k1+katks)my ]
<Ck1<k2€k3>B(]))op/ = (2\/%) HA k1koks Im[ - dry T\/e( rkatks) VZP())]SP(TV)} )
Loo H \6-24\ 1 0 b
(GGt = (572) 7 gy |, 0w rheme™
x el(—k1thaths)Ty le\?gf_BD(Tv) +2 perm.] ) (4.26)
where Z50% pp(rv) = exp | = B(2K5(r — 7§) + (k + K3 + B)(0° — 7)) |, 25 (mv) =

exp [— B((k:i’ + k5 + k3)(05 — 7"5/))} They can be regarded as the loop corrections or the

renormalization factors to the tree diagram. Especially, note that they don’t show decay
behavior when 7y is pretty small, consistent with our previous physical picture for super-
horizon modes.

As we stated before, the loop corrections, in principle, also contain a phase factor exp(i-y)
with v ~ Bk575.. We don’t consider them because the exact expression is unknown and may
be very complicated. The above rough form can be understood from the DRG method. What
we want to emphasize is that the amplitude decay is sufficient to suppress the divergence and
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the fast oscillating phase factor can only be more beneficial due to the dramatic cancellations
between positive and negative parts.

Finally, we obtain the BD and non-BD non-Gaussianity shape functions with loop
corrections:

-3\ 0 —B( (K +k5+k3) (0772
f(kg/kl,kg/kl,m)%%)p = ——kikoks |:/ dry T‘Q/e (( TR V)) sin ((kl + ko + ]{3)7'\/)}

2H?2¢ .

-B (Zki’(7-‘5/—T§)+(k?+k§+k§)(05—7‘5}))

00 —3A 0
.F(kQ/kl,kg/kl,To);on?BD = mklkzkg[/ dTV T‘Q/Ckle
70

X sin <(k:2 + ks —ki)Ty — le) + 2 perm.}

Next, we give some plots for non-Gaussianity. Recall that in general single field inflation,
2
the power spectrum Py = % and ¥ = H?¢ (cs = 1 in our model). The non-Gaussianity

estimator fnr, = —é—?% = —% H’\2€ [13]. So, we can express the exponential decay factor in
terms of observable quantities as
32 19683
B= = Py, ~ 1.55P: f2, . 4.28
5200 H2 40000 <IN e/ (4.28)

We choose parameters Pr = 107, fr, = 1 [17]. For non-BD parameters, we use cg =

0.1,0 = 0. The shape for BD and non-BD non-Gaussianity are shown in Fig. 8 and Fig. 9,
Fig. 10.
BD non-Gaussianity shape: The non-Gaussianity shape for BD part is shown in Fig. 8.
For BD non-Gaussianity, if we choose one initial time sharp cut-off, at tree level the non-
Gaussianity shape function shows oscillating behavior due to the oscillating term in the
integral. But at loop level, as long as the initial time is not too late which is always the case
because the BD starts from very very early time and in principle from nearly past infinity, the
oscillating behavior disappears and we nearly recover the usual BD non-Gaussianity shape.
Non-BD non-Gaussianity shape: For non-BD non-Gaussianity, it peaks at one specific
initial time roughly. Earlier or later initial time can only generate smaller observational
non-Gaussianity. What’s more, loop corrections cure the folded divergence behavior of non-
Gaussianity as we emphasize before. If the initial time is much earlier, which means sub-
stantial time for non-BD state to decay, it may be very difficult to observe the remnants of
the non-BD information experimentally.

Due to the highly sensitive dependence on initial time, the final shape of non-Gaussianity
may show some oscillating features which is not generic and depends on the details of
¢k, Ok, T0(k) and so on. We expect that in reality, these highly sensitive dependence is frag-
ile and will be averaged or smoothed due to complicated behavior of these functions. The
important and generic part is the non-oscillating part with relatively weak dependence on
initial time. Note that for BD part, we do not need to use this smoothing functions. Because,
in principle, the BD exists from the very early beginning, almost infinitely past. And our
exponential correction term is enough to suppress the oscillating parts to get the standard
BD non-Gaussianity shape. Nevertheless, for completeness, we provide a typical plot for the
non-BD non-Gaussianity shape without smearing initial time.

Therefore, we choose to filter the slowly varying non-oscillating parts by averaging the
initial time with a Gaussian distribution centered at 7o, with width 7q,:

(10 — Toc)2> (4.29)

1
’ ) = —F— ¢ <_
W (70, Tocs Tow) B Xp 272
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With this smoothing function, the observable non-Gaussianity shape function is

0
J’:ave(k2/k1,k3/k1,70c,70w)§?;{)313 =/ dro W(T()vTOmTOw)I"(kQ/klak3/k17700770w)11<1(c)>cr)1}_)131)

- (4.30)

Under Gaussian smoothing, the exponential function e**=%0)70 will be transformed into
a smooth and non-oscillating Guassian function of k centering at ko with width 1/7¢,,.

The non-Gaussianity shape of non-BD part (see Fig. 10) includes two features: folded
shape peak and squeezed limit shape. The folded shape is mainly contributed by the cg,:
when ko + k3 — k1 ~ 0 or |(k2 + ks — k1)70|S 7, the sine function in the integral will
contribute coherently with oscillations. If we only consider the tree level result, the folded
shape value will blow up for very early initial time. But if we include the loop corrected
exponential term, its value will be suppressed to nearly vanishing. While the off-diagonal
corner (ko ~ 0 part and ks ~ 0 part) shape is contributed by the second and third term in
the non-BD non-Gaussianity shape function, namely cg,, ck, term. When ks ~ 0 and thus
k14 ko — kg ~ ko ~ 0, the sine function cg, sin((k1 + k2 — k3)7v) in the integral will contribute
coherently as long as |(k1 + ko — k3)7p|< 7 and thus give rise to large value. The arguments
are similar to the folded shape one. Similar arguments apply for ks ~ 0.

At tree level, the earlier the initial time, the larger the folded shape peak value. While
at loop level, the folded peak will be suppressed to very small value.

4.4 Non-interacting limit

In the following part, we are going to consider the non-interacting limit A — 0 and show
that standard results for BD non-Gaussianity can be recovered.
For BD non-Gaussianity,

—3A

0 —B( (kP +k3+k3) (05 —15
Fap = klkgkg[/ dry e <( TR V))
70

3 .
SH% sin ((k‘l + ko + k:g)TV)]
—-3A —klkgkg o 2 _Dzx5 .
= d x 4.31
9H2e (k1 + ko + k3 ) [/0 vee Smx] ’ (4.31)

where we define z = —(kl + ko + k?g)Tv,xQ = —(kl + ko + kg)Tg, D= B(k? + kg + kg)/(kl -+
ks + k3)° . The integral can be evaluated in the following way through integration by parts

pd

xo Zo
/ 22 P sing dz = xQe_DxS(— cos x) " / e_DJCS(— cosz)(2z — 5Dx5) da
0 0

0
z0

I S
= —2%e7P* cosz

zo
+/ 2ze~ D% cos dr+D x ---
0

0
Db Db o 0 pab .
= (—z2e D% cosx + 2z P* sinx) —/ 2¢ P sinz dr+ D x - -
0 0
—Dzb _ Db . o Y1 Zo
= (—22e P% cosz + 20 P sinx + 2P cosx)|  + D x--- .(4.32)
0

In the non-interacting limit, D — 0,9 — oo, the above integral gives rise to a factor
—2. Thus, we do recover the standard BD non-Gaussianity. Previously, the standard non-
Gaussianity is obtained by e prescription. Here the interaction coupling constant plays the
role of € and regulates the divergence problem. In this sense, we give a natural explanation
to the problem of introducing i€ in cosmology.
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For non-BD non-Guassianity, things are a little more complicated due to the interplay
of folded limit and non-interacting limit. Physically, the correct order of taking limits should
be like this: fix the coupling strength B first and then examine the non-Gaussianity at folded
limit, finally turn off the interactions gradually. After fixing the coupling strength, the initial
time is roughly given by 7, instead of —oo in the ie prescription, which can only give a trivial
vanishing result in our case. Near the folded limit, we can perform Taylor expansion for dk,
then this integral is a normal one and vanishes when 0k — 0. So, for a fix coupling strength,
the exact folded limit non-Gaussianity vanishes. Then, we take the non-interacting limit,
which by continuity also gives rise to a vanishing folded limit non-Guassianity. However for a
fixed given coupling strength, globally the amplitude will increase if we let coupling strength
goes to zero and choose proper initial time. More specifically, if the shape is not too folded
(B(k/8k)® is still very small with 0k = ko + k3 — k; or other permutations), the method for
BD one can be applied here. Then, we recover the 1/ 5k3 factor in Fon.pp. While the other
integral factor (which is —2 for BD one) is highly sentive to the intial time. The scale of
amplitude is roughly given by Eq. (4.20), scaling like B—%/%. This amplitude decreases very
quickly once a different initial time is chosen and will vanish if we start from past infinity.

In particular, if we tune the coupling constant A to be pretty small, for example equiv-
alently let fx1, = 107% which is mathematically meaningful nevertheless, we can get non-BD
non-Gaussianity which is nearly divergent at the folded limit provided that the proper initial
time is chosen. Actually, the amplitude of the folded limit non-Gaussianity is proportional
to fl\_lf/ > (4.20). However, once the initial time is slightly different, the amplitude decreases
dramatically.

The conclusion is that the loop corrections is vital for non-BD three point functions.
Even in the extremely weak interacting limit and we can fine tune the initial time delicately
to get the ordinary divergent folded non-Guassianity, this apparent divergence breaks down
once a little bit different initial time are considered. This is not the feature of previous non-
BD three point functions in literature. From this aspect, it is very challenging to observe the
imprints of initial non-BD state at present, especially for large k modes.
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Figure 10. Non-BD non-Gaussianity shape function at tree level (left) and loop level (right) for
different initial time 7,,/e (upper), 7o, (middle) and ery,, (down), filtered by a Gaussian weight
function (4.29) for the initial time. Note two prominent features: folded shape peak at ko + k3 ~ k1
and squeezed limit shape at ko ~ 0 or k3 ~ 0. For folded shape, if we only consider the tree level,
the peak value will blows up with earlier initial time and finally diverges for past infinity initial time.
But, if we consider the loop corrections, the folded shape peak will be suppressed.
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5 Conclusion

In this paper, we develop the techniques of calculating one loop diagrams. And we
discover a recursion relation which enables us to deal with infinite loop calculations and do
resummations. By using these techniques, we show that the decay of non-BD coeflicients are
consistent with the previous cut-off result except an order one decay factor difference. Our
method is enlightening and may shed light on the future loop calculations and resummations
in the general context.

Furthermore, we analyze the non-Gaussianity under loop corrections. As we expect
from the decay of effective non-BD coefficients, the usual divergent non-BD non-Gaussianity
at folded limit gets smoothed. What’s more, the loop corrected non-BD non-Gaussianities
peak at specific initial time and are very sensitive to these initial time. Once we deviate a
little bit, these non-Gaussianities will decrease dramatically. So, we conclude that the non-
BD non-Gaussianities are very fragile to loop interactions and initial time. Thus, as long as
the non-BD state is set up at early enough time, the imprints of these non-Gaussianties on
observations may be difficult. These are very different from the previous results in literature
where folded limit non-Gaussianities are dominated by the non-BD one due to the divergent
behavior.

Besides, we also show that even for BD non-Gaussianity, the loop corrections can have
significant influence, playing the role of infinitesimal regulator like ie prescription. The loop
correction can not only regulate the divergence problem but also recover the usual result in
literature. Thus, loop corrections provide a natural way of introducing ic in cosmology in a
more natural and physical way.

Our results are derived based on sub-horizon limit approximations. It is well known that
the sub-horizon modes do not feel the presence of gravity much and their behaviour resemble
the flat Minkowski space case. So are the loop corrections. One may wonder whether the
same properties that we have discussed already exist in flat space quantum field theory. The
answer is yes or no. On the one hand, the UV limit of the cosmological perturbations indeed
return to flat space quantum field theory. But on the other hand, in usual treatment of flat
space quantum field theory, we are interested in the in-out amplitude. Interactions are shut off
at the asymptotic past and future. However, in our case, the fluctuations keep on interacting
in the asymptotic past. Also, the expansion of the universe exposes anything odd in the
UV, if not diluted by the expansion of the universe, to observables at macroscopic scales.
Finally, inflation needs a start and may have features, so asymptotic Lorentz symmetry or de
Sitter symmetry may not help to determine the vacuum. Those reasons explain the difference
between our work and a conventional treatment of flat space quantum field theory.

Although we only consider the general single field inflation and rely on some approxi-
mations, the conclusions are expected to apply in more general cases.
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A Basics of in-in formalism

We can use the in-in formalism to compute the correlation function [16, 18, 19]. The
basic formula is

(Q(7)) :< HTexp / H(7 dTﬂQI( )[Texp —z/ Hy(r' d7’>”0>

- /dn/ 0. / 07 /dﬁ/ drs. /

n,m= 0
><<0)H[(%l)...HI(%m)Q[(T)HI(n)...HI(Tn) o>

T T1 Tn—1
= / dTm / dTm—1.. / dm / dm / dry... / dr,
0 70 ) 70

n,m=

><<H](T1)H[(7~'m)Q (T)H[(Tl)...H[(Tn)>0 . (Al)

Note that the factor n!m! has been canceled by the time-orderings.

At a specific order of expansion, there are lots of terms due to different ways to connect
the diagrams and different time sequences. We can represent them in different Feynman
diagrams, where the time sequences can be seen from the relative positions of interacting
vertices along the time axis, while the connecting ways can be understood as usual Feynman
diagrams in QFT.

The basic type of integral has the following equivalent form (7 > 7 > 75 > ... > 7,1 >
Tn > T0)

T T1 Tn—1 T T T
/ dTl/ dTQ.../ drn  f(T1,.yTn) :/ ClTn/ dTn_l.../ dri  f(T1, .y Tn) -
TO 70 T0 T0 Tn T2

Another very useful formula is to leave one time 7, at last. (7> 7 > 71 > ... > 7, >
> Tpo1 > Tp > T0)

/Tdﬁ /T1 dTQ.../TM A7 F(T1, )
no I e - ) -
_ (/TO dTm></Tm dr, /Tml drg.../m erm_l)(/m dTmH.../TO ldTn> Frs o) -

(A.3)

Usually, f is the product of some mode functions and can be factorized into different
parts: f(71,...,7) = [[,; fj(7;). So, this formula is so convenient that we can deal with
different parts separately. For example, when calculating the loop diagrams of three point
function, the interacting vertex for three external leg is special and we can leave it to the
last integration.

The basic idea of the proof is that we swap 7, and 7 first, then swap 7, and 79...
Repeat this process until 7,,, is between 7,,_1 and 7,41 which recover the standard form.
The basic formula is f;p dry, f;: drj-- = fT” dr; ng drpy, - .
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Figure 11. Elliptical coordinate system

B Elliptical coordinate system

Consider two fixed points A, B separated by distance R, and P is the moving point.
The distance between A, B, O (the origin) and P is r4,rp, 7. Also, assume the angle between

OA and OP is 0.
Define

rA+TB TA—TB
-~ r 7 R

then, we have
R
r= —2\//1,2—1—1/2—1,

= 0:——
z T COS 2IUJJ,

R
pzrsin@zE\/,uQvLVQ—l—uzvz.

The Jacobi matrix is

R % R v
J— o(r, z) _ <2 V2 —1 2 \/#24_1,2_1) :

R R
SO7

R2 2 2 RS 1

det =" WV, 22
4 IUQ + y2 —1 8 r

In 3D, the volume element is

dV = r%sinfdrdfdd = —rdrd(r cos0)dp = —2mwrdrdz
3 3

1
— 271'7“—8 7(u2 - Vz)dﬂd’/ = 27"%(#2 - VQ)deV :
r
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In general, in n-dimensional space, the volume element (after integrating out the angular
part) is

V= 27}({%))3 (5)" (w2 42 =1 2 T = Py (B:8)
2

So, if we want to integrate the function f(k,p,q), the calculation is transformed to

I = /dnq/d”p 8™ (p+q—k)f(k,p.q)

2(y/7 S, utv, p—v
= FTl du duu—i—u—l—uu) (u? —v2) f(k, 5 k, 5 k) .
(B.9)
In three dimension, it simplifies as
3 _
L / du/ dv (42 — ) f(k, “;%,“2’%). (B.10)

C New basis functions

We introduce a set of basis function T;,:

T - L h
1 izu izu , (izu)"! (tu)"
Tn(z)—z—n<1—n_1)(e _1_Zzu_m(n—1)!>_(n—l)(n—l)! n>1.C.2)

There are some good properties for 17,:

1. They are regular near z ~ 0.

2. For n > 1, T}, decreases very rapidly at +oo and is integrable without divergence
+oo
/ T, (z)dz = finite . (C.3)
0

3. For n = 1, the integration of 7} from 0 to +oo will result in logarithmic divergence.
We can introduce a cut-off on z which yields

A
/0 T1(z)dz = Ci(|Au|) — vg — log(|Aul|) + isgn(u) - Si(|Aul) , (C.4)

where Si, Ci are Sine and Cosine integral function.

Suppose we have a function with the following form

N ane*t — b,
n=1

where a,, b, are coefficients independent of z. Also, we require the above function is regular
near z ~ 0 which means that a,, b,, are not totally independent. There must be some relations
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among them to ensure the regularity of the function. There are 2N coefficients ay, b,, but

the regularity near z = 0 will lead to N constraint equations corresponding to each order of

Taylor expansion of K in 1/2". This implies that actually there are only N free parameters.
So, we can decompose the above function in terms of the basis functions 75,

u

S S AT ()

n

We can express A, in terms of ay, b, by solving the above equation. Also, note that in the
basis functions T5,, % only appears in 77, so we can get a very important relation

A =b; . (C.7)
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