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Abstract – We investigate the spin dynamics of the square-lattice spin- 1
2
Heisenberg antiferro-

magnet by means of an improved mean field Schwinger boson calculation. By identifying both, the
long range Néel and the RVB-like components of the ground state, we propose an educated guess
for the mean field triplet excitation consisting on a linear combination of local and bond spin flips
to compute the dynamical structure factor. Our main result is that when this triplet excitation
is optimized in such a way that the corresponding sum rule is fulfilled, we recover the low and
high energy spectral weight features of the experimental spectrum. In particular, the anomalous
spectral weight depletion at (π, 0) found in recent inelastic neutron scattering experiments can be
attributed to the interference of the triplet bond excitations of the RVB component of the ground
state. We conclude that the Schwinger boson theory seems to be a good candidate to adequately
interpret the dynamic properties of the square-lattice Heisenberg antiferromagnet.

Introduction. – The nature of the spin excitations
in two dimensional (2D) quantum antiferromagnets (AF)
represents one of the major challenges in strongly cor-
related electron systems. Originally motivated by the
cuprates superconductors [1], the square-lattice Heisen-
berg antiferromagnet has long been the prototypical model
to investigate the validity of the spin wave [2] and the res-
onant valence bond (RVB) descriptions [3]. Here, in con-
trast to the one dimensional case [4–7], the ground state
has long range Néel order, so it is expected that spin-1
magnon excitations take correctly into account the low
energy part of the spectrum [2]. However, due to the
presence of strong quantum fluctuations, there is an in-
creasing belief that the high energy part of the spectrum
can be described by pairs of spin- 12 spinons, representing
the excitations of the isotropic component of the ground
state [3].
Recent high resolution inelastic neutron scattering ex-

periments performed in the metal organic compound
Cu(DCOO)2 · 4D2O (CFDT) –a known realization of the
square-lattice Heisenberg AF model– seem to support this
argument [8]. Specifically, the spectrum has i) well defined
low energy magnon peaks around (π, π); ii) a wipe out of
the intensity along with a downward renormalization of
the dispersion near (π, 0) and iii) the continuum excita-
tion at (π, 0) is isotropic, in contrast to the (π2 ,

π
2 ) one.

Signals of these features were also found in the undoped
cuprates, being their origin attributed to the possible pres-
ence of extra ring exchange interactions due to charge fluc-
tuations effects [9]. In CFDT, however, the electrons are
much more localized implying a negligible role of charge
fluctuations. In fact, the dispersion relation measured in
CFDT has a deviation with respect to linear spin wave
theory at (π, 0) but agrees very well with series expansion
[10] and quantum Monte Carlo [11] calculations performed
in the pure Heisenberg model. Furthermore, spin wave
calculations reproduce the correct spectral weight of the
spectrum around (π, π) while the anomaly at (π, 0) seems
to be reproduced by a Gutzwiller projected wave function
calculation where the isotropic continuum is interpreted
as spatially extended pairs of fermionic spinons [8]. This
calculation, however, fails to consistently describe at the
same time the low energy part of the spectrum near (π, π).

On the other hand, recently, a whole description of the
dispersion relation in terms of magnons was performed us-
ing a continuous similarity transformation [12]. Here the
downward renormalization at (π, 0) can be traced back
to the strong coupling of three magnons that depress the
single magnon state, reducing its energy. Unfortunately,
the corresponding dynamical structure factor has not been
computed; so a close comparison with the measured spec-
tral weight has not been carried out yet.
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Alternatively, two decades ago, Arovas and Auerbach
developed a bosonic spinon-based theory [13]. Using a
mean field Schwinger boson (MFSB) theory they com-
puted the dynamical structure factor S(k, ω) in the
square-lattice antiferromagnet (see fig. 1(a)). Even if the
spectrum shows a low energy dominant spectral weight
around (π, π) with a magnon dispersion that matches the
spin wave result, the spectral weight at (π, 0) and (π2 ,

π
2 )

are practically the same, namely, at odds with the exper-
imental spectrum (see fig. 1(b)). In view of the recent
neutron scattering experiments on CFDT, and the theo-
retical difficulties mentioned above, the search for a con-
sistent theoretical description that takes into account the
main features of the spectrum has become an important
goal.

In this paper. we perform an improved mean field
Schwinger boson calculation of the dynamical structure
factor for the square-lattice Heisenberg antiferromagnet.
Using the fact that the mean field ground state can be
described by a Néel and an averaged RVB component, we
investigate the corresponding spectral properties and pro-
pose an educated guess for the triplet excitations consist-
ing of a linear combination of local and bond spin flips.
Notably, when this triplet excitation is optimized in such
a way that the sum rule

∫

dω
∑

k S(k, ω) = NS(S + 1)
is fulfilled we find that the main spectral weight features
of the experimental spectrum are reproduced quite well
(see fig. 3(a)). In particular, our results support the idea
that the anomalous spectral weight depletion at (π, 0) can
be attributed to the interference of the triplet bond exci-
tations corresponding to the averaged RVB component of
the ground state [14].

Néel and RVB components of the mean field

Schwinger boson ground state. – It is firmly es-
tablished that the ground state of the spin- 12 Heisenberg
model on the square-lattice is an SU(2) broken symmetry
quantum Néel state [2]. Nonetheless, the nature of the
zero point quantum fluctuations and the spin excitations
above the ground state are still controversial. It has been
proposed that the zero point quantum fluctuations have
both local and RVB character, the latter being related
to the anomaly found at (π, 0) in the neutron scattering
experiments of CFDT [14]. In this section we show that
the ground state provided by the MFSB can be related to
the above proposal.

Here, we present the main steps of the mean field
Schwinger boson theory, originally developed by Arovas
and Auerbach [13]. Within the Schwinger boson represen-

tation the spin operators are expressed as Ŝi=
1
2b

†
i~σ bi,

with the spinor b†
i =(b̂†i↑; b̂

†
i↓) composed by the bosonic op-

erators b̂†i↑ and b̂†i↓, and ~σ=(σx, σy , σz) the Pauli matrices.
To fulfill the spin algebra the constraint of 2S bosons per
site,

∑

σ b̂
†
iσ b̂iσ = 2S, must be imposed. Using this repre-

sentation the AF Heisenberg Hamiltonian results [13],

J

2

∑

<i,j>

Ŝi ·Ŝj =
J

2

∑

<i,j>

[

S2 − 2Â†
ijÂij

]

, (1)

where J > 0 is the exchange interaction between near-
est neighbors < ij > and Â†

ij = 1
2

∑

σ σb̂
†
iσ b̂

†
jσ̄ is a sin-

glet bond operator [15]. Introducing a Lagrange mul-
tiplier λ to impose the local constraint on average and
performing a mean field decoupling of eq. (1), such that

Aij = 〈Âij〉 = 〈Â†
ij〉, the diagonalized mean field Hamil-

tonian yields [13, 16, 18]

ĤMF = Egs +
∑

k

ωk

[

α̂†
k↑α̂k↑ + α̂†

−k↓α̂−k↓

]

,

where

Egs =
1

2

∑

k

ωk + λN(s+
1

2
)

is the ground state energy and

ωk↑ = ωk↓ = ωk = [λ2 − (γA
k )

2]
1
2 ,

is the spinon dispersion relation with γA
k =

1
2J

∑

δ Aδ sin(k.δ), Aδ chosen real, and the sums go-
ing over all the vectors δ connecting the first neighbors of
a square lattice. The ground state wave function |gs〉 is
such that α̂k↑|gs〉 = α̂k↓|gs〉 = 0 and has a Jastrow form
[19]

|gs〉 = e
∑

k
fkb

†
k↑

b
†
−k↓ |0〉b, (2)

where |0〉b is the vacuum of Schwinger bosons b and

fk = −vk/uk, with uk = [ 12 (1 + λ
ωk

)]
1
2 and vk =

ı sgn(γA
k )[

1
2 (−1+ λ

ωk

)]
1
2 the Bogoliubov coefficients used to

diagonalize ĤMF . The self consistent mean field equations
for Aδ and λ are,

Aδ =
1

2N

∑

k

γA
k

ωk

sin(k.δ) (3)

S +
1

2
=

1

2N

∑

k

λ

ωk

. (4)

The rotational invariance preserved by the MFSB allows
us to study finite size systems directly, avoiding the sin-
gularities that arise when a broken symmetry state is as-
sumed, like in spin wave theory [20]. Numerical computa-
tion of the above self consistent equations shows two gauge
related singlet solutions, the s wave (Aδx = Aδy ) [13] and
the d wave (Aδx = −Aδy ) [21] solutions. In particular, as
soon as the system sizeN increases, both solutions develop
180◦ Néel correlations signaled by the minimum gap of the
spinon dispersion at ±(π2 ,

π
2 ) that vanishes in the thermo-

dynamic limit. This closing of the gap is related to the
spontaneous SU(2) broken symmetry Néel state [19, 22].
By the way, it is instructive to rearrange eq. (4) as
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S =
1

N

∑

k

|fk|2
[1− |fk|2]

. (5)

In the thermodynamic limit the self consistent solutions
yield |f±(π

2 ,π2 )| → 1. Then, the quantum corrected mag-
netization m can be obtained as the singular part of eq.
(5) [19],

m =
2

N

|f(π
2 ,π2 )|2

[1− |f(π
2 ,π2 )|2]

. (6)

From eq. (2), it is clear that the singular behavior is due to
the condensation of spin up and spin down bosons at k =
±(π2 ,

π
2 ). Consequently, the ground state can be splitted

as

|gs〉 = |c〉|n〉,
where

|c〉 = e

√
Nm
2

(

b
†

( π
2

, π
2

)↑
+b

†

−( π
2

, π
2

)↑
+ib

†

( π
2

, π
2

)↓
−ib

†

−( π
2

, π
2

)↓

)

|0〉b
(7)

is the condensate part which represents the quantum cor-
rected Néel state, 〈C|Sz

r |C〉 = (−1)rx+rym, and

|n〉 = e

∑

k6=±( π
2

, π
2

)
fkb

†
k↑

b
†
−k↓ |0〉b

is the isotropic normal fluid part which represents the
zero point quantum fluctuations of the ground state [19].
A practical advantage of the MFSB theory is that, even
working on finite systems, it is possible to keep track of the
putative magnetic order. For instance, a finite size scaling
of eq. (6) gives m = 0.3034, in agreement with Arovas and
Auerbach result [13]. Going back to real space the normal
fluid part is, approximately,

|n〉 ≈ e

∑

ij
fij Â

†
ij |0〉b, (8)

where fij is the Fourier transform of fk. Equation
(8) shows explicitly the singlet bond structure of the
normal fluid part of the ground state. Although it is
not a true RVB state, because the constraint is only
satisfied on average, one can still interpret the normal
fluid component of the ground state as an averaged RVB
component.

Keeping in mind this picture for the ground state, two
kind of triplet excitations can be envisaged within the
MFSB: local spin flips and bond spin flips acting on the
condensate and normal fluid components, respectively. On
one hand, magnonic-like excitations are created by Ŝq,

which is a linear combination of the local operator Ŝi. On
the other hand, triplet bond excitations of the averaged
RVB component can be created by D†

q, which is a linear
combination of the bond operator

D̂†
i =

1

2
(D†

iδx
+D†

iδy
),

with
D†

iδ = b†i↑b
†
i+δ↓ + b†i↓b

†
i+δ↑

Actually, several kind of triplet bond excitations such as
C†

iδ = b†i↑bi+δ↑ − b†i↓bi+δ↓, T
†
iδ↑ = b†i↑b

†
i+δ↑, T

†
iδ↓ = b†i↓b

†
i+δ↓

and T †
iδ = T †

iδ↑ ± T †
iδ↓, can be constructed. However, after

a systematic study of all possible triplet bond excitations
we have found that the correct spectral properties are
recovered once the D̂†

q excitations are incorporated in the
dynamical structure factor calculation (see below).

Dynamical structure factor study. – In this sec-
tion we show the difficulty of the original MFSB the-
ory [13] to recover the anomaly of the spectrum at (π, 0)
and we propose an improved calculation of the dynamical
structure factor by considering, explicitly, the triplet bond
excitations D̂†

q mentioned in the previous section. At zero
temperature the dynamical structure factor is defined as

S(k, ω) =
∑

n

|〈gs|Ŝk|n〉|2δ(ω − (ǫn − Egs)), (9)

where |n〉 are the spin-1 excited states. Plugging the cor-
responding mean field states in eq. (9) results in

S(k, ω)=
1

4N

∑

q

|uk+qvq − uqvk+q|2δ(ω− (ω−q +ωk+q)).

(10)

By exploiting the fact that the MFSB theory fulfills the
Mermin Wagner theorem [23], Arovas and Auerbach ac-
cessed to the above zero temperature dynamical struc-
ture factor coming from the finite temperature regime [13].
Here, instead, we work at zero temperature and use finite
size systems to compute eq. (10) where the contribution of
the x, y and z components are identical due to the SU(2)
symmetry of the ground state. However, due to the de-
velopment of long range Néel order, the spectrum shows
Bragg peaks and low energy Goldstone modes at k = (0, 0)
and (π, π). This is shown in fig. 1(a) where eq. (10) is
displayed in an intensity curve. Even if the spectrum is
expressed in terms of free pairs of spinons it is expected
that gauge fluctuations, dynamically generated, will con-
fine them into magnonic excitation [24,25]. In fact, a sim-
ple first order calculation in perturbation theory supports
the picture of tightly bond pair of spinons in the neigh-
borhood of the Goldstone modes [26]. Furthermore, the
spectrum shows a low energy dominant spectral weight
around (π, π) with a magnon dispersion that matches the
spin wave result. However the spectral weight at (π, 0)
and (π2 ,

π
2 ) are practically the same (see fig. 1(b)), that is,

at odds with the anomaly observed at (π, 0) in the neu-
tron scattering experiments of CFDT [8]. This anomaly
was previously interpreted as a quantum mechanical in-
terference due to the entanglement of the RVB compo-
nent of the ground state [14]. This motivated us to focus

on the spectral properties of the triplet bond operator D†
i
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Fig. 1: Dynamical structure factor S(k, ω) within the MFSB
(eq. (10)). (a) intensity curve along a path of the Brillouin
zone. (b) comparison between k = (π

2
, π

2
) (solid line) and

k = (π, 0) (dashed line).

which, within the context of our approximation, represents
a proper magnetic excitation of the averaged RVB compo-
nent of the mean field ground state. The corresponding
dynamical structure factor is

D(k, ω) =
∑

n

|〈gs|D̂k|n〉|2δ(ω − (ǫn − Egs)), (11)

with D̂k the Fourier transform of D†
i . Within the MFSB

eq. (11) results

D(k, ω)=
1

N

∑

q

[(γk + γk+q) ukuk+q]
2δ(ω − ωk − ωk+q)

(12)
with γk = 1

2

∑

δ cosk.δ. In fig. 2(a) is plotted eq. (12)
in an intensity curve. As expected, the spectral weight of
these triplet bond fluctuations is mostly located at high
energies. Notice the high energy spectral weight trans-
fer with respect to S(k, ω) (see fig. 1(a)). In particular,
at (π, 0) the spectral weight transfer is complete (see fig.
2(b)). It is important to note that among all possible
triplet bond excitations mentioned in the previous section

Fig. 2: Dynamical structure factor D(k, ω) within the MFSB
(eq. (11)). (a) intensity curve along a path of the Brillouin
zone. (b) comparison between k = (π

2
, π

2
) (solid line) and

k = (π, 0) (dashed line).

only the spectrum of D(q, ω) shows this interference at
(π, 0). In principle, such anomaly should appear in a rigor-
ous calculation of S(k, ω). But it is known that, due to the
relaxation of the local constraint, the excitations created
by Ŝq in the MFSB are not completely physical, producing
a factor 3

2 in the sum rule,
∫

dω
∑

k S(k, ω) =
3
2NS(S+1)

[13]. Therefore, to improve the S(k, ω) calculation one
should project the mean field ground state and the spin-1
states onto the physical Hilbert space 〈gs|P−1SkP |n〉, an
operation that is very difficult to implement not only an-
alytically [27, 28] but numerically [29–31]. Alternatively,
we look for an effective triplet excitation that somehow
mimics the projection P−1SkP . To do that we construct
a triplet excitation consisting on a linear combination
(1 − β)Sk + βD†

k in such a way that the free parameter
β can be adjusted to enforce the correct sum rule. Here
it is important to note that both, Ŝq and D̂†

q, produces
the same change in the z-component of the total spin,
∆Sz

total = 0, when they are applied to the ground state.
Then, the modified dynamical structure factor yields
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S(β,k, ω) =
∑

n

|〈gs|(1−β)Sk+βD†
k|n〉|2δ(ω−(ǫn−Egs)),

(13)

Notice that β = 0 is equivalent to eq. (10); while β = 1
corresponds to eq. (12). After a little of algebra,

S(β,q, ω)=
3 (1− β)

2

4N

∑

k

Ω2
k,q δ (ω − ωk − ωk+q) +

+
β2

N

∑

k

Γ2
k,q δ (ω − ωk − ωk+q) + (14)

+

√
3 (1− β)α

N

∑

k

Γk,q Ω k,q δ (ω − ωk − ωk+q)

with

Γk,q = |uk+qvq − uqvk+q|

and

Ωk,q = [(γk + γk+q)ukuk+q].

We have computed eq. (14) finding that the correct sum
rule

∫

∑

k

S(β,k, ω)dω = NS(S + 1) (15)

is fulfilled for β∗ = 0.2015. Notably, S(β∗,q, ω) repro-
duces qualitatively quite well the low and the high energy
features of the expected spectrum. This is shown in fig.
3(a) where it is clear that the partial depletion of spectral
weight at (π, 0) (white box of fig. 3 (a)) is directly related
to the presence of the triplet bond spin flips (see S(k, ω)
of fig. 1(a))). Therefore, we can conclude that the modi-
fied dynamical structure factor S(β∗,k, ω) corresponding

to the optimized triplet operator (1 − β∗)Sk + β∗D†
k is

mimicking the aimed effect of the projection operation;
although, actually, we are not strictly imposing the local
constraint. However, the fact that the expected features of
the spectrum are recovered once the sum rule is fulfilled is
encouraging. So far the dynamical structure factor results
for D(k, ω) and S(β∗,k, ω) correspond to the s wave so-
lution (Aδx = Aδy ) of the ground state. We have checked
that if the d wave solution (Aδx = −Aδy ) is used the re-
sults are the same if the triplet bond operator is changed
to D̂†

i = 1
2 (D

†
iδx

− D†
iδy

). This shows the sensitivity of
the MFSB to capture the intimate connection between
the structure of the ground state and the corresponding
triplet excitation.
Finally, it is important to point out that the anomaly at
(π, 0) is only noticeable for the quantum spin case S = 1/2.
In fact, we have found that, as soon as S is increased, the
contribution of the bond spin flips to S(β∗,k, ω) becomes
negligible with respect to the local spin flip one, thus re-
covering the expected large S spin wave result.

Fig. 3: Modified dynamical structure factor S(β,k, ω) within
the MFSB (eq. (14)). For β∗ = 0.2015 the sum rule is fulfilled
(eq. (15)). (a) intensity curve along a path of the Brillouin
zone. The white box shows the anomalous behavior at (π, 0) .
(b) comparison between k = (π

2
, π

2
) (solid line) and k = (π, 0)

(dashed line).

Summary and concluding remarks. – Motivated
by the recent inelastic neutron scattering experiments per-
formed in CFDT [8], the experimental realization of the
square-lattice quantum antiferromagnet, we have investi-
gated the anomaly found in the spectrum at (π, 0) using
mean field Schwinger bosons. Based on the proposal that
such anomaly could be due to the quantum mechanical de-
structive interference of the RVB component of the ground
state [14], we have studied the spectrum by exploiting the
ability of the MFSB to properly describe the triplet exci-
tations above the Néel and the averaged RVB components
of the ground state. In particular, we have found that
the triplet D†

k bond spin excitations, the natural excita-
tions above the averaged RVB, have an anomalous spectral
property at (π, 0) that can be associated to the above men-
tioned interference. Then, in order to improve the original
dynamical structure factor S(k, ω) [13] we have proposed

a combined triplet excitation (1− β)Sk + βD†
k that gives

rise to a modified dynamical structure factor S(β,k, ω).
Remarkably, once it is optimized to enforce the sum rule,
the main features of the spectrum at low and high ener-
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gies are reproduced quite well. Unfortunately the opti-
mized S(β∗,k, ω) does not recover the rotonic feature at
(π, 0) but this is because the local constraint is not im-
posed exactly. If it is imposed carefully [29], as it has also
been done in the fermionic spinon case [8], the rotonic fea-
tures will be recovered. Regarding the possibility that free
bosonic spinons can survive, or not, at (π, 0) is an issue
that is beyond the scope of the present work. However,
we think that the present results are calling for a more
sophisticated calculation of the dynamical structure fac-
tor within the context of the Schwinger boson formalism,
such as variational Monte Carlo [29–31] or 1/N correction
[13, 27, 32]. Work in the latter direction is in progress.
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[11] Syljuåsen, O. F. and Rønnow, H. M., J. Phys. Con-
dens. Matter, 12, (2000) L405.

[12] Powalski M., Uhrig G.S. and Schmidt K.P., Phys.

Rev. Lett., 115 (2015) 207202.
[13] Auerbach A. and Arovas D. P., Phys. Rev. Lett., 61

(1988) 617; Arovas D. P. and Auerbach A., Phys. Rev.
B, 38 (1988) 316.

[14] Christensen, N. B., Rønnow H. M., McMorrow D.

F., Harrison A., Perring T. G., Enderle M., Coldea

R., Regnault L. P. and Aeppli G., Proc. Natl Acad. Sci.

USA, 104 (2007) 15264.
[15] For frustrated AF it has been discussed in the literature

the necessity of using a second singlet bond operator [16–
18] but for the unfrustrated case it is enough the original
formulation with only the singlet bond operator Â
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