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Abstract: Let p # 3 be any prime and [ # 3 be any odd prime with ged(p,l) = 1. F; = (£)
is decomposed into mutually disjoint union of ged(q — 1, 3Ip®) coset over the subgroup (£3%°),
where ¢ is a primitive (¢ — 1)th root of unity. We classify all repeated-root constacyclic codes
of length 3[p® over the finite field F|, into some equivalence classes by the decomposition, where
qg = p™, s and m are positive integers. According to the equivalence classes, we explicitly
determine the generator polynomials of all repeated-root constacyclic codes of length 3ip® over
F, and their dual codes. Self-dual cyclic(negacyclic) codes of length 3lp® over F, exist only
when p = 2. And we give all self-dual cyclic(negacyclic) codes of length 3i2°over Fom and its
enumeration.

Keywords: Repeated-root constacyclic codes, Cyclic(negacyclic) codes, Dual codes, Generator
polynomial.

1 Introduction

Constacyclic codes over finite fields play a very important role in the theory of error-
correcting codes. More important, constacyclic codes have practical applications. As these
codes have rich algebraic structures, so that they can be efficiently encoded and decoded using
shift registers. They also have very good error-correcting properties. All of those explain their
preferred role in engineering.

Repeated-root cyclic codes were first investigated in the most generality in the 1990s by
Castagnoli in[1] and Van Lint in[2]. In their papers, they proved that repeated-root cyclic
have a concatenated construction, and are asymptotically bad. But we know that there still
exists a few optimal such codes by [12 — 14], which encourage many scholars to study the class
of codes. For example, Dinh determined the generator polynomials of all constacyclic codes
and their dual codes over Fy, of length 2p®, 3p® and 6p®, in [3 — 5]. Since then, these results
have been extended to more general code lengths. In 2012, G.K. Bakshi and M. Raka give
the generator polynomials of all constacyclic codes of length 2'p* over Fy in [6], where ¢ is
a power of an odd prime P. In 2014, B. Chen, H.Q. Dinh and H. Liu study all constacyclic
codes of length Ip® over Fy in [7], where [ is a prime different from p. In [7], all constacyclic
codes of length [p® over Fy, and their dual codes are obtained. And given all self-dual and all
linear complementary dual constacyclic codes. In resent, in [8], Anuradha Sharma explicitly
determine the generator polynomials of all repeated-root constacyclic codes of length I{p® over
Fym and their dual codes. Further, they listed all self-dual cyclic and negacyclic codes and
also determine all self-orthogonal cyclic and negacyclic codes of length ['p* over F,m. What’s
more, B. Chen, H.Q. Dinh and H. Liu studied all constacyclic codes of length 2{™p* over F,
of characteristic p in [9]. And they given the characterization and enumeration of all linear
complementary dual and self-dual constacyclic codes of length 2™p® over Fy. In the conclusion
of their paper, they said that it would be interesting to study all constacyclic codes of length
kl'"p® over F,, where p is the characteristic of Fi;, [ is an odd prime different from p and k is
a prime different from [ and p. However, this is very hard to work. In this paper, we study all
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constacyclic codes of length 3lp® over Fy, where p # 3 is any prime and ! # 3 is any odd prime
with ged(p,1) = 1, which is helpful to study all constacyclic codes of more generate lengths for
us.

In this paper, we decompose the multiplicative cyclic group Fy = (£) into mutually disjoint
union of coset of <§3lps>, which are one-to-one correspondence to the equivalence classes of all
constacyclic in section 3. Based on the decomposition, we explicitly determine the generator
polynomials of all A—constacyclic codes of length 3Ip® over F;, and their dual codes in section
4, where ) is any none-zero element of F;, and ¢ = p" is a power of prime. As an application,
we also give all self-dual cyclic(negacyclic) codes of length 312° over Fom and its enumeration
in section 5.

2 Preliminaries

Let Fj, be the finite field of order ¢, where ¢ = p™, p # 3 is a prime and the characteristic
of the field, m is a positive integer. Let F; = (€) is the multiplicative cyclic group of none-zero
elements of F, where £ is a primitive (¢ — 1)th root of unity.

For any element A € F7, A—constacyclic codes of length n over Fy; are regarded as the ideals
(g(z)) of the quotient ring F,[z]/(z™ — A), where g(x)|z™ — X. Further, the definition of the
dual code of code C as follows,

Cr={zeF}z y=0,vyecC},

where z - y denotes the Euclidean inner product of x and y in F'. The code C is called to

be self-orthogonal code if C' C C+ and self-dual code if C = C+. Let C be a A—constacyclic
code of length n over F, is generated by a polynomial g(z), i.e C = (g(z)). As g(z)[z™ — A,
then there exists a polynomial h(z) € Fy[z] such that h(z) = ””gn(;))‘. It’s clear that h(z) is also
monic if g(x) is monic. The polynomial h(zx) is said the parity check polynomial of code C.
And it’s well known that the dual code C* is generated by h(z)*, where h(x)* is the reciprocal
polynomial of h(z). For any f(x) € Fy[z], the reciprocal polynomial of f(z) is defined as
flx)* = f(O)_lxdeg(f(z))f(%). It’s obvious that (f1f2)* = frfs, and (ff)* = fi1, for any
polynomials fi(x), fa(x) € Fylx].

Let n be any positive integer. For any integer s, 0 < s < n—1, the definition of g—cyclotomic
coset of s modulo n as follows:

Cs = {s,5q,...,5¢" "'}
where ng is the least positive integer such that s¢™s = s(modn). Then, it’s easy to see that n,
is equal to the multiplicative order of ¢ modulo m. If a denotes a primitive nth root of

unity in some extension field of Fy, then the polynomial M (x) = [[;cc. (# — ') is the minimal
polynomial of o® over F; and

2" —1= H M (x)
gives the factorization of (™ — 1) into irreducible factors over Fy, where s runs over a complete
set of representatives from distinct g—cyclotomic coset modulo n.

Obviously, when n = [, where [ # 3 is an odd prime with ged(l,p) = 1, we get that all the
distinct g—cyclotomic coset modulo [ are Cy = {0} and Cy = {g*,¢"q, ..., g¥q"* 1}, for any
integer k, 1 <k <e= @, by [15, Theoryl], where g is a fixed generator of the cyclic group
Z}, f = ordi(q) is the multiplicative order of ¢ in Z}, and ¢ is Euler’s phi-function. Therefor,
we have that the irreducible factorization of 2! — 1 in F} is given by

a' — 1= My(z) M, (z) My (x)...M,(z),
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where M;(2) = [[;cc, (v — n') with 7 is a primitive /th root of unity.

Further, we determine all the distinct ¢3—cyclotomic coset modulo I, which is needed to
prove our main results. There exists two subcases. when gac(f,3) = 1, it’s easy to prove that
[ = ordi(q) = ord;(¢*), then {q) = (¢*) in Z;. According to the definition of ¢3>—cyclotomic
coset modulo I, we have that Cy and Cy, 1 < k < e = @, are also all of the distinct
q®—cyclotomic coset modulo I. When gac(f,3) = 3, we prove that ord;(¢) = g It’s easy to
verify that Ag = {0},

Ax = {g". g" .. g*?E Y,

£ _
Apq = 9", " qd%, ... g"q* 5V},

f_
A = {0, * %, ... a7 PP 5V,

consist of all the distinct ¢ —cyclotomic coset modulo I, where 1 < k < e,. Then, we have the
irreducible factorization of 2! — 1 in Fjs[x] as follow:

at — 1= Ag(2) A1 () Ag(7) Agz (X ) Ao (1) Aag () Agg2 () ... Ae () Acg () Ay (X)),

where Ag(x) = (z — 1), Ak(z) = [l,ea, (@ —7°), Agg(z) = HteAkq(z —n") and Ay, =
HjeAqu (—n'), 1<k <e.

What’s more, we also give all the distinct g—cyclotomic coset modulo 3/, which is necessary
to determine our main results. As gac(q,3) = 1, we have ¢*® = 1(mod3) by Euler’s Theory,
i.e. ¢> = 1(mod3). Then, it’s simple to verify that

o a=1(mod3);
ords; =< f, q=2(mod3)withfeven;
2f, q=2(mod3)withfodd.

From [16, Chapter8], there exists a primitive root r modulo ! such that gcd(Tlfll_l,l) = 1.
Assume that g = 7+ (1 — )%, we have ¢! — 1 = (r + (1 — r)i>)!=! — 1 = r!=1 — 1(modi?).
Therefore, gcd(glill_l,l) = gcd(#,l) = 1. It’s clear that g is a primitive root modulo If,
1 < ¢, such that g = 1(mod3).

We give all the distinct g—cyclotomic coset modulo 3/ by the following lemma.

Lemma 2.1. (I) If ¢ = 1(mod3), then, we have that all the distinct g—cyclotomic coset modulo
3l are given by

By ={0}, By = {l}, B_; = {1},

Bagk' = {agka anga B agkqfil}v
forae R={1,-1,3}and 0 <k <e—1.
(I1) If ¢ = 2(mod3) and f is even, we have that all the distinct g—cyclotomic coset modulo 31
are given by By = {0}, B; = {l,lq},

B =19" 9" 4, 9" ¢/}, for0 < K <2 —1,

Bsgr = {3¢%,3¢%q, ....3¢%¢" 1}, for0 < k <e—1.

(I11) If g = 2(mod3) and f is odd, we have that all the distinct g—cyclotomic coset modulo 31
are given by
BO = {0};Bl = {lalq}a

3



By = {g",g"q, ... d"¢* 1},

B3gk == {39k,39kq, “.,3gkqf*1},
for0<k<e-—1.

Proof. [I] Firstly, we prove that the cyclotomic coset B,,x,0 < k < e—1, are distinct. If there
exist some ki, ko, 0 < kq, ko < e — 1, such that Bagkl =B then we have

agh2 s
a19" = asg* ¢/ (mod3l),
for some integer j, where a1,a2 € R = {1, —1,3}. Therefor, we get
ged(argh, 31) = ged(azg™ ¢’ , 31) = ged(azg®?, 31).

From this, we can deduce a; = as or a3 = —ao = +£1.
If a1 = —as = +1, then

—g" = gF2¢9 (mod3l),i.e. — 1 = g" "2 ¢Imod(31),

for some integer j. Due to g = 1(mod3) and ¢ = 1(mod3), we deduce —1 = 1(mod3). This is a
contradiction.
If a1 = as, assume that a; = as = a, then we have

ag® = agh?¢? (mod3l),i.e.g" =% = ¢ (modl),

for some integer j. Further, we have g*1=%2)f = ¢if = 1(modl). As g is a primitive root
modulo I, we get ¢(1)|(k1 — ko) f, i.e. e = @Uﬁ — ko. Since 0 < k1, ks < e — 1, we must have
k1 = ko. Secondly, we get

e—1 e—1
Bol + |Bil + [Bt| + D> ) |Bogel = 3+ > > f

a€R k=0 a€ER k=0
= 3+ Z ef
a€ER
3+ 36(1)
= 3L

So, the conclusion (I) holds. The conclusions (II) and (II1I) are also established in a similar
way.

Assume that B,(x), Bi(x), B_i(x) and B,,(x) are the minimal polynomials of the corre-
sponding coset B,, By, B_; and Bgg+. From the above lemma, we get the following theory
immediately.

Theory 2.2. The irreducible factorization of 23 — 1 over F, as follows:
(I) If ¢ = 1(mod3), then

2 —1 = By(2)By(x)B_i(z) [ | ]:[ Bagr(z),

a€R k=0



wherea € R={1,-1,3} and 0 <k <e—1.
(II) If ¢ = 2(mod3) and f is even, then

2e—1

2 —1=By(z)Bi(z) ] B (x) 11 Bso (@),
k'=0 k=0

WherGOSkge—l,ng/SQe—l.
(III) If ¢ = 2(mod3) and f is odd, then

e—1 e—1
2¥ — 1= Bo(2)By(x) [ [ Bye(x) [] Bagr (),
k=0 k=0
where 0 < k <e—1.

The next two lemmas give the necessary and sufficient conditions for judging the reducibility
of binomials and trinomial, which were given by Wan Z in [17].

Lemma 2.3. Suppose that n > 2, Let k¥ = ord(a) be the multiplicative order of a, for any
a € Fy. Then, the binomial 2" — a is irreducible over Fy if and only if

(i) Every prime divisor of n divides k, but does not divide ('J;kl);
(ii) If 4|n, then 4|(q — 1).

Lemma 2.4. Let ¢t be a positive integer, and H(x) € F,[x] be irreducible over Fj, with
deg(H(z)) = n, x does not divide H(z). and e denote the order of any root of H(x). Then
H(z') is irreducible over Fj if and only if

(1) Each prime divisor of ¢ divides e;

(i) ged(t, £=1) = 1

(iii) If 4|t, then 4|(g" — 1).

3 A classification of constacyclic codes of length 3ip*

Let & be a primitive (¢ — 1)th root of unity and F; = (£) be a cyclic group of order (g — 1)
as before. It’s easy to verify that (£377) = (¢3) = (¢) and the index |F} : (€377)| = d, where
d = ged(q—1,3lp®). Thus, the multiplicative cyclic group F; can be decomposed into mutually
disjoint union of coset over the subgroup («53“’5) as follows:

Lemma 3.1. F; = (£) = () U () U... U&= (¢?), where d is the great common divi-
sor of ¢ — 1 and 3ip°.

According to the properties of the coset, we obtain the following lemma immediately.

Lemma 3.2. For any two none-zero elements A and p of Fy, there exists some integer
4,0 < j <d—1such that \, u € &P (¢%) if and only if A™'p € (€7), where d = ged(q — 1, 31p®).

If A and p in the same coset, we build a one-to-one correspondence between A—constacyclic
code and p—constacyclic code of length 3lp°® over F, as following theory, which shows that
A—constacyclic code and p—constacyclic code are equivalent.



Theorem 3.3. Let A and p be any two elements of F,. then there exists some integer a € Fy
such that

o Fyla)/ (@™ — p) = Fyla]/(2*7 = X)
f(@) = f(ax)

is an isomorphism, if and only if A, u € £€7P" (¢4), where 0 < j < d — 1

Proof.” = 7 If ¢ is an isomorphism, then we have
1= () = p(a*") = (@) = (aa)?" = a¥¥' 2" = g3\

ie. Al =ad”,

Asa =& e Fy, for some positive integer k, then Al = €F3° ¢ (¢4). By Lemma 3.2, we
get that there exists j, 0 < j < d — 1, such that \, u € &P (¢9).

? = 7 If there exists j, 0 < j < d — 1, such that \,u € &P (¢9), then we have A~y €
(€7 = (£3%") by Lemma 3.2 again. Thus, A~y = £¥3%" for some integer k. Set a = ¥, then
\a®P" = ;. Further, we can easy prove that the following map is an isomorphism:

o Fyla)/ (@™ — p) = Fyla] /(¥ = X)
f(@) = f(ax).

From Theory 3.3, we get the following obvious corollaries.

Corollary 3.4. For any two elements A and p of Fj, A—constacyclic code is equivalent to
p—constacyclic code if and only if there exists 7, 0 < j < d — 1, such that A\, u € &7°(£%), Fur-
ther, A—constacyclic code and pu—constacyclic code are both equivalent to £/7° —constacyclic
code.

Corollary 3.5. Let A be any element of F, then there exists some integer j, 0 < j <d —1,
such that A—constacyclic code is equivalent to £7P° —constacyclic code.

Obviously, the Theory 3.3 and its two corollaries show that all constacyclic codes of length
3lp® over F, are classified into d = ged(q — 1, 3lp®) mutually disjoint classes. And it’s enough
to consider A—constacyclic codes, where A = &7°, 0 < j < d — 1, and d = ged(q — 1, 31p®), if
we want to determine all constacyclic codes of length 3lp® over F,. Therefore, we mainly study
A—constacyclic codes in the section 4.

4 All constacyclic codes of length 3lp° over F,

Let f(z) be any polynomial of Fy[z] and leading coefficient a,, # 0, we denote f(m) =
a7l f(x). Then, f(x) is called to be the monic polynomial of f(z).

From the above discussion in the section 3, we know that the number of equivalence con-
stacyclic classes are equal to d = ged(q — 1,31p®). Apparently, there are many cases may occur
about d. They are respectively the following four cases arise:

(1) d = ged(q — 1, 31p®) = 1.
(#4) d = ged(q — 1,31p®) = 3.
(#9t) d = ged(q — 1, 3lp®) = 1.
(iv) d = ged(q — 1, 3lp®) = 3l.



4.1 All constacyclic codes of length 3ip® over F;, when d =1

From Lemma 3.1, we see that F = (€) is the decomposition of coset over the subgroup
(€%), when d = ged(q — 1,3Ip®) = 1. In this situation, it’s clear that all constacyclic codes of
length 3lp* over Fy are equivalent to the cyclic codes. Therefore, we have the following theorem.

Theorem 4.1. Let d = ged(q — 1, 3Ip®) = 1, then A—constacyclic codes C of length 3lp® over
Fy are equivalent to the cyclic codes, for any A € F, i.e. there exists a unique element a € Fy
such that a®?°\ = 1. And the map

o Fyl2]/ (™" = 1) = Fy[a] /(2" = )
f(@) = f(ax)
is an isomorphism.

Further, we have the irreducible factorization of 237" — X in F,[z] as follows:
(¢) if f is even, then

2e—1
— X\ = By(az)? Bj(ax)? H B )P H §3gk(az)ps,
K =0
WherGOSkSe—l,ng,SQe—l.
Therefore, we have
2e—1
C = (Bo(ax)®® B;(ax)™ H B (ax)™ H Bygr(az)*)
K'=0 =
2e—1
Ct = (Bo(a 2y " Bi(a” ey " [] B v (a e H Byge(a™tz)? 70%)
K =0

where 0 < eq, p1, Ty, v < p°, for any £ =0,1,2, ..., e, and kK = 0,1,2,..., 2.
(1) If f is odd, then

e—1 e—1
= Bufary sy’ ] By’ [ Bustar”
k=0 k=0
where 0 < k <e—1.
Therefore, we have
e—1
C' = (Bo(azx)™ Bi(ax)” H By (az)™ [ Bsye (az)™®),
k=0 k=0
e—1 e—1
C* = (Bo(a™a)" S_EOBl(a_lx)ps_pl H By (a_lx)ps_Tk H Bgyi (a_lx)Ps—vk>;
k=0 k=0

where 0 < eg, p1, Ty, v < p°, for any £ =0,1,2, ..., e.

Proof. Proof is trivial.



4.2 All constacyclic codes of length 3ip® over I, when d = 3

In the section, we consider the second case, i.e. d = ged(¢—1, 3lp®) = 3. In this situation, we
have that F = (¢£) = (¢*) U EP°(E3) U €277 (£3) is the decomposition of coset of F; over subgroup
<§3lps>, by Lemma 3.1. Therefore, it’s enough to consider the cyclic codes, €7 —constcyclic codes
and &P —consteyclic codes if we want to determine all constacyclic codes of length 3Ip® over
F,, when ged(q — 1, 3lp°) = 3.

From the section 2, we have that the irreducible factorization of 2! — 1 is given by 2! — 1 =
[T;_o Mi(x), where M;(z) = [Tiec, (@ — n') with 7 is a primitive /th root of unity. According
to this, we deduce the following lemma immediately, which gives the irreducible factorization
of z?" — ¢ in F,lz], when ged(q —1,1) = 1.

Lemma 4.2. Let ged(q — 1,1) = 1. Then, for any & € Fy, there exists a unique element
bj € F; such that bé-p "¢ = 1. Further, the irreducible factorization of 2'?" — &/ is given by

2~ = [[Th(o,0)”"
i=0
where M;(z) is the minimal polynomial of the ¢—cyclotomic coset C; modulo .
Proof. Similar to Lemma 3.1, we have the decomposition of coset of Fj = (&) over the sub-
group (£'7°) is given by Fy = (£), when ged(q — 1,1) = 1. Next, proof is trivial, by Theorem
3.3.

Lemma 4.3. Let ged(q — 1, 3lp®) = 3. Then there exists an element o = 5% be a primitive
3—th root of unity. Further, the irreducible factorization of 23%" — 1 is given by

Pl —1—HM )P Mi(by- lx)PM(b2<q ba)P

where M;(z) is the minimal polynomial of the g—cyclotomic coset C; modulo | and bg-1,
3
ba-1) € Fq*
3

Proof. As ged(q — 1,31p®) = 3, then it’s clear that a = 5% € F is a primitive 3—th root of
unity. Hence, we have

e R G S N S L
Further, by Lemma 4.2, we get

23" 717HM V2" M; (b 1x)p M(bZ(q by )P,

where M;(z) is the minimal polynomial of the g—cyclotomic coset C; modulo | and bg-1,
3
ba-1) € Fq*
3

Before determine (£%")—constacyclic codes, i = 1,2, we must explicitly factory the poly-
nomial z3%" — ¢%° j = 1,2, into monic irreducible factors product. Obviously, we only need
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determine the irreducible factorization of z3' — &, i = 1,2. Firstly, we consider the polynomial
23— ¢ i =1,2. Since, 2® — ¢, i = 1,2, is irreducible in F,[z], we get that Fs is a splitting
field for 2® — ¢, i = 1,2, over F,. Thus, there exists v; € Fs such that v} = ¢, i = 1,2.
Further, it’s easy to get that v;, aw;, and o?v; are all the roots of 2® — &', i = 1,2, F,s, where
« is a primitive 3—th root of unity. In addition, we see that v; € Fis but v; not in Fy, and v;
is primitive 3(¢ — 1)—th roots of unity,i = 1, 2.

As ged(3(qg—1),1) = 1, we can find a bijection @ from the set D to itself such that 6(v) = /!,
for any v € D, where D consist of all the primitive 3(¢—1) —th roots of unity of F;. Therefore,

there exists a unique element w; € D such that v; ' = 0(w;) = w!

From the above discussion, we have the following two lemmas.

: L, 1 7 —
yle. wjyy =1,1=1,2.

Lemma 4.4. The irreducible factorization of 23 — ¢ over F, as follows:
(1) If ged(f,3) =1,

B¢ = (=)@ —an) @ - )

o~

= H M(wlz)]\z(awlz)Mi(Qlez)
i=0

= HRZ(.T),

where v1 is a root of 23 — &, wy is a primitive 3(¢ — 1)—th root of unity, « is a primitive 3—th
root of unity, and R;(z) = M;(wi12)M;(awi2)M;(a?wiz) for any i = 0,1,2, ...,e.
(I1) 1t ged(f.3) = 3,

23— = (2! — ) (2 — any) (2! — oPry)
= —w @ —awiM)(z - Pwi) H gi(wlx)giq (wlx)giqz (wix)
i=1
Ei(ozwlz)/@q (awlx)giqz (awz) A; (onwlz)/Aliq (erwlz)/qu (cPwi )
= P(x) ;2 Qi(@)Us(x) Zi(2),

where v is a root of 2% — £, wy is a primitive 3(¢—1)—th root of unity, « is a primitive 3—th root
of unity, and P(z) = (z —wi ")(z —aw; ) (z —?wi!), Qi(z) = Aj(w12)Aig(aw12) Ajg2 (@Pwiz),
Ui(z) = Aj(awiz)Ajg (0w z)Ajpe (1), and Zi(z) = Aj(aPwiz)Aig(wi1z) A2 (cwriz) for any
i=1,2, ... e

Proof. (I) If ged(f,3) = 1, we get Cp and Cy,1 <k <e= @ are all the ¢ —cyclotomic coset
modulo [, from the section 2. Let 4 be a root of 2° — £, i.e v? = £, and « be a primitive 3—th
root of unity. Then, we have vy, avy, and vy are all the roots of 22 — §, over Fys, ie.

.T3l _ 6 _ (:El _ Vl)(.%'l _ Oél/l)(.’L'l _ 0421/1)-

By above discussion, we know that there exists w; such that w{v; = 1, where w; is a primitive
3(¢—1)—th root of unity and wf = aw;. As ged(3,1) = 1, we know [ = 1(mod3) or | = 2(mod3).
When | = 2(mod3), we have (aw;)lar; = o/l = 1 and (a?w;) e’y = a2+ = 1. When

I = 1(mod3), we have (aw)lav; = o®+1 = 1 and (aw;)!'a?vy = o!t? = 1. Hence, there always



l l l

exist wy, aw; and aw; such that wlvy = 1, (aw;)lar; = 1 and (@?w;) a?v; =1 or Wy = 1,
2 1.2

(@®wy)av; =1 and (aw)!a?v; = 1. Further by Lemma 4.2, we get
— &= HM w1 ) M; (aww)]\Z(alex),

which is the monic irreducible factorization of 3! — ¢ over F;s. And we have ]\Z(wlx) =
erci( —wy nk) (awlsc) erci (x — onwflnk) and M;(c?wiz) = erCi (x — awflnk).
Obviously, when %k runs over Ci, wl_lnk gives all the roots of Mi(wlx). As w! = aw; and
k:q, kq? € C;, we have (w; 'n*)? = aw; 9% and (wi 'y )‘12 = awj 'yt @ which gives a root of
M, (awix) and M, (a? wlx) respectively. Therefore, it’s easy to deduce that M, (wlx)M (a®wi)

—~

M;(a®wz) is irreducible polynomial over F.
(IT) When ged(f,3) = 3, we have that Ao, Ag, Arq, Akg> consist of all the distinct ¢>—cyclotomic
coset modulo I, where 1 < k < e. Then, the irreducible factorization of ! — 1 over Fys is given
by

at — 1= Ag(2) A1 (2) Ay (2) Age (X) Ao (2) Agg () Aggz (). Ae () Acq () Apgz (X).

Next, in the same way with (I), we can proved the conclusion (I7) holds.

Using arguments similar to the Proof in Lemma 4.3, we have the following lemma, and we
omit its proof here.

Lemma 4.5. The irreducible factorization of 23 — ¢2 over F, as follows:
(I) T ged(f,3) = 1

l l

Y€ = @ m)lal —on)al - o)

T

—

= HM wax) M, ang)Mi(aQougx)

- [[&@

where 15 is a root of 23 — 52 wo is a prirnitive S(q — 1)—th root of unity, « is a primitive 3—th
root of unity, and R;(z) = M, (ng)M (ang)M (a®wyx) for any i = 0,1,2, ..., e.
(I1) I ged(f, 3) = 3,
— &2 = (2! — ) (@' — am)(z! — oPwy)
= (z —wy Dz — awy M (z — aPwyh) H Ei(wgz);liq (ng);l\iqz (we)
i=1
A\i(awgz)//l\iq(ang)giqz (awsz) A; (ar wgz)fl (« wgz)fl 2 (0Pwor)
= P(2)T;=, Q:(@)U; (2) Z; (),

where 15 is a root of 23 —£2, ws is a primitive 3(¢—1)—th root of unity, « is a primitive 3—th root
of unity, and P'(z) = (z—wy ) (z—awy 1) (z—alwyt), Q;(:c) =A; (ng)Azq(awgsc)Alq (aPwa),
U, (z) = A;(owsm) Aig(aPwaz) Aj 2 (wax), and Z(x) = Ai(a? ng)Alq(ng)Azq (awsx) for any

3

i=1,2,..

. €.
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Theorem 4.6. Let ged(q — 1,3Ip®) = 3, and « = f%l is a primitive 3—th root of unity. For
any element A of Fyy and A—constacyclic code C' of length 3ip*® over F, one of the following
cases holds:

(I) If A € (€%), then there exists some element ¢ € F* such that ¢37"\ =1, and we have

= HM CSC EI qu 150) Mfi(CbQ(qfl)x)ﬂ%
3

t=(1 M—i(c_lx)ps_“M—i(c_lb;%:n)ps_”i@( _1b2<q o TP T,
=0

where 0 < ¢;,0;,7; < p® forany i =0,1,2, ..., e.
(IT) Tf A € €P°(£3), then there exists some element ¢1 € F; such that cllp A = 2i?", and one of
the following holds:

(1) If ged(f,3) =1

= ([ Restei o)),
=0
where 0 < & < p*, R_;(z) = M_;(wi "2) M_;(o?w] "2) M_;(owy 'z) for any i = 0,1,2, ..., e.
(1) 1 ged(,3) = 3.

€

C = (Plerw) [] QF (c1d)TU7" (@) 2] (1)),

=1
C = (P(er ) e T Q= (e )07 (e ) 2 (e ),
=1

where 0 < ¢g;,0;, 7 < p, P*(z) = (z — w1)(z — wi)(z — awy), Q_i(x) = //l\,i(wflx)~
A\—zq(OCle 130)147“1 (awitx), U_i(z) = E_Z(awalx)g_lq(awflx)g,iqz (wilz), and Z_4(2) =
g,i(awflx)g,iq(wflx)g_lq (@Pwitx), for any i = 1,2,.

(IT) If X\ € €27 (¢3), then there exists some element ¢y € F; such that cglps/\ = 24%"" | and one
of the following holds:

(i) If ged(f,3) = 1,

where 0 < e < p®, R_;(z) = ]/\Z,i(wglx)Mﬂ-(a2w2_1:c)]/\4\,i(aw2_1z) forany i =0,1,2,...,e.
(4i) If ged(f,3) =3

o~

P (o) H (o) U i(com) " 2 s (cam)™)),

11



o~

CH= (P (c;'w)” H Q (3 e’ U ey ) 7 ey ) ),

o - awa). Qo) = Ailog'e)-
(awy ) —ig? (w;lx), and Z_;(z) =

(@Pwy tx) for any i = 1,2, ..., e.

where 0 < g;,04, 7 < p°, Pl*(z) = (v — w2)(z — a®ws
/ALZ-q(QQw;lz)//l\_if (awy ta), U (z) = A_i(a? wy! z)A_ iq
/Al,i(awglx);l\,iq(wglx);l\_lq 1,2,.
Proof. From Lemma 4.3, Lemma 4.4 and Lemma 4.5, we see that the theorem is straightfor-
ward.

4.3 All constacyclic codes of length 3/p° over F, when d =1

Let d = ged(q — 1,3lp°) =1, i.e. l|(¢— 1), and gad(q — 1,3) = 1. Then there is an element
n=¢7T € Fy, which is a primitive [—th root of unity. Therefor, we have the following lemma.

Lemma 4.7. Assume that ged(q — 1,3Ip®) =, and let n = e T be a primitive [—th root of
unity in Fy. Then, the irreducible factorization of 23" — 1 over F, as follows:

l
2 -1 = [ =" @ 40
k=1

Proof. As gad(q—1,3) = 1, there is not any primitive 3—th root of unity in F,, which implies
22 4+ + 1 is irreducible. By this, we can deduce that z2 4+ n*z 4+ n?* is irreducible, for any k =

2, ..., 1. Because if 22 + ¥z +n?* is reducible, then 72k (22 +n*z +n%*) = (7 Fz)2 +n~F2x+1
is reducible. Set z = n~*x, then 22 4+ + 1 is reducible which is a contradiction. Since n = §$
be a primitive [—th root of unity, then 73 is also a primitive [—th root of unity. Hence, the

irreducible factorization of 23" — 1 over Fy is given by

1 1
2 1 = (2 — H:c — 3 H (22 4+ nFz + PP
k=1 k=1

Lemma 4.8. Assume that ged(q—1,3Ip®) = I, then the irreducible factorization of 23" — &P
1 <35 <1—1 over Fj as follows:
(I) When (3,5) = 3, i.e. 3|j, let j = 3k, for some integer k. Then we have

237 _ gjps — (x3l _ €3k)p5 — (acl _ gk)ps ($2l + €kxl + 621@)1)5

(IT) When (3,j) = 1, there must exists some integer ¢, 1 <i < ¢— 1, such that 3i = j+¢—1
or 3i = j +2(q — 1). Then one of the following conclusions holds:
() When 3i = j 4+ ¢ — 1, we have

3lp°® _ gjps 23° Sc(j-i-q—l)ps

(x3l _ §(j+q—1))p5

_ (x3l . §3i)p3

— (.’L' _ é—i)ps ($2l + €i$l + é—?i)ps
12



(#4) When 3i = j + 2(q — 1), we have
A A A U N
(2% — §(j+2(qfl)))p3
(23 — g3iy’
(x =W (@™ + glal + )

Proof. (I) Obviously, ged(l, k) = 1. From Lemma 2.3, it’s very easy to verify that ! — ¢F is
irreducible. By the proof of Lemma 4.5, we see that 2% + ¥z + ¢2* is irreducible over F,. Now,
we suppose that § is any root of 22 + ¥z + ¢2% in some extended field of F,, and e is the order
of 5. Then, we have 63 = £3*. Further, we deduce that oy = ﬁ, le gy = (qq—;l}k)7
as ged(q — 1,3) = 1. By the reduction again, we get e = %
verify that 22! + £*z! + €2% is irreducible.

(IT) When (3,5) = 1, we get that 2® — ¢/, 1 < j <[ — 1, are all reducible, from Lemma 2.3.
Therefor, there must exist some & € Fy is a root of 23 — ¢, for any j = 1,2,... — 1. Then,
& ¢ =0,ie ¥ =¢. As1<i<g—1land1<j<I—1, wededucethat 3i =j+¢q—1
or 3i = j+2(¢ — 1) and ged(l.i) = 1. Next, working similar to the proof of (I), we get that
conclusion (¢) and conclusion (i7) hold.

. From Lemma 2.4, we can

From above lemmas , we get the following theory immediately.

Theorem 4.9. Assume that ged(q — 1,3Ip®) =1, and let n = «Eq%l be a primitive [—th root of
unity in Fy. For any element A of I and A—constacyclic code C of length 3Ip® over Fy, one of
the following cases holds:

(I) If X € (¢"), then there exists ¢; € F; such that c?lps)\ = 1, and we have

l
C= (] —ci'n*) @+ c;'nfz + 7 n*)™),
k=1

l
Ct = (I (@ —eon™ "= (@® + exn™Fx + 2P,
k=1

where 0 < e, 7, < p®, forany k=1,2,...,1.

(IT) If X € €9P° |1 < j < 1—1, then there exists ¢, € F; such that cgz;ﬁ/\ = &7P° | and one of the
following holds:

(i) When (3,j) = 3, i.e. 3|j, let j = 3k, for some integer k. we have

C = <( I 02—1§k>s;€ (1,2l +02_1§k:cl +cQ—2§-2lc)'r;€>7
Ct = ((a! = e ™M) (@ - epf el + BT,
where o < e, 7, < p°.
(i4) When (3,5) = 1, there must exists some integer i, 1 < ¢ < g —1, such that 3i = j+¢—1
or 3i = j +2(q — 1). Then one of the following conclusions holds:
(a) When 3i = j + ¢ — 1, we have
C = <(.T _02—151')51-(1_% +02—1€i$l +c2—2€2i)ri>’
13



CL _ <(:C . cQé—i)ps—ai(xﬂ + ng_il'l +c§§—2i)ps—n>.

where 0 < g;,7; < p°.
(b) When 3i = j +2(¢ — 1), we have

C = (:C o c;lgi)si(xﬂ + C;lgizl +c;2§2i)ri7
CL — (.T _ c2€—i)p5—ai (.Z'2l + Cgf_iwl + C%f_%)ps_n,

where 0 < g;,7; < p°.

4.4 All constacyclic codes of length 3ip° over I, when d = 3]

In the section, we assume that d = ged(3lp®,q¢ — 1) = 31, namely 3l|¢g — 1. Clearly, there
exists an element v = 5% € Iy,
llg—1, and 3|g — 1, it’s easy to know that n = §q+1 and 5 = 5%1 are primitive [—th and 3—th
root of unity respectively.

which is a primitive 3/—th root of unity. Further, Due to

From Lemma 3.1, we get that the F; = (§) = (€3) Ugr (&3) u g™ (¢3) U ... ugBI=p (&3,
Therefore, any element A of Fy belongs to exactly one of the cosets, i.e. there is a unique

integer j, 0 < j < 31 — 1, such that A € &P"(¢3!), namely A—constacyclic codes are equivalent
to &9P° —constacyclic codes. Hence, we just need to determine &7P° —constacyclic codes, where
0<j<3l-1.

Lemma 4.10. Letd = ged(3lp®,q — 1) = 3l and v = qu;ll. Then irreducible factorization of

S
237" — 1 over Fy as follow:
311
S

2 1= H(m—vi)p )

=0

Proof. proof is trivial.

Lemma 4.11. Let = ¢T and 8 = 5. Then the irreducible factorization of z3/P" — ¢ip’
over Fy as follows:
(I) when ged(3l, j) =1, we have

-1
R R | (G

i=0

where ¢t =1 or 2.
(II) when ged(3l,7) = 3, we have

P = @M -y = f[(zl I

=0

where k is some integer such that j = 3k.
(III) Otherwise, we can see that ged(3l,7) = 1. Then we have

3 €jps — (x?d _ Ej)ps

14



Proof. (I) As ged(3l,7) =1l and 1 < j < 3l —1, we have j = tl, where t = 1,2. Obviously,
n==¢ T isa primitive [—th root of unity in Fj. Therefor, we get

-1
R R | (G
i=0
Next, we prove that the polynomial 2® — ', for any i = 0,1, 2, ...,1 — 1, is irreducible in F,[z].

Firstly, we know that the multiplicative order of £ty = §t+i(qf1) ,t=1,2ise; = (1?&%
q—1,t4+444

As 3|¢—1 but ged(3,t) =1 and ged(3,1) = 1, we get that (3,¢+ @) = 1. Thus, 3 divides e;
but not qe;_l =(q¢—1,t+ @) From Lemma 2.3, we get the polynomial 2% — &', for any
i=0,1,2,..,l—1, is irreducible in Fy[z]. In the same way, we have conclusions (/1) and (IIT)
hold.

In the following theorem, we determine all constacyclic codes of length 3ip® over F, and
their dual codes, when d = ged(3lp®,q — 1) = 3l.

Theorem 4.12. Assume that ged(3lp®, g — 1) = 31, let v = «Eqs;ll,n = §q+1 and = «Eq%l be
primitive 3/—th, /—th and 3—th root of unity in f, respectively. For any element A of F; and
A— constcyclic codes C of length 3lp® over F,. One of the following holds:

I) If X € (€%, then there exists d; € F* such that P\ = 1, and we have
q 1

31—-1
C=(]]@—dr'y")),
i=0
31—-1 .
Ct = (] @—dy )P,
=0

where 0 < ¢; < p°, for any i =0,1,2,...,3[ — 1. .

(IT) If X € &P"(¢%), 1 < j < 31— 1, then there exist dy € F such that d3%° )\ = ¢7°and one
of the following holds:

(2) when ged(3l,5) = I, we have

-1

O = (][=" —dy’¢'n")™),

=0

-1

ot = ([J@* - dse ==,

i=0
where 0 < ¢; < p°, for any 1 =0,1,2,....,0 — 1.
(73) when gcd(3l, j) = 3, we have

15



2
Ct = ([J@" —dg 571y,
i=0
where 0 < ¢; < p° for i = 0,1,2. And k is some integer such that j = 3k.
(791) When ged(3l,7) = 1. Then we have

€= (@ - 57 Y),

CF = (@ = dfie Iy e),

where 0 < e < p°.

5 All self-dual cyclic codes of length 3lp° over F,

In section 4, we have given the generator polynomials of all the constacyclic codes and
their dual codes of length 3Ip® over F,. Further, we more detailed determine all the self-dual
cyclic(negacyclic) codes of length 3lp® over Fy, in this section.

It’s well known that there exist self-dual cyclic codes of length N over Fj, if and only if N is
even and the characteristic of Fy is p = 2 [10,11]. Therefore, we get that self-dual cyclic codes
of length 3lp® over F,; exist only when p = 2, in this paper. What’s more, when p = 2, cyclic
codes are the same with negacyclic codes of length 312° over Fom. Therefore, aim to obtain
self-dual cyclic and negacyclic codes, we just need to work on cyclic(negacyclic) codes.

Let a9 — 1 = (@3 ~ 17" = (@) fa(@)? -+ fu@)? ha(@)? hi(@)?" - - - by ()P b (2"
be the irreducible factorization of 2*®" — 1, where fi(z), 1 < i < a, is monic irreducible self-
reciprocal polynomial over Fy, h;j(x) and its reciprocal polynomial i} (z), 1 < j < b, are also
monic irreducible polynomial over F,. Further, for any cyclic code C = (g(x)) of length 3lp®
over Fy, we suppose that

g(x) = fr(@)™ f2(2)™ - - fal@)ha () B} (2)7 - - hy(2) BT (2)7,
where 0 < 73,65, 0, < p®. Then, we have
h(z) = filel "7 fa(@)? 77 fa(@)” TR (@) TR (@) T by (@) TR ()P
Therefore,
B @) = Fue) T o) T Sl T @ O ) ) R (),
If C is a self-dual cyclic code, we get the following theorem.

Theorem 5.1. With the above notations, we have that C is a self-dual cyclic code if and only
if 27, =p*,0<i<aqa,and §; +0; =p*, 0 <5 <b.

Proof. C is a self-dual cyclic code if and only if g(z) = h*(x), i.e. 21; = p*, 0 < i < a, and
0j+0; =p°,0<5<b.

According to this theorem, we see that it’s enough to determine the irreducible factorization

of 23" — 1 as above. And if we do this, we can give all the self-dual cyclic codes immediately.
Similar to the definition of reciprocal polynomials, we give the following definition.
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Definition 5.2. Let C; = (s, sq, ...sq7 ') be any ¢—cyclotomic coset modulo [, then
C: = (—s,-5¢ ... — s¢’ )
is said to be the reciprocal coset of Cs. And Cj is called self-reciprocal if Cs = C.

Obviously, C7 is still a g—cyclotomic coset modulo /. And the reciprocal polynomial of the
minimal polynomial of C; is the minimal polynomial of C;. Hence, the minimal polynomial of
C, is also self-reciprocal if Cy is self-reciprocal.

Lemma 5.3. When ¢ = 1(mod3), For the g—cyclotomic coset, which have been described in
Lemma 2.1, one of the following holds:
(I) If f = ord;(q) is even, we have
B§ = Bo, B = By, Bjx = B_gx, By, = By,
where 0 < k <e—1.
(II) If f =ord;(q) is odd, we have
Bj = Bo, B = B_;, B, = B_ g B;‘gk/ =B ,

—gk>

where {Bggr} = {B, v }U{B_, v} and 0<k<e—1,0< E<e—1.

eIl

Proof. (I) Obviously, we only need to prove B; . = Bagr. If f = ordi(q) is even, we deduce
that qé = —1(modl). According to this, we get there exist 4,5, 0 <4,7 < f—1,and |[j—i| = %,
such that 3gF¢* = —3g%¢’ (mod3l), for any 3g*q¢" € Bsgr, 0 < k < e— 1. Therefore, we have
B;gk = Bggx, for any k =0,1,...e — 1.

(II) In the same way with Lemma 2.1, we get By, B;, B_j, By, B

,gk,ngk/ and B_3gk/, 0<

k<e—1,0< k< 5 — 1, are all the distinct g—cyclotomic coset modulo 3/. Next, the result
is obvious.

Lemma 5.4. If ¢ = 2(mod3) and f is even, For the ¢g—cyclotomic coset, which have been
described in Lemma 2.1, one of the following holds:
(I) When f = 2t and ¢t is even, we have

B} = Bo, Bf = By, Blw = B_ g1, By = By,

—gk>
where {B ,/} = {Bp} U{B_ g} 0<k<e—1and0< E <2 —1.
(IT) When f = 2t and t is odd, we have

Bj = By, B = BZ,B;, = ngr,Bg‘gk = Bggk,
WherGOSkge—landOSkz/§26—1.

Proof. (I) In the same way with Lemma 2.1, we get By, By, By, B_g» and By , 0 <k <e—1,
are all the distinct g—cyclotomic coset modulo 3I. Next, We first prove that B} = By, i.e.
{L,1g}* ={l,1q}. As ¢ =2(mod3), i.e ¢ = —1(mod3), then lq = —I(mod3). Since ged(3,1) = 1,
we have lg = —I(mod3l), which implies B} = B;. Otherwise, similar to the proof in (IT) of
Lemma 5.3, we get the other results immediately.
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(II) According to (I), it’s obvious that we only need to prove B;‘k, =B As t is odd, we
have ¢' = —1(mod3). Since ¢* = —1(modl) and gcd(3,1) = 1, we get ¢* = —1(mod3l). Then, we
deduce that there exist i,5, 0 <4,5 < f — 1, and |j — 4| = t, such that gk/qi = —gk/qj(mod?)l),
for any gk/ ¢ €B,0<E <2 —1,ie. B;k, =B .

Lemma 5.5. If ¢ = 2(mod3) and f is odd, For the g—cyclotomic coset, which have been
described in Lemma 2.1, we have

* * * _ * _
BO — BQ7 Bl — Bl7 ng/ — B—gk/ B B3gk/ — B—3gk/ 5

where {Byi} = (B, YU(B_ o}, {Bsge} = {By v YU(B_, v} and 0 <k <e—1,0<k <
g 1.
2

From the above lemmas, we can give all the self-dual cyclic(negacyclic) codes of length 312°
over Fym and its enumeration in the following theorem.

Theorem 5.6. let [ # 3 be an odd prime, p = 2, f = ord;(2™), and e = 1771 Then, for
cyclic(negacyclic) self-dual codes of length 312% over Fam, we have

(I) When ¢ = 1(mod3), one of the following hold:

(i) If f = ordi(q) is even, then there exist (2° 4+ 1)¢*! cyclic self-dual codes of length 3/2° over
Fym. And they are given by

(@ — 1) 7 B@) BLi(0)? =0 [ By () B_ye ()2 =% By ()% ),
k=0

where 0 < §, 0, < 2%, for any 0 < k <e.
(i) If f = ord;(q) is odd, then there exist (254 1)% 1 cyclic self-dual codes of length 312° over
Fym. And they are given by

e—1 %*1
((z = 1)* Bi(2)’Boi()” 7 [] Br ()™ B_ge(@)* =% T Bage (2)7 B_gge (2)* ~7%),
k=0 k=0

where 0 < §, 0k, 0 < 2%, for any 0 < k < e.

(IT) When g = 2(mod3), we have

(7) If f =2t and t is even, then there exist (2° + 1)¢ cyclic self-dual codes of length 312° over
Fym. And they are given by

e—1
((z =127 By(@)* " T] Byr (@)™ B e ()% =% By (2)® ),
k=0
where 0 < §, < 2%, for any 0 < k <ee.

(#i) if f =2t and ¢t is odd, then there exists only one cyclic self-dual codes of length 3(2¢ over
Fym. And they are given by

2e—1

(=1 B ™ [ B @ [] Bage @ ).
k=0

k=0

18



(792) If f is odd, then there exist (2° + 1)¢ cyclic self-dual codes of length 312° over Fam. And
they are given by

£-1
s—1 s—1 s_§, P S_og
(x =17 " Bi@)* [ B (@) B_u(@)* W B, v (2) B_, s (x)* ).
k' =0

where 0 < 6,/,0, < 2°, forany 0 <k <e.
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