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A Bayesian Approach to Determination of Convergence,
Divergence and Oscillation of Infinite Series with Application to
Riemann Hypothesis

Sucharita Roy and Sourabh Bhattacharya®
Abstract

In the classical literature on infinite series there are various tests to determine if a given infinite
series converges, diverges, or oscillates. But unfortunately, for very many infinite series all the
existing tests can fail to provide definitive answers. In this article we propose a novel Bayesian
theory for assessment of convergence properties of any given infinite series. Remarkably, this theory
attempts to provide conclusive answers to the question of convergence even where all the existing
tests of convergence fail. We apply our ideas to seven different examples, obtaining very encouraging
results. Importantly, we also apply our ideas to investigate the Riemann Hypothesis, and obtain
results that do not completely support the conjecture.

We also extend our ideas to develop a Bayesian theory on oscillating series, where we allow
even infinite number of limit points. Analysis of Riemann Hypothesis using Bayesian multiple limit
points theory yielded almost identical results as the Bayesian theory of convergence assessment.

Keywords: Bayesian theory; Dirichlet process; Infinite series;, Mobius function; Riemann Hypoth-
esis; Tests of series convergence.

1 Introduction

Determination of convergence, divergence or oscillation of infinite series has a very rich tradition in
mathematics, and a large number of tests exist for the purpose. Unfortunately, there does not seem to
exist any universal test that provides conclusive answers to all infinite series; see, for example, [Ilyin
and Poznyak! (1982)), Knopp| (1990), [Bourchtein ez al.| (2012). Attempts to resolve the issue as much
as possible using hierarchies of tests, with the successive tests in the hierarchy providing conclusive
answers to successively larger ranges of infinite series, are provided by |Knopp|(1990), Bromwichl|(2005)),
Bourchtein et al.| (2011) and |Liflyand et al.|(2011). These tests are based on the Kummer approach for
positive series and the chain of the Ermakov tests for positive monotone series. The hierarchy of tests
provided in [Bourchtein et al.|(2012) are based on |Bromwich|(2005) and are related to the well-known
Cauchy’s test (see, for example, [Fichtenholz (1970), Rudin| (1976)), [Spivak (1994)). Below we briefly
discuss the approach of Bourchtein et al.| (2012).

1.1 Hierarchical tests of convergence

The tests of Bourchtein et al.| (2012) are based on the following theorem, which is a refinement of a
result of Bromwich! (2005)).

Theorem 1 (Bourchtein ef al.| (2012)) Let > ;°, F'(i) be a divergent series where F(z) > 0, F'(x) >
0

logFX(ii)} = W, the following

0 and F'(x) is decreasing. If Y .2 | X, is a positive series, then denoting
hold:

o0
Ifliminf W; > 1, then ZXi converges;

1—00 :
=1

oo
Iflimsup W; < 1, then ZXi diverges.

1— 00 i=1
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Letting F'(z) = z in the above theorem, Bourchtein ez al.| (2012) obtain their first test, which we provide
below.

Theorem 2 (Test 77 of [ Bourchtein ef al.|(2012)) Consider a positive series Z;’il X; and let Ty ; =

, 1
lofgi <1 — XZ.Z). Then

o0
Ifliminf T1 ; > 1, then ZXi converges;
71— 00

=1

o0
Iflimsup T4 ; < 1, then ZXi diverges.

1—00 i=1

This result is the same as that of Bromwich| (2005)), but a proof was not supplied in that work.

Now choosing F'(z) = log z, Bourchtein et al.| (2012) form their second test of the hierarchy; we
provide the result below. Again, the result has been formulated by [Bromwich| (2005)), but a proof was
not given.

Theorem 3 (Test 75 of [Bourchtein ef al.|(2012)) Consider a positive series Zzoil X; and let Ty ; =

log ¢
oeiogi (L1 — 1). Then

o
Ifliminf T5; > 1, then ZXi converges;
1—00

=1

o0
Iflimsup To; < 1, then ZXi diverges.

1—00 i—1
Setting F'(z) = loglog z, the following result has been proved by Bourchtein ez al. (2012):

Theorem 4 (Test 73 of Bourchtein ef al.|(2012)) Consider a positive series Zfil X; and let T3; =

heo
ot (To,; — 1). Then

o
Ifliminf T5; > 1, then ZXi converges;
1—00

=1

o
Iflimsup T3; < 1, then Z X; diverges.

1—00 i=1

Successively selecting F'(z) = logloglog z, F/(z) = loglogloglog z, etc. successively more refined

tests Ty, 15, etc. can be constructed, with each test having wider scope compared to the preceding test

with regard to obtaining conclusive decision on convergence or divergence of the underlying series.
However, if, say, at stage k, lin_1> inf T}, ; < 1 < limsup T} ; so that T}, is inconclusive, then all

1— 00 ;

the subsequent tests will also fail to provide any conclusliglcf Thus, in spite of the above developments,

conclusion regarding the series can still be elusive. For instance, an example considered in |[Bourchtein

et al.|(2012) is the following series:

> logi loglogi 1 ‘

S1 = - 2= —1) .

1 Z<1 ; Z, {cos <i>}(a—|—( 1)b)> : (1.1)
=3

where a > 0and b > 0. Fora = b = 1, liminf 75; = 0 < 1 < 2 = limsup 73 ;. Hence, the hierarchy

1—00 1—00
of tests {1}; k > 1} fails to provide definitive answer to the question of convergence of the above series.



In fact, we can generalize the series (1.1]) such that the hierarchy of tests fails for the general class
of series. Indeed, consider

0o . . i
logi loglogs . . ,
Sy = _ 257 D8 s7 1)t .
2= j<1 Z. 1) (a+ (=1)'b) ) (1.2)
=3
where 0 < f(i) < 1foralli = 1,2,3,..., and f(i) — 1 as ¢ — oo. Such a function can be

easily constructed as follows. Let g(i) be positive and monotonically increase to ¢, where ¢ > 0.
Then let f(i) = g(i)/c, fori = 1,2,3,.... A simple example of such a function g is g(i) = ¢ — 1;
g(i) = cos? (1) is another example, showing the generality of (1.2)) compared to (1.1).

1.2 Riemann Hypothesis and series convergence

It is well-known that the famous Riemann Hypothesis is equivalent to convergence of an infinite series on
a certain interval. A brief introduction to the problem, along with the necessary background, is provided
in Section[6] Studying the relevant infinite series, if at all possible, is then the most challenging problem
of mathematics. The existing mathematical literature, however, does not seem to be able to provide any
directions in this regard. Hence, innovative theories and methods for analyzing infinite series should be
particularly welcome.

In this paper, we attempt to provide an alternative method of characterization of series convergence
and divergence using Bayesian theory, whch we also subsequently extend to infinite series with multiple
or even infinite number of limit points. For the Bayesian purpose we must formulate our theory stochas-
tically, that is, in terms of random infinite series, noting that the theory regarding deterministic infinite
series is a special case of our Bayesian formulation.

2 The key concept

Let us consider the random infinite series
o
S = Z X;. 2.1
i=1

It is required to determine whether the series of the above form converges, diverges or oscillates. Observe
that convergence or divergence of the sum .S may be thought of as a mapping f(.S) = p, where f is some
appropriate transformation and p is either 0 or 1, where 0 stands for divergence and 1 is associated with
convergence. Since we assume that it is not known if the underlying series S converges of diverges,
the value of p is unknown, signifying that we must acknowledge uncertainty about p. Conceptually,
given the the value of a partial sum of the form > X, for large m and n, one may have a subjective
expectation whether or not the series S converges, which may be quantified as

E(Ise xij<omn}) = P ( ;X

where, for any set A, I 4 denotes indicator of A, and c,, ,, are non-negative quantities satisfying ¢, ,, — 0
as m,n — oo. Thus, the expectation depends on how large m and n are. With this, one may expect that

n
> x
i=m

To convert this key concept to a practically useful theory, one requires the Bayesian paradigm, where,
for each pair (m,n), belief regarding p,, ,, needs to be quantified using prior distributions. The terms
X; need to be viewed as realizations of some random process so that the partial sums > X; provide

< Cm,n) = Pm,n>

m,n—00

f(S)= lim P (

< Cm,n) = ml*rlzgloo Pmmn = D.



coherent probabilistic information on p when quantified by the posterior distribution of p,, ,. As m
and n are updated, the posterior of p,, , must also be coherently updated, utilizing the new partial sum
information. In particular, as m,n — oo, it is desirable that the posterior of p,, , converges to either
dg1y or d;0y in some appropriate sense, accordingly as .S converges or diverges. Here, for any x, ;)
denotes point mass at x.

In Section [3| we devise a recursive Bayesian methodology that achieves the goal discussed above.
It is important to remark that no restrictive assumption is necessary for the development of our ideas,
not even independence of X;. With this methodology, we then characterize convergence and divergence
of infinite series in Section [} illustrating in Section [5] our theory and methods with seven examples. In
Section [6] we apply our ideas to Riemann Hypothesis, obtaining results that are not in complete favour
of the conjecture. We then extend our theory and methods to infinite series with multiple or inifinite
number of limit points; details are provided in Section [/} Illustrations of our Bayesian multiple limit
point theory are provided in Sections [§] and [0} the latter section detailing the application to Riemann
Hypothesis in order to vindicate our results obtained in Section[6] Finally, we make concluding remarks
in Section

3 A recursive Bayesian procedure for studying infinite series

Since we view X; as realizations from some random process, we first formalize the notion in terms of
the relevant probability space. Let (2, .4, ) be a probability space, where (2 is the sample space, A is
the Borel o-field on €2, and 1 is some probability measure. Let, fori = 1,2, 3,..., X; : Q — R be real
valued, random variables measurable with respect to the Borel o-field 5 on R. As in |Schervish| (1995)),
we can then define a o-field of subsets of R> with respect to which X = (X, Xo,...) is measurable.
Indeed, let us define B> to be the smallest o-field containing sets of the form

B = {)()(11 ST‘I,XiZ STQ,...,Xip S’I”p, forsomepz 1,

some integers i1, i2, .. ., ip, and some real numbers 71,72,...,7p}.

Since B is an intersection of finite number of sets of the form {X : X;, <r;}; j = 1,...,p, all of
which belong to A (since X;; are measurable) it follows that X ~1(B) € A, so that X is measurable
with respect to (R, B°°, P), where P is the probability measure induced by .

3.1 Development of the stage-wise likelihoods

Forj=1,2,3,...,let

in
Sin = Z Xi, 3.

i=(j—1)n+1

where n > 1. In view of this definition, and for notational convenience we shall often denote .S by S} .
Also let {c;}32, be a decreasing sequence and

}/]'771 = H{|S’j,n|§cj}(Sj,n)' 3.2)

Let,forj > 1andn > 1,
P(Y77n = 1) :pj7n' (3'3)

Hence, the likelihood of p; ,,, given y; , is given by
L(pjn) = Py (1=p)' %" (3.4)

It is important to relate p; ,, to convergence, divergence or oscillation of the underlying series. Note that
pjn is the probability that |S; | falls below ¢;. Thus, p;, can be interpreted as the probability that the



series S1 o is convergent when the data observed is S ,,. If 51 o is convergent, then it is to be expected
a posteriori, that
Pjn — 1 asj— ooforalln > 1. 3.5

Note that the above is expected to hold not only for large n but all n > 1. This is related to Cauchy’s
criterion of convergence of partial sums: for every e > 0 there exists a positive integer N such that for
alln >m > N, | Z?:m X;| < e. Hence, in the case of convergence, by Cauchy’s criterion, for any
e > 0 there must exist a positive integer jo such that for j > jo, [S;1]| = |X;| < e. Indeed, as we will
formally show, condition is both necessary and sufficient for convergence of the series.

On the other hand, if the series is divergent (but not oscillatory), then there exist jo > 1 and ng > 1
such that |Sj,,| > ¢; for all j > jo and n > ngy. Here we expect, a posteriori, that

Pjn — 0 asj — oo, forn > ng. 3.6)

Again, we will prove formally that the above condition is both necessary and sufficient for divergence.

Now, if the series S « is oscillating with two limit points occurring with equal frequency, then one
may expect that in the long run, in 50% cases |S; | will fall below the respective c;. Thus, here one
may expect, a posteriori, that

1

Djn — 3 as j — oo, forn > ng. 3.7)

We will formally prove that the above is both necessary and sufficient for oscillations of the sbove type.

A general theory, which encompasses finite as well as infinite number of limit points, with perhaps
unequal frequencies of occurrences, is developed in Section 7]

In what follows we shall first construct a recursive Bayesian methodology that formally characterizes

convergence, divergence and oscillation in terms of formal posterior convergence related to (3.5),
and (3.7), respectively.

3.2 Development of recursive Bayesian posteriors

We assume that {y;,;j = 1,2,...} is observed successively at stages indexed by j. That is, we first ob-
serve y1 ,, and based on our prior belief regarding the first stage probability, p1 ,,, compute the posterior
distribution of py ,, given y; ,,, whch we denote by 7(p1,,|y1,,). Based on this posterior we construct a
prior for the second stage, and compute the posterior 7(p2n|y1.n, Y2.n). We continue this procedure for
as many stages as we desire. Details follow.

Consider the sequences {;}7°, and {3;}72 |, where a; = f8; = 1/j2forj =1,2,.... At the first
stage of our recursive Bayesian algorithm, that is, when j = 1, let us assume that the prior is given by

7(p1,n) = Beta(a, 1), (3.8)

where, for a > 0 and b > 0, Beta(a, b) denotes the Beta distribution with mean a/(a + b) and variance
(ab)/ {(a+b)* (a+b+1)}. Combining this prior with the likelihood (3.4) (with j = 1), we obtain
the following posterior of pq ,, given yq ,:

T(P1nlY1,n) = Beta (a1 + Y1, 01 + 1 —y1,0) - (3.9

At the second stage (that is, for j = 2), for the prior of p> ,, we consider the posterior of p1 ,, given y1 5,
associated with the Beta(oy + aa, 1 + f2) prior. That is, our prior on ps 5, is given by:

m(p2n) = Beta(oq +az+ Y10, 01+ P2+ 1 —yin). (3.10)

The reason for such a prior choice is that the uncertainty regarding convergence of the series is reduced
once we obtain the posterior at the first stage, so that at the second stage the uncertainty regarding the



prior is expected to be lesser compared to the first stage posterior. With our choice, it is easy to see that
the prior variance at the second stage, given by

{(ar + a2+ y1n)(Br+ B+ 1 —y1)}/ {(c1 +as+Bi + Bo+1)* (a1 + oz + 1 + o +2) },
is smaller than the first stage posterior variance, given by

{laen +y1n)(Br+1—v10)}/ {(041 + 61+ 1)2(041 + 61+ 2)} .

The posterior of pa;, given yso ,, is then obtained by combining the second stage prior (3.10) with
(3.4) (with j = 2). The form of the posterior at the second stage is thus given by

'/T(pQ,n’yZn) = Beta (al + oo + Yin + Y2.n, ﬁl + 52 +2 - Yin — y2,n) . (311)

Continuing this way, at the k-th stage, where k& > 1, we obtain the following posterior of py, ,,:

k k k k
7T(pl~c,n|yk7n) = Beta Z a; + Z Yjimn, k+ Z Bj - Z Yjm | - (3.12)
Jj=1 Jj=1 Jj=1 j=1
It follows from (3.12)) that
Y+ 3y
E (pralypn) = ——= =92 20 (3.13)
k+> a5+ 518
k k k k
Var (Denlynn) = (Zj:l aj + Zj:l yjm)(k + Zj:1 Bj — Zj:l yj,n) (3.14)
v n) — k k k k . .
(k+ 2250+ 205 B (L+k+ 305 o5+ 35 55)
Since Z?Zl aj = Z§:1 B = Z?Zl j%, 3.13)) and (3.14) admit the following simplifications:
D51 5+ g Vi
E (pk.nlynn) = jk T (3.15)
+2> 5 72
(25:1 =+ Z?:l Yim)(k + 25:1 & - Z§:1 Yjn)
Var (prnlYen) = 2 ] . (3.16)

(k+2%% ) =)+ k+ 25" %)

4 Characterization of convergence properties of the underlying infinite
series

Based on our recursive Bayesian theory we have the following theorem that characterizes convergence
of 51,00 in terms of the limit of the posterior probability of py, ,,, as k — oo.

Theorem 5 S  is almost surely convergent if and only if
T (N|ykn) — 1, (4.1)
k — oo, almost surely for all Y, = {yk,n}zo:l,for any n > 1, where N is any neighborhood of 1 (one).

Proof. If S  is convergent, then there exists a finite jo such that for all j > jo, |5} | < ¢; for all n,
so that y; , = 1 for all j > jo, for all n. Hence, in this case, Ele Yjn = k — ko, where kg > 0. Also,



2

Z§:1 ]% — %> as k — oo. Consequently, it is easy to see that

™ 4k — ko
k+ 2
(5 + k()
(k+ )21+ k+ )

ke = E (PrnlYrn) ~ — 1, as k — o0, and, 4.2)

— 0as k — oo. 4.3)

o = Var (Dra|Yin) ~

In the above, for any two sequences {a }r ; and {by};- |, ar ~ by, indicates Z—’I: — 1, as k — oco. Now

let V1 denote any neighborhood of 1, and let € > 0 be sufficiently small such that N7 D {1 — pj,, < €}.
Combining (4.2) and (4.3) with Chebychev’s inequality ensures that (4.1]) holds.
Now assume that (4.1)) holds. Then for any given € > 0, forall n > 1,

T (P > 1 — €lypn) = 1, as k — oo. (4.4)

Hence,
E (prnlyen) = 1; 4.5)
Var (prnlykn) — 0, (4.6)

as k — oo, forall n > 1. If S} o does not converge then there exist jo and ng such that for n > ny,
|Sjn| > ¢;, for j > jo. Hence, in this situation, for n > ng, 0 < Z?Zl Yjn < jo. Substituting this in
(3.15) and (3.16), it is easy to see that, for n > ng, as k — oo,

E (pinlyrn) = 0; 4.7
Var (prnlykn) — 0, (4.8)

so that (.3)) is contradicted.

A somewhat different stuation may arise if 51 o, does not converge in the sense that it is an oscillatory
series. Then it need not hold that |\S; | > ¢;, for j > jo for n > ng. Instead, for n > ny, we may have
|Sjo+orm| > ¢j and [Sjoror11m| < ¢, forr =0,1,2,.... Assuming without loss of generality that k is
even, it follows that for n > ny, Z;?:l Yjn = % — ko, for kg > 0. Substituting this in (3.15]) and ,
we obtain, for n > ng, that

1
E (prnlyrm) — ok 4.9)
Var (pkn|Ykn) — 0, (4.10)

as k — oo, so that (4.5)) is again contradicted. m
We now prove the following theorem that provides necesary and sufficient conditions for divergence
of 51,00 in terms of the limit of the posterior probability of py, ,,, as k — oo.

Theorem 6 S  is almost surely non-oscillating divergent if and only if there exists ng > 1 such that

T (Nolykn) — 1, 4.11)

S
n=1’

k — oo, almost surely for all Y,, = {yxn} for all n > ng, where Ny is any neighborhood of 0

(zero).

Proof. Assume that S o is non-oscillating divergent. Then then there exist jo and ng such that for
n > no, \Sj,n\ > ¢;, for j > jo. From the proof of the sufficient condition of Theoremit follows that
@.7) and (4.8) hold. Let € > 0 be small enough so that Ny O {pj,, < €}. Then combining Chebychev’s

inequality with (4.7) and (4.§) it is easy to see that (4.11)) holds.



Now assume that (4.11)) holds. Then for any given € > 0, for all n,

T (Phon < €lYrn) — 1, as k — oo. (4.12)
It follows that
E (prnlyen) — 0; (4.13)
Var (prn|yYkn) — 0, (4.14)
as k — oo.

If 51,00 is convergent, then by Theorem T (Ni|ykn) — 1 as k — oo, so that E (pg »|Ykn) — 1,
which is a contradiction to (4.13)).

If 51, is oscillatory, then from the proof of the sufficient condition of Theorem|S| E (pg n|Yk.n) —
%, which is again a contradiction to . ]

We now characterize the oscillatory behaviour of S1 ~ in terms of the limit of the posterior proba-
bility of py, ,,, as k — oo.

Theorem 7 S  is almost surely oscillatory if and only if there exists no > 1, such that
7r (N%]ykm) S, 4.15)

as k — oo, almost surely for all Yy, = {yrn},-_;, for all n. > ng. In the above, N1 is any neighborhood
- 2
of 1/2.

Proof. Here we assume that k is even, that is, k = 2]2:, where k — oco. If S1,00 18 oscillatory, then

by the proof of sufficiency of Theorem [3] it follows that there exists ng > 1, such that (4.9) and (4.10)

hold for n > ng. Now let A1 be any neighborhood of 1/2. Let € > 0 be sufficiently small so that
2

N% O {|pk,n — 3| < €}. Then by Chebychev’s inequality (N%]ykn) — 1, as k — oo, for all
n > ng. Thus, @.13)) holds.

Now assume that there exists ng > 1 such that (4.15) holds for n > no. Then 7 (|py, — 3| < €|yrn) —
1, as k — oo, for n > ngy. Combining this with Chebychev’s inequality it follows that and
hold for n > ng. If S1 « is non-oscillating, then by Theorems and@ E (pkn|Yk,n) tends to either O or
1, which contradict @ Hence 51, must be oscillatory. m

5 Illustrations

We now illustrate our ideas with seven examples. These seven examples can be categorized into three
categories in terms of construction of the upper bound c; ,,. With the first example we demonstrate that
it may sometimes be easy to devise an appropiate upper bound. In Examples 2 — 5, we show that usually
simple bounds such as that in Example 1, are not adequate in practice, but appropriate bounds may be
constructed if convergence and divergence of the series in question is known for some values of the
parameters; the resultant bounds can be utilized to learn about convergence or divergence of the series
for the remaining values of the parameters. In Examples 6 and 7, the series in question are stand-alone
in the sense they are not defined by parameters with known convergence/divergence for some of their
values which might have aided our construction of c;,. However, we show that these series can be
embedded into appropriately parameterized series, facilitating similar analysis as Examples 2 — 5.

For these examples, we construct the partial sums S;,, setting n = 10°, and run our recursive
Bayesian methodology for K = 10° stages. Since we needed to sum 10 terms at each step of 10 stages,
the associated computation is extremely demanding. For the purpose of efficiency, we parallelized
the computation of the sums of 10° terms, splitting the job on many processors, using the Message
Passing Interface (MPI) protocol. In more details, we implemented our parallelized codes, written in



Example 1: Divergence

(-
I I I I I I

0e+00 2e+04 4e+04 6e+04 8et+04 1e+05

Posterior mean
0.00 0.10 0.20 0.30

Stage
Figure 5.1: Example 1: The series (5.1)) is divergent.
C, in VMware consisting of 60 double-threaded, 64-bit physical cores, each running at 2793.269 MHz.
Parallel computation of our methods associated with Examples 1 to 5 take, respectively, 1 minute, 4

minutes, 7 minutes, 6 minutes, and 9 minutes. Examples 6 and 7 require about 6 minutes and 4 minutes
of computational time.

5.1 Example 1

In their first example Bourchtein et al.|(2012) study the following divergent series with their methods:

=1
S = ; gl 5.1)

We test our Bayesian idea on this series choosing the monotonically decreasing sequence as c;, =
1/v/nj, where we represent c; as c;, to reflect dependence on n. Figure a plot of the posterior
means of {pkm; k=1,..., 105}, clearly and correctly indicates that the series is divergent. We also
constructed approximate 95% highest posterior density credible intervals at each recursive step; how-
ever, thanks to very less variances at each stage, the intervals turned out to be too small to be clearly
distinguishable from the plot of the stage-wise posterior means.

5.2 Example 2
Example 2 of Bourchtein ef al.|(2012) deals with the following series:
0o . N
log (i) log log (1)
S = 1—9 =7 —-—ag—>—= 5.2
;2 < { . a— ; (5.2)

where a € R. Bourchtein et al.|(2012) prove that the series converges for @ > 1 and diverges for a < 1.

5.2.1 Choice of ¢;

Now, however, selecting the monotone sequence as c;j,, = 1/y/nj turn out to be inappropriate for this
series, the behaviour of which is quite sensitive to the parameter a, particularly around ¢ = 1. Hence,
any appropriate sequence {cj,n};?il must depend on the parameter a of the series .

Denoting ¢; , by ¢, to reflect the dependence on @ and n, we first set

(a—1-9x 1071
log(j+ 1)

ujn =555 + : (5.3)



and then let

ifu? > 0;
o = SJ@Z}’ e (5.4)
in otherwise.

where ag = 1+ 10710, The reason behind such a choice of ¢ , is provided below.
Let, for € > 0, ~
S=sup{S®:a>1+¢€}. (5.5)

Thus, S may be interpreted as the convergent series which is closest to divergence given the convergence
criterion @ > 1 + €. Since S® is decreasing in a, it easily follows that equality of (5.3) is attained at
ag=1+e.

From the above arguments it follows that SJ“O in li is decreasing in 5 and n due to Cauchy’s
convergence criterion. We assume that e is chosen to be so small that convergence properties of the series

for {a <1} U{a > 1+ €} are only desired. Indeed, since (1 — {log;.( )} — aloglig( )> is decreasing

in @ for any given ¢ > 3, our method of constructing ¢, need not be able to correctly identify the
convergence properties of the series for 1 < a <1 +e.

1 —11
For the purpose of illustrations we choose ¢ = 107!, Note that for @ > 1 the term %

inflates ¢ making S, more likely to fall below ¢, fori 1ncreasmg a, thus paving the way for diagnosing
convergence The same term also ensures that for a < 1, ¢}, < 79, so that S¢, is likely to exceed
cj, thus providing an inclination towards divergence. The term —9 x 10~ is an adjustment for the
case a = 1 + 10719, ensuring that ¢ , marginally exceeds S;fn to ensure convergence. The scaling

_1_ —11 .
% of lb tends to zero at a slow rate so that C‘J{n is

decreasing with j and n evenif a — 1 — 9 x 107! is negative.

Figure[5.2] depicting our Bayesian results for this series, is in agreement with the results of[Bourchtein
et al.|(2012). In fact, we have applied our methods to many more values of a € A, with e = 10710, and
in every case the correct result is vindicated.

factor log(j + 1) ensures that the part

5.3 Example 3

Let us now consider the following series analysed by Bourchtein et al.| (2012):

e ) log log (%) i
s=Y <1 - <1°gz(l)) a o) > : (5.6)
=3

where a > 0. As is shown by Bourchtein ef al.|(2012), the series converges for a > e and diverges for
a<e.

5.3.1 Choice of c;

Here we first set

(a—e—9x1071)
log(7 +1)

and then let 7, defined by lb In this example we set ag = e 4+ 107'°. The rationale behind the

choice remains the same as detailed in Section

As before, the results obtained by our Bayesian theory, as displayed in Figure [5.3] are in complete
agreement with the results obtained by Bourchtein et al.|(2012).

ug, = S% + , (5.7)

5.4 Example 4

We now consider the series (I.T). It has been proved by Bourchtein er al| (2012) that the series is
convergent for a — b > 1 and divergent for @ + b < 1. As mentioned before, the hierarchy of tests of
Bourchtein et al.|(2012)) are inconclusive for a = b = 1.
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(e) Divergence: a = —1.

Figure 5.2: Example 2: The series (5.2) converges for a > 1 and diverges for a < 1.
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(c) Convergence: a = e + 10710, (d) Convergence: a = e + 20719,

Figure 5.3: Example 3: The series (5.6) converges for a > e and diverges for a < e.
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In this example we denote the partial sums by S}lﬁ and the actual series S by S to reflect the
dependence on both the parameters a and b.

Seb = 3+§:_1 <1 _logi loglogs {0082 (1>} (a+ (—1)ib)>i (5.8)
" i=3+n(j—1) ‘ ‘ ¢ , '
We then have the following lemma, the proof of which is presented in Appendix
Lemma 8 For the series , forj > 1andn even, S;’b given by is decreasing in a but increasing

,n
inb.
Since S®? is just summation of the partial sums, it follows that

Corollary 9 S is decreasing in a and increasing in b.

We let
Ac={{a:0<a<1}U{a:a>1+¢€}, (5.9
and
S = inf S ia—b>1¢. 5.10
ot sup {5°7 50— >1} .10

It is easy to see in this case, due to Corollary@and the convergence criterion a — b > 1, that S is attained
at ag = 1 + € and by = 0. As before, we set ¢ = 10719, Hence, arguments similar to those in Section
521

2.1|1ead to the following choice of the upper bound for ij; which we denote in this example by cjz
b ieoab
b ) g iUl > 0; (5.11)
o S?f;;b“ , otherwise,

where ag = 1 + 10719, by = 0, and

u u —1-b-9x1071!
ob = gaoto 4 (a ), (5.12)

Y jm log(j + 1)

Note that —b in takes account of the fact that the partial sums are increasing in b, thus favouring
divergence for increasing b.

Setting aside panel (c) of Figure [5.5] observe that the remaining panels of Figures [5.4] and [5.5] are
in agreement with the results of Bourchtein et al.| (2012)), but in the case a = b = 1, the tests of
Bourchtein et al.| (2012)) turned out to be inconclusive. Panel (c) of Figure demonstrates that the
series is divergent fora = b = 1.

5.5 Example 5

Now consider the following series presented and analysed in [Bourchtein ef al.| (2012):

S—g<1— <1°gi(i)> <a <1+sin2 ( (W))) 4 bsin (T))) a>0,b>0.

(5.13)
Bourchtein et al.|(2012) show that the series converges when @ — b > 1 and diverges when a + b < 1.
Again, as in the case of Example 4, the following lemma holds in Example 5, the proof of which is
provided in Appendix [B] Note that for mathematical convenience we consider partial sums from the 5-th
term onwards. We also assume 7 to be a multiple of 4.
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Example 4:a=3,b=1 Example 4:a=1+10" b=0
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(a) Convergence: a = 3,b = 1. (b) Convergence: a = 1+ 107'°,b = 0.
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(c) Convergence: a = 1 + 20710, b = 10710, (d) Divergence: a = 1/2,b=1/3.

Figure 5.4: Example 4: The series (1.1) converges for (a = 3,b = 1), (a=1+10"1b=0),
(a=1+2071%b=1071) and diverges for (a = 1/2,b = 1/3).
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Example 4: atb <1
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(c) Divergence: a = 1,b = 1.

Figure 5.5: Example 4: The series diverges for (a = % (1 — 10_11) ,b= % (1 — 10_11)), (a
1,b=0)and (a =1,b=1).
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Lemma 10 For the series , let

e (1) o () e ()

i=5+n(j—1
(5.14)

for j > 1 and n, a multiple of 4. Then S lS decreasing in a and increasing in b.

The following corollary with respect to S*? again holds:
Corollary 11 S% is decreasing in a and increasing in b.

Thus, we follow the same method as in Example 4 to determine c] but we need to note that in this
example ¢ > 0 and b > 0 instead of a > 0 and b > 0 of Example 4. Consequently, here we define
b > ¢, for e > 0, the set A, given by (5.9) and

S = inf sup {S“’b ca—b> 1} . (5.15)
a€Ac b>€

In this case, Corollary. 1{and the convergence criterion a — b > 1 ensure that S is attained at ag = 1 + e
and by = e. As before, we set ¢ = 10710, The rest of the arguments leading to the choice of ¢

remains the same as in Example 4, and hence in this example c has the same form as , Wlth
ap=1+1071% by =101,

Figure[5.6]depicts the results of our Bayesian analysis of the series (5.13)) for various values of a and
b. All the results are in accordance wth those of |Bourchtein et al.| (2012)).

5.6 Example 6

We now investigate whether or not the following series converges:

= 1
S = —_— 5.16
ZZ; i3] sin 4 (5.16)

This series is a special case of the generalized form of the Flint Hills series (see |Pickover| (2002) and
Alekseyev|(2011)).
For our purpose, we first embed the above series into

. o ,L'b—3
S®P = —_— 5.17
ZZ; a+ |sini|’ .17)

where b € R and |a| < 7, for some 7 > 0, specified according to our purpose. Note that, S = 590 and
we set 7 = 10710 for our investigation of (5.16).

Note that for any fixed a # 0, S®" converges if b < 2 and diverges if b > 2. Since S®? increases in
b it follows that the equality in

S = sup {S“’b:a:e, b§2—e} (5.18)
is attained at (ag,by) = (¢,2 — €).

Arguments in keeping with those in the previous examples lead to the following choice of the upper
bound for S“°, which we again denote by c?n

Jm’
@b i h < 2
a,b UJ n’ 1 < 5 5 19
Cj’n a7b . ( . )
i otherwise,
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Example5:a=2,b=1
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(d) Divergence: a =1/2,b=1/2.
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(e) Divergence: a = $(1-107"")b =
3 (1—1071).
Figure 5.6: Example 5: The series (5.13) converges for (¢ = 2,b = 1), (a = 1+
20719 = 10719), (@ = 1 + 30719 b = 20719) and diverges for (a = 1/2,b = 1/2) and

(a=3(1-10"11) b= 3 (1-10"11)).
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Example 6:a= —10°, b=2-10"%° Example 6:a= -107%°, b=2+10"%
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(c) Convergence: a = 10719 b =2—-10"10 (d) Divergence: a = 1071 p=2+4+10"1°

Figure 5.7: Example 6: The series (5.17) converges for (a = —10710,b =2 - 10710), (a = 1071°b =
2 — 10719), and diverges for (a = =107, =2+ 10719, (a = 1071 b = 2 + 10710).

where
ab wbo . (al —b+2—2e+1079)
02 = G000 ; 5.20
U]m 7,m + IOg(] + 1) ’ ( )
a,b ag,b (’a’|_b+2_26_10_5)
nb . gao,bo 5.21
Uiin = P log(j + 1) 2D

Notice that we add the term 10~ when b < 2 so that our Bayesian method favours convergence and
subtract the same when b > 2 to facilitate detection of divergence. Since convergence or divergence of

Sb does not depend upon a € [—n, 7] \ {0}, we use |a| in (5.20) and (5.21)).
Setting ¢ = 10719, Figures anddepict convergence and divergence of S%® for various values

of a and b. In particular, panel (e) of Figure shows that our main interest, the series .S, given by

(5.16), converges.

5.7 Example 7

‘We now consider

> |sin il®
S = Z ’z‘ (5.22)
=1
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Example 6:a= -107%°, p=-10"1° Example 6:a= —107%°, b=1071°
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Figure 5.8: Example 6: The series (5.17)) converges for (a = —1071 b = —10719), (a = —10710,b =
10719), (a =1071%b = —10719), (a = 1071°,6 = 1071°), and (a = 0,b = 0).
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Example 7:a= ", b=1 Example 7:a=5/14,bh=1
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Figure 5.9: Example 7: The series (5.23) diverges for (a = 7~1,b = 1), (a = 5/7,b = 1).

We embed this series into - '
b | sin ami|’
1=

where @ € R and b > 1. The above series converges if b > 1, for all a € R. But for b = 1, it is easy to
see that the series diverges if a = ¢/2m, where ¢ and m are odd integers.
Letting ag = 7! and by = 1 + ¢, with e = 1071, we set the following upper bound:

uft = S0 4 5 (5.24)

Thus, U?Z corresponds to a convergent series which is also sufficiently close to divergence. Addition of
the term ; provides further protection from erroneous conclusions regarding divergence.

Panel(a) of Figure [5.9] demonstrates that the series of our interest, given by (5.22)), diverges. Panel
(b) confirms that for a = 5/(2 x 7) and b = 1, the series indeed diverges, as it should.

6 Application to Riemann Hypothesis

6.1 Brief background

Consider the Riemann zeta function given by

o n

1 1 k n' —a
@) == D gt 2. (1) m(’fﬂ) : (6.1)
n=0 k=0
where a is complex. The above function is formed by first considering Euler’s function
= 1
n=1

then by multiplying both sides of ll by ( 1-— 2%) to obtain

<1 - 22> Z(a) = i (G 6.3)
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and then dividing the right hand side of by (1 — 2%) The advantage of the function ((a) in
comparison with the parent function Z(a) is that, Z(a) is divergent if the real part of a, which we denote
by Re(a), is less than or equal to 1, while ((a) is convergent for all a with Re(a) > 0. Importantly,
((a) = Z(a) whenever Z(a) is convergent.

Whenever 0 < Re(a) < 1, ((a) satisfies the following identity:
C(a) = 2577 L sin (7%&) 'l —-a)((1—a), (6.4)

where I'(+) is the gamma function. This can be extended to the set of complex numbers by defining a
function with non-positive real part by the right hand side of (6.4)); abusing notation, we denote the new
function by ((a). Because of the sine function, it follows that the trivial zeros of the above function
occur when the values of a are negative even integers. Hence, the non-trivial zeros must satisfy 0 <
Re(a) < 1.

Riemann| (1859) conjectured that all the non-trivial zeros have the real part 1/2, which is the famous
Riemann Hypothesis. For accessible account of the Riemann Hypothesis, see Borwein et al.| (2006),
Derbyshire| (2004).

One equivalent condition for the Riemann Hypothesis is related to sums of of the Mdbius function,
given by

—1 if nis asquare-free positive integer with an odd number of prime factors;
wuin) = 0 if n has a squared prime factor; (6.5)
1 if nisasquare-free positive integer with an even number of prime factors,

where, by square-free integer we mean that the integer is not divisible by any perfect square other than
1. Specifically, the condition

i pu(n) =0 (a:%'“) (6.6)
n=1

for any € > 0, is equivalent to Riemann Hypothesis. This condition implies that the Dirichlet series for
the Mobius function, given by

M(a) =) Mr(:) = q(la) 6.7)

is analytic in Re(a) > 1/2. This again ensures that {(a) is meromorphic in Re(a) > 1/2 and that it has
no zeros in this region. Using the functional equation (6.4)) it follows that there are no zeros of {(a) in
0 < Re(a) < 1/2 either. Hence, implies Riemann Hypothesis. The converse is also certainly true.

The above arguments also imply that convergence of M (a) in for Re(a) > 1/2 is equivalent
to Riemann Hypothesis, and it is this criterion that is of our interest in this paper. Now, M (a) converges
absolutely for Re(a) > 1 and 27]:[:1 pu(n) = o(N), as N — oo, showing that M (1) < oo. The latter
is equivalent to the prime number theorem stating that the number of primes below x is asymptotically
x/log(z), as © — oo. Thus, M (a) converges for Re(a) > 1. That M (a) diverges for Re(a) < 1/2
can be seen as follows. Note that if M (a) converged for any a* such that Re(a*) < 1/2, then analytic
continuation for Dirichlet series of the form M (a) would guarantee convergence of M (a) for all a with
Re(a) > Re(a*). But ((a) is not analytic on 0 < Re(a) < 1 because of its non-trivial zeros on the
strip. This would contradict the analytic continuation leading to the identity M (a) = 1/{(a) on the
entire set of complex numbers. Hence, M (a) must be divergent for Re(a) < 1/2.

In this paper, we apply our ideas to particularly investigate convergence of M (a) when1/2 < a < 1.

n=1

6.2 Choice of the upper bound and implementation details

To form an idea of the upper bound we first plot the partial sums Sjn for j = 1000 and n = 106,
with respect to a. In this regard, panel (a) of Figure shows the decreasing nature of the partial sums
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Plot of partial sums versus a Plot of partial sums versus a
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(a) Plot of partial sums in the domain (0, 5). (b) Plot of partial sums in the domain (0.5, 1).

Figure 6.1: Plot of the partial sums S50 1000000 Versus a. Panel (a) shows the plot in the domain [0, 5]
while panel (b) magnifies the same in the domain (0.5, 1).

with respect to a, and panel (b) magnifies the plot in the domain 1/2 < a < 1 that we are particularly
interested in. The latter shows that the partial sums decrease sharply till about 0.7, getting appreciably
close to zero around that point, after which the rate of decrease diminishes. Thus, one may expect a
change point around 0.7 regarding convergence. Specifically, divergence may be expected below a point
slightly larger than 0.7 and convergence above it.

Since M (1) < oo, we consider this series as the basis for our upper bound, with the value of a also
taken into account. Specifically, we choose the upper bound as

(6.8)

C]?” =

1 a
shoe -]
Since Figure [6.1] shows that the partial sums are of monotonically decreasing nature, the above choice
of upper bound facilitates detection of convergence for relatively large values of a. The part j%, which
tends to zero as j — oo, takes care of the fact that the series may be convergent if @ < 1, by slightly
inflating S Jln

For our purpose, we compute the first 107 values of the Mobius function using an efficient algorithm
proposed in|Lioen and van de Lune|(1994), which is based on the Sieve of Eratosthenes (Horsley|(1772)).
We set K = 1000 and n = 10%. A complete analysis with our VMware with our parallel implementation

takes about 2 minutes.

6.3 Results of our Bayesian analysis

Panels (a)-(e) of Figure and panels (d)—(f) of Figure show the M (a) diverges for a = 0.1,
0.2, 0.3, 0.4, 0.5, but converges fora = 1 + 10719, 2 and 3. In fact, for many other values that we
experimented with, M (a) converged for ¢ > 1 and diverged for @ < 1/2, demonstrating remarkable
consistency with the known, existing results.

Certainly far more important are the results for 1/2 < a < 1. Indeed, panel (f) of Figure and
panels (a)—(c) of Figure show that M (a) diverged for a = 0.6 and 0.7 and converged for a = 0.8 and
0.9. It thus appears that M (a) diverges for a < a* and converges for a > a*, for some a* € (0.7,0.8).
Figure[6.4]displays results of our further experiments in this regard. Panels (a) and (b) of Figure[6.4]show
the posterior means for the full set of iterations and the last 500 iterations, respectively, for a = 0.71.
Note that from panel (a), convergence seems to be attained, although towards the end, the plot seems
to be slightly tilted downwards. Panel (b) magnifies this, clearly showing divergence. Panels (c) and
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(d) of Figure [6.4] depict similar phenomenon for a = 0.715, but as per panel (d), divergence seems to
ensue all of a sudden, even after showing signs of convergence for the major number of iterative stages.
Convergence of M (s) begins at a = 0.72 (approximately); panels (e) and (f) of Figure take clear
note of this.

Thus, as per our methods, M (s) diverges for a < 0.72 and converges for a > 0.72. This is
remarkably in keeping with the wisdom gained from panel (b) of Figure[6.I|that convergence is expected
to occur for values of a exceeding 0.7. Note that neither the upper bound (6.8)), nor our methodology, is
in any way biased towards a ~ 0.7; hence, our result is perhaps not implausible.

6.4 Implications of our result

As per our results, M (s) does not converge for all s > 1/2, and hence does not completely support
Riemann Hypothesis. However, convergence of M (s) fails only for the relatively small region 0.5 <
a < 0.72, which perhaps is the reason why there exists much evidence in favour of Riemann Hypothesis.

7 Oscillatory series with multiple limit points

In this section we assume that the sequence {S1,,, },- ; has multiple limit points, including the possibility
that the number of limit points is countably infinite. For the time being, let us assume that each term of
the series is non-negative.

7.1 Finite number of limit points

Let us assume that there are M/ (> 1) limit points. We define
Y}':m if Cj,m71<51,j§0m,j; m=12 ..., M, (7.1)

where, for j > 1, ¢ j,¢1,5,. . ., car,j appropriately partition R, the non-negative part of the real line.
Choice of these quantities will be discussed in Section

Note that unlike our ideas appropriate for non-oscillating series, here do not consider blocks of
partial sums S;, = Zgz(j_l)nﬂ X, but S1; = >°7_, X;. In other words, for Bayesian analysis of
non-oscillating series we compute sums of n terms in each iteration, whereas for oscillating series we
keep adding a single term at every iteration. Thus, computationally, the latter is a lot simpler.

We assume that
(I(Y; =1),...,1(Y; = M)) ~ Multinomial (1,p1,...,Pnm,;) (7.2)

where p;,, ; can be interpreted as the probability that Sy ; € (cj,m,l, cj,m]. As j — oo it is expected that
¢m—1,; and ¢, j will converge to appropriate constants depending upon m, and that p,,, ; will tend to the
correct proprotion of the limit point indexed by m. Indeed, let {p,, o; m = 1,..., M} denote the actual
proportions of the limit points indexed by {1,..., M}, as j — oo.

Following the same principle discussed in Section [3| at the k-th stage we arrive at the following
posterior of {pp, x :m =1,...,M}:

k k

k k
. 1 1
T (P1js - > PMk|YK) = Dirichlet Z_—Q—FZH(% = 1),...,2_—2—1—2}1(% =M)

Jj=1 Jj=1 Jj=1 j=1
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Riemann Hypothesis: a = 0.1 Riemann Hypothesis: a = 0.2
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Figure 6.2: Riemann Hypothesis: The mobius function based series diverges for a = 0.1, 0.2, 0.3, 0.4,
0.5, 0.6.
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Riemann Hypothesis: a = 0.7 Riemann Hypothesis: a = 0.8
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Figure 6.3: Riemann Hypothesis: The mobius function based series diverges for a = 0.7 but converges
fora=0.8,0.9,1+1071°,2,3.
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Riemann Hypothesis: a = 0.71
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Figure 6.4: Riemann Hypothesis: The left panels show the posterior means for the full set of iterations,
while the right panels depict the posterior means for the last 500 iterations, for a = 0.71, 0.715 and
0.72. It is evident that the mobius function based series diverges for a = 0.71 and 0.715 but converges

fora = 0.72.
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The posterior mean and posterior variance of p,, i, form = 1,..., M, are given by:
k k

23:1 %2 + Zj:l [(y; = m)

k ?

MY % +k
k
(S &+ Ty =m) (M=) S b+ k= S Ty =m))
(sz 1%+/<;) (MZ] L E k1)

E (pmklye) = (7.4)

Var (pmklyk) =

(7.5)

- - k _
Let K = Mk, where kK — oo. Then, from 1} and li it is easily seen, using M — Dm0

almost surely as k — oo, that almost surely,

E (pm.k|Yk) = Pm,o, and (7.6)
1
Var (pmklyx) = O <k> — 0, (1.7)

as k — oo.
We can now characterize the m limit points of S7 o in terms of the limits of the marginal posterior
probabilities of p,,, ;, denoted by 7y, (-|yx), as k — oco.

Theorem 12 {51 ,,} " | has M (> 1) limit points if and only if form =1,..., M,
T (Npmolyr) = 1, (7.8)
as k — oo, almost surely for all Y = {yy.};— . In the above, Ny, , is any neighborhood of pp .

Proof. Follows using the same ideas as the proof of Theorem[7] m
7.2 Choiceof c;y, ... ,cjn
Let us define, for j = 1,2,...,k,

~ 0 if {=0;
pe,j—{ E(pesly;) it €=1,2,... M. 79

)

We then set ¢;o = O forall j = 1,2,...,k, and, for m > 1, define

m ~
Y 2 (7.10)

L= pex’

for j = 1,2,..., k. Thus, the inequality c; ,,—1 < S1,j < ¢y, j in (7.1)) is equivalent to

m—1 S \PO ™
ek < (J> <> bers (7.11)

where p(6) is some relevant power depending upon the set of parameters 6 of the series, responsible
for appropriately inflating or contracting the quantity

1‘3@; y for properly diagnosing the limit points. If

-\ P(9)
151513) > 1, wesetY; = M. By 1b and |i it then holds that the probability of the event
L

11)) converges to p, 0, as k — oo.
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7.3 Infinite number of limit points

We now assume that the number of limits points of {51, } - ; is countably infinite, and that {p, 0;m = 1,2,3,...},
where 0 < p,,, 0 < 1 and Z;’le Pm,o = 1, are the true proportions of the limit points.
Now we define
Y}' =m if Cim—1 < Sl’j < Cm,j; M = 1,2,...,00, (7.12)

where, for j > 1, ¢ j,c1,4, - . . , are appropriately chosen constants that partition R™.
Let ¥ = {1,2,...} and let B (X') denote the Borel o-field on X’ (assuming every singleton of X’ is
an open set). Let P denote the set of probability measures on X'. Then, at the j-th stage,

[Y;|Pj] ~ P;, (7.13)

where P; € P. We assume that P; is the following Drichlet process:

52

Pj ~ DP ( ! G) , (7.14)
j

where, the probability measure G is such that, for every j > 1,

1

G (Yj=m)= . (7.15)

It then follows using the same previous principles that, at the k-th stage, the posterior of Py is again a

Dirichlet process, given by
k

k
1
[Prlyx] ~ DP | ) j—2G+§ dy; | (7.16)
j=1 j=1

where 5yj denotes point mass at y;. It follows from 1; that
sz L_sz H(Zm)
2m 2uj=1 72 j=1+\Yj
ikt k
k k & .
(S b+t =m) (- ) Ty + k= S Ty =m))
2 .
(Shoak+h) (Shoyk+h+1)

E (pmklyr) = ; (7.17)

Var (pmklyk) =

(7.18)
As before, it easily follows from and that form =1,2,3, ...,

E (pmk|yr) — pm,o, and (7.19)

Var (pmklyk) = O <;> — 0, (7.20)

almost surely, as k — oc.
The theorem below characterizes countable number of limit points of S1 o in terms of the limit of
the marginal posterior probabilities of p,, 1, as k — oo.

Theorem 13 {S1,,} ° | has countable limit points if and only if form = 1,2, ..,
T (Npol9r) = 1, (7.21)
as k — oo, almost surely for all Y = {yi}r ;.

Proof. Follows using the same ideas as the proof of Theorem|/| m
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As regards the choice of the quantities c¢; ,,,, we simply extend the construction detailed in Section
[7.2]by only letting M — oo, and with obvious replacement of the posterior means with those associated
with the posterior Dirichlet process.

It is useful to remark that our theory with countably infinite number of limit points is readily ap-
plicable to situations where the number of limit points is finite but unknown. In such cases, only a
finite number of the probabilities {p, j; m = 1,2,3...} will have posterior probabilities around posi-
tive quantities, while the rest will concentrate around zero. For known finite number of limit points, it is
only required to specify G such that it gives positive mass to only a specific finite set.

7.4 Characterization of convergence and divergence with our approach on limit points

Note that for convergent series, m,, (N1|yx) — 1 as k — oo for smaller values of m, while for divergent
series, T, (N1|yk) — 1 as k — oo for much larger values of m. We formalize these statements below
as the following theorems.

Theorem 14 Let there be M number of possible limit points, where M may be infinite. Then S o, = 00
if and only if
T,k (N1lyk) — 1, (7.22)

as k — oo and m — M.

Proof. Let S7 o, = co. Then there exists ky > 1 such that given any A > 0, Sy, > A for k > kg. Then

as k — oo, (
S p(0)
<1+15’“1k> — 1. (7.23)

In other words, for any fixed M (> 1), yr — M, almost surely, as k — oo. Hence, as k — oo and
m — M, it easily follows using the same techniques as before, that holds. Consequently, for
infinite number of limit points holds as m — oc.

Now assume that holds. It then follows from the formula of the posterior mean that y;, — M,
almost surely, as k — oo, for fixed M. Hence, holds, from which it follows that Sj oo = c0. m

Theorem 15 S o < oo if and only if for some finite mg > 1,

Tmo ke N1lyk) — 1, (7.24)
as k — oo.
Proof. Let S1 o, < 0o. Then as k — oo,
Sk p(0)
—_— — 7.25
<1 + Sl,k) . ( )

for some constant 0 < ¢ < 1. Hence, there exists some finite mq > 1 such that i, — my, almost surely,
as k — oo. Using the same techniques as before, it is seen that that holds.

Now assume that holds. It then follows from the formula of the posterior mean, that y,, — my,
almost surely, as k — oo. Hence, holds, from which it follows that 51 o, < 00. ®

7.5 A rule of thumb for diagnosis of convergence, divergence and oscillations

Based on the above theorems we propose the following rule of thumb for detecting convergence and
divergence when M is finite: if §; > 0.9 such that 7, ;. (N1|yx) — 1 as m — M and k — oo, then
declare the series as divergent. If, on the other hand, 7; < 0.9 such that m,, ;, (/\/ 1|yx) — 1, then declare
the series as convergent.
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If, instead, there exist my; ¢ = 1,...,L (L > 1) such that m,,, (Npmbo]yk) — lask — oo,

where 0 < py,,0 < 1for¢ =1,...,L and 25:1 Pm,,0 = 1, then say that the sequence {51, } - ; has
L limit points. Note that the value of 7} is not important in this situation.

Next, we illustrate our theory on limit points with Example 5, arguably the most complex series in
our set of examples (other than Riemann Hypothesis) and in Section[9} validate our result on Riemann
Hypothesis with our Bayesian limit point theory.

8 Illustration of the Bayesian limit point theory with Example 5

Since there is at most one limit point in the cases that we investigated, application of our ideas to
these cases must be able to re-confirm this. We consider the theory based on Dirichlet process devel-
oped in Section assuming for the sake of illustrations that G is concentrated on M values, with
G(Y;=m)= ﬁ; m=1,2,..., M. We set M = 10 for our experiments. Thus, by our rule of thumb,
divergence is to be declared only if m,,—10.% (N1|yx) — 1, as k — oo.

As regards implementation, notice that here there is no scope for parallelization since at the j-th step
only y; is added to the existing S j_1 to form Sy ; = 571 -1 + yj. As such, on our VMware, using a
single processor, only about two seconds are required for 10° iterations associated with the series ,
for various values of a (> 0) and b (> 0).

0
8.1 Choice of p(6) in( Stk )p

1+851

In our example, § = (a,b). We choose, for j > 1,

p(0) =a—b+e, 8.1

o\ P0) N\ AO)
<S“> —min{ 1, <S“) (8.2)
1+ Sl,j 1+ Sl,j

Recall that the series (5.13), defined for @ > 0 and b > 0, converges for a — b > 1 and diverges for
a+0b < 1. In keeping with this result, decreases as (a — b) increases, so that the chance of correctly
diagnosing convergence increases. Moreover, if both a and b are between 0 and 1 such that a + b < 1,
then (8.2) tends to be inflated, thereby increasing the chance of correctly detecting divergence. The term
€ in (8.2) prevents the power from becoming zero when a = b. It is important to note here that for
a + b = 1 convergence or divergence is not guaranteed, but if ¢ = 0 in (8.2)), then a = b would trivially
indicate divergence, even if the series is actually convergent. A positive value of € provides protection
from such erroneous decision. Note that if a < b — ¢, the convergence criterion ¢ — b > 1 is not met
but the divergence criterion a + b < 1 may still be satisfied. Thus, for such instances, greater weight in
favour of divergence is indicated. In our illustration, we set ¢ = 10719,

and set

8.2 Results

Figure [8.1]shows the results of our Bayesian analysis of the series (5.13]) based on our Dirichlet process
model. Based on the rule of thumb proposed in Section all the results are in agreement with the
results based on Figure[5.6
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Figure 8.1: Illustration of the Dirichlet process based theory with Example 5: For (a = 2,b = 1)

in the series 1' = 1—10 < 0.9, indicating convergence, for (a = 1 + 207196 = 10710),

= % < 0.9, indicating convergence, for (a = 1+ 30710 b = 20719), = % < 0.9, in-
dicating convergence, for (¢ = 1/2,b = 1/2), &% = 2 > 0.9, indicating divergence, and for

(a=3(1-=10"1"),b=3(1-1071)), 2 = 1 > 0.9, indicating divergence.
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9 Application of the Bayesian multiple limit points theory to Riemann
Hypothesis

To strengthen our result on Riemann Hypothesis presented in Section [6] we consider application of our
Bayesian multiple limit points theory to Riemann Hypothesis.

(@)
9.1 Choice of p(0) in (5L )"

1+|S1, %]

For Riemann Hypothesis, § = a; we choose, for j > 1,

p(60) = ab. ©.1)

1514 )f’“’)
1+[51,]
for close values of a. However, substantially large powers of a are not appropriate because that would

make the aforementioned term too small to enable detection of divergence. In fact, we have chosen
the power after much experimentation. Implementation of our methods takes about 25 seconds on our
VMWare, with 10 iterations.

The reason for such choice with a relatively large power is to allow discrimination between (

9.2 Results

The results of application of our ideas on multiple limit points are depicted in Figures and
The values of m/M and the thumb rule proposed in Section show that all the results are consistent
with those obtained in Section[6] There seems to be a slight discrepancy only regarding the location of
the change point of convergence. In this case, unlike ¢ = 0.72 as obtained in Section [6| we obtained
a = 0.74 as the change point (see panel (b) of Figure . In fact, it turned out that % = 1 for all the
values of a € (0.7,0.74) that we experimented with.

This (perhaps) negligible difference notwithstanding, both of our methods are remarkably in agree-
ment with each other, emphasizing our point that Riemann Hypothesis can not be completely supported.

10 Summary and conclusion

In this paper, we proposed and developed a novel Bayesian methodology for assessment of convergence
of infinite series; we further extended the theory to infinite series with possibilities of multiple or even
infinite number of limit points. Our developments do not require any restrictive assumption, not even
independence of the elements X; of the infinite series.

We demonstrated the reliability and efficiency of our methods with varieties of examples, the most
important one being associated with Riemann Hypothesis.

Both methods proposed in this paper, namely the convergence assessment method and the multiple
limit points method are almost completely in agreement that the Riemann Hypothesis can not be com-
pletely supported. Indeed, both the methods agree that there exists some a* in the neighborhood of 0.7
such that the infinite series based on the Mobius function diverges for a < a* and converges for a > a*.
The results that we obtained by our Bayesian analyses are also supported by informal plots of the partial
sums depicted in Figure

The theory that we developed readily applies to random series; we shall carry out a detailed investi-
gation including comparisons with existing theories on random infinite series. We then intend to extend
these works to complex infinite series, both deterministic and random.
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Figure 9.1: Riemann Hypothesis based on Bayesian multiple limit points theory: Divergence for a =
0.1,0.2,0.3,0.4, 0.5, 0.6.
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Riemann Hypothesis: a = 0.7
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Figure 9.2: Riemann Hypothesis based on Bayesian multiple limit points theory: Divergence for a = 0.7

but convergence for a = 0.74,0.8,0.9, 1, 1 4 10710,
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Riemann Hypothesis: a = 2 Riemann Hypothesis: a =3
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Figure 9.3: Riemann Hypothesis based on Bayesian multiple limit points theory: Convergence fora = 2,
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Appendix

A Proof of Lemma

Since each term of the series (1.1) is decreasing in a, it is clear that S;-l’s is decreasing in a. We need to

show that Sjs is decreasing in b.

Let, for: > 3,
9(i) = <1 _logi_ loglogs {cos2 <1)} (a+ (—1)%)) : (A1)

(3 1 (3

Since n is even, observe that all our partial sums of the form 5]‘?:: for 5 > 3 admit the form

r+n—1

Sh=>" gli), (A2)

i=r

where r = 3 + n(j — 1), which is clearly odd. Now,

r+n—1

Z g@) ={g(r) +gr + DY+ {gr +2) + g(r +3)} +- -+ {gr+n—2) + g(r+n—1)},

- (A.3)
where the sums of the consecutive terms within the parentheses have the form
glr+6) +g(r+£+1)

log(r+¢) loglog(r + ¢) 5 1 h) (r+£)

= 1 —_ — _1 T

< r+/ r+/ R (‘H‘( ) b)

log(r +£+1) loglog(r+£¢+1) ) 1 bin) (r+£+1)
+<1 rl+l rl41 et <a+( D b) '
(A4)

Since r is odd, and since the terms are represented pairwise in (A.3) it follows that in (A.4), r + ¢ is
odd and r + ¢ + 1 is even. That is, in (A.4), a + (—=1)"+t9b = a —band a + (=1)"++Db = a 4 b.
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, g} , and since % < § for¢ > 3, it follows that cos? (%) is increasing
in 7. Moreover, decreases in 7 at a rate faster than cos? (%) increases, so that logl% X cos? (%)
decreases in ¢. It follows that

loglog(r—i—E)COSz( 1 >>loglog(r+€+1)c 2< 1 ) (AS)

Since cos? (6) is decreasing on [0
loglog i
i

r+/ r+{ r+l+1 r+f+1

Note that in g(r-+£)+g(r+£+1), % cos? (ﬁ) is associated with b while % cos? (TJJH)

involves —b. Hence, increasing b increases g(r + ¢) but decreases g(r + ¢), and because of (A.3),
g(r +€) + g(r + £ + 1) increases in b. This ensures >/ " ¢(4) given by l| is increasing in b. In

1=r

other words, partial sums of the form (A.2)) are increasing in b, proving Lemma [§| when n is even.

B Proof of Lemma

That S;L;S is decreasing in a follows trivially since each term of 1' is decreasing in a. We need to

show that 5;2 is increasing in b.
Let, forz > 5,

(i) = (1 - <1°gz_(i)> <a, <1—|—sin2 ( (W))) + bsin <ZD>>1 (B.1)

Now note that, with r = 5 + n(j — 1),

r+n—1 %
> 960)=2 Zrm
=T m=1
~A{Ze1 + Zeg} + {Zrs + Zrab+ -+ {Zon 1+ Zen b, (B.2)
where
54+4(m—1)+3
Zrm= > glr+0). (B.3)
£=5+4(m—1)

Now, for any ¢ > 1, observe that in {Z, ; + Z, 41}, the term Z, ¢ consists of only negative signs
of the sine-values, while in Z, ;1 the corresponding signs are positive although the magnitudes are the
same. Since log(i)/i is decreasing in i, it follows that {Z, ;4 Z, o1} is increasing in b for £ > 1.
Hence, it follows that |i and S;le defined by ti are increasing in b for 5 > 1 and n, a multiple
of 4, proving Lemma
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