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The recent experimental realization of Bose-Fermi superfluid mixtures of dilute ultracold atomic
gases has opened new perspectives in the study of quantum many-body systems. Depending on
the values of the scattering lengths and the amount of bosons and fermions, a uniform Bose-Fermi
mixture is predicted to exhibit a fully mixed phase, a fully separated phase or, in addition, a purely
fermionic phase coexisting with a mixed phase. The occurrence of this intermediate configuration has
interesting consequences when the system is nonuniform. In this work we theoretically investigate
the case of solitonic solutions of coupled Bogoliubov-de Gennes and Gross-Pitaevskii equations
for the fermionic and bosonic components, respectively. We show that, in the partially separated
phase, a dark soliton in Fermi superfluid is accompanied by a broad bosonic component in the
soliton, forming a dark-bright soliton which keeps full spatial coherence.

PACS numbers: 03.75.Ss, 03.75.Hh, 03.75.Lm, 67.60.Fp, 64.75.-g

I. INTRODUCTION

A long standing problem in the context of quantum flu-
ids is the description of mixtures composed of two kinds
of interacting superfluids belonging to different statistics.
The first theoretical analysis of superfluid *He mixed
with superfluid *He dates back to the 70’s (see, for ex-
ample, [1, 2] and references therein). In experiments,
however, the simultaneous superfluidity of the two com-
ponents of liquid 3He-*He mixtures has never been re-
alized, since the miscibility of 3He in “He is very small
(a few percent) and the temperature needed to reach su-
perfluidity of fermions in the mixture is too low to be
reached with available cryogenic techniques. Dilute ul-
tracold atomic gases are instead excellent candidates for
studying superfluid properties of mixtures. Superfluidity
has been recently obtained experimentally in a mixture
of a Bose condensed gas and a superfluid Fermi gas of two
lithium isotopes, °Li and 7Li [3, 4], where a new mech-
anism for superfluid instability was observed, related to
the dynamical instability of the supercurrent counterflow
rather than to the more standard Landau criterion [5, 6].
In addition, in ultracold atomic gases the strength of the
interspecies and intraspecies interaction can be varied by
means of an external magnetic field, thanks to the occur-
rence of Feshbach resonances. One can thus foresee the
exploration of the whole phase diagram of the mixture,
which is expected to be very rich [7-15].

In the present work, we focus on the case where the
bosonic superfluid is the minority component, while the
fermionic superfluid exhibits a dark soliton. We choose
this case as a paradigmatic configuration in which the
interplay between miscibility and immiscibility, together
with superfluidity, gives rise to a peculiar behaviour
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which reveals the crucial effects of nonlinearity caused
by interactions.

In pure Fermi superfluids of dilute atomic gases, theo-
retical predictions of the structure and dynamics of dark
solitons [16-22] have recently stimulated experimental in-
vestigations [23]. The experiments confirm the theoreti-
cal expectation that dark solitons in a three-dimensional
fermionic superfluid quickly decay into vortical excita-
tions due to snaking instability [24], as it was earlier ob-
served with bosons [25, 26]. With bosons very long-lived
dark solitons have been generated by filling the soliton
with atoms in another hyperfine state [27-29], thus creat-
ing a dark-bright solitonic structure of a two-component
Bose-Bose superfluid [30]. Here we theoretically inves-
tigate the analogue dark-bright soliton in a Bose-Fermi
superfluid mixture, the main difference between the two
cases being that the Bose-Fermi phase diagram is known
to admit, in addition to a fully mixed phase and a fully
separated phase, also a third phase consisting of pure
fermions in equilibrium with a mixture of fermions and
bosons. The stability conditions of such an intermediate
phase in a uniform system were studied in [7] by using
the equation of state of an ideal Fermi gas weakly inter-
acting with a dilute Bose gas. Such a phase is predicted
to occur also in the strongly interacting regime [11]. A
more refined equation of state, including the interaction
among fermions, was later applied also to nonuniform
configurations by treating the interaction energy in local
density approximation [8]. However, since a dark soli-
ton is localized on the length scale of the healing length
of the superfluid, which is of the order of the inverse
Fermi wave vector for fermions at unitarity, its charac-
terization requires a theory which properly includes non-
local effects, beyond the local density approximation. For
this purpose, we use coupled Bogoliubov-de Gennes and
Gross-Pitaevskii equations for the fermionic and bosonic
components respectively.

Our paper is organized as follows: in § IT we discuss the
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stability condition of the uniform phase of a Bose-Fermi
mixture when the Fermi gas is at unitarity (infinite scat-
tering length); in § III we write the mean-field equations,
which are subsequently used to find the stationary soli-
tonic configurations of the system; in § IV we analyse
the behaviour of solitons of a Bose-Fermi mixture when
fermions are at unitarity. We pay special attention to the
transition from the miscible state to the so called par-
tially separated phase and to the fully separated state.
We find that, in the partially separated phase, the density
depletion of fermions possesses a solitonic character and
the phase coherence between the left and right hand sides
is maintained; conversely, in the fully separated phase,
the depletion in the Fermi density is completely filled
by bosons (the density of the fermions vanishes) and the
phase coherence between the two sides is lost. Finally
in § V we investigate the behaviour of solitons along the
crossover from the Bardeen-Cooper-Schrieffer phase to
Bose-Einstein condensation (BCS-BEC crossover), and
we conclude that, while on the BCS side the system ex-
hibits a behaviour similar to that at unitarity, on the
BEC side the partially separated configuration disap-
pears as expected for a Bose-Bose mixture.

II. PHASE SEPARATION

Let us first discuss the conditions for the stability of
the homogeneous phase of the mixture, which is a crucial
point in order to understand the numerical results of the
following sections. The phase diagram of a weakly in-
teracting Bose-Fermi mixture, at zero temperature, can
be derived starting from the following expression for the
energy density:

S[nf,nb] = %gbbng + gpfmpny + %nEan . (1)
Here ny, and ny are the densities of the Bose and Fermi
gas respectively, and EFrp = h2k12; /2my is the Fermi en-
ergy, with kp = (37%2n;)1/3. In the above expression
we assume that the Fermi gas is at unitarity (infinite
scattering length) and 7 is the dimensionless Bertsch pa-
rameter [31-33], which simply rescales the energy den-
sity of the Fermi gas with respect to the ideal gas ex-
pression. The quantities gy, and g5 are the bosonic in-
traspecies and the Bose-Fermi interspecies coupling con-
stants, which are related to the corresponding scatter-
ing lengths according to gy, = 47rh2abb/mb and gyr =
drh*ays(my, +my)/(2mymy), where m; and m; are the
masses of fermions and bosons. We assume that the
Bose-Fermi scattering length does not depend on the in-
ternal state of the Fermi atoms, as in the case of the
recent experiments with lithium atoms [3, 4]. Equation
(1) was first used in [7] and [34] to describe the phase dia-
gram of a dilute Bose gas interacting with an ideal Fermi
gas (p = 1). In [7] the phase diagram was explored as
a function of the densities of the two components and

the existence of three phases was predicted for a posi-
tive Bose-Fermi scattering length: i) a uniform mixture,
where both components occupy the entire space at con-
stant densities; ii) a partially separated phase, where part
of the space is occupied by pure fermions and part by a
Bose-Fermi mixture; iii) a fully separated phase, where
bosons and fermions are completely separated. The same
happens at unitarity, with the only difference that the
Fermi energy is renormalized by the universal Bertsch pa-
rameter 7. It is worth noticing that the existence of three
phases is peculiar of the Bose-Fermi mixture. In fact a
Bose-Bose mixture only admits the mixed uniform phase
and the fully separated phase, because of the different
power-law dependence on the densities in the equation of
state.

The stability condition predicted by the energy density
(1) for the uniform mixture is
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For ny larger than this critical value the uniform mixture
is unstable and the system exhibits either partial or full
phase separation.

III. MEAN-FIELD EQUATIONS

In order to describe both uniform and nonuniform con-
figurations of the mixture, including solitons, we use the
Bogoliubov-de Gennes (BdG) equations [33] for the inter-
acting superfluid fermions and the Gross-Pitaevskii (GP)
equation [35] for the Bose-condensed bosons, which are
coupled wia the interspecies interaction term, fixed by
gvs. We also use a simple geometry consisting of a three-
dimensional rectangular box with hard walls in the lon-
gitudinal direction z (box size L) and periodic boundary
conditions in the transverse directions = and y (box size
L, ). The system is assumed to be uniform in the trans-
verse directions and all spatial variations are along z.

The Fermi gas is described in terms of a set of
quasiparticle amplitudes {u;} and {v;}, solutions of
the BdAG equations, which in our case take the form:
Ujk o (I‘) = (\/E/Ll)eikLrLuj}kJ_ (Z) and Vs ko (I‘) =
(Vkrp/L1)e® Ty, (2), with r = (r1,2) and j is the
generic quantum number associated to the longitudinal
degrees of freedom. With this choice, the BdG equations

become
H A Ujk, | _ Uj k|
[A* —H } Lfm IRl (VN (32)
where H = h*(k2 —02)/2m;—pp+gus|tp|? is an effective
single quasiparticle grand-canonical Hamiltonian, while

g *
Az) = —% Z ujx, (2) Vi, (2), (3b)
Lk
2
ng(z) = I > v, () (3¢)
Lk
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FIG. 1: (color online) Left column: Density profiles of the ground state of fermions (blue line) and bosons (red line), with
fermions at unitarity (1/krayss = 0), for three sets of interaction parameters such that nogs/(gesEr) = 0.15, 0.6 and 1.69, from
top to bottom. The number of bosons is 10% of the number of fermions. The three panels represent examples of fully mixed,
partially mixed and fully separated phases. Central columns: Same as before, but for stationary states with a dark soliton in
the Fermi component. In the top panel the dark soliton is slightly modified by bosons; in the central panel the two superfluids
form a dark-bright soliton; in the bottom panel the two components are fully separated. Right column: order parameter A of
the Fermi superfluid for the same configurations of the central column; the value in the bulk of pure fermions is Ag = 0.68FF.

are the order parameter (gap function) and the density
of the superfluid fermionic component. The quantity u
is the chemical potential of fermions, and the eigenvalues
€5k, are the quasiparticle energies.

The Bose-condensed component is instead described
by the Gross-Pitaevskii equation for the bosonic order
parameter (macroscopic wave function) p:

h2

Sy V20 + gun [V * 6 + gopnpton = s,  (3d)

where p;, is the chemical potential of bosons and the den-
sity is mo(2) = [(2)[2.

The four equations (3a)-(3d) must be solved self-
consistently. An energy cutoff F. = 50Er is used to solve
the BdG equations; this implies a proper renormalization
of the Fermi-Fermi coupling constant, for which we use
the relation 1/(krayss) = 87Er/(gs k%) + 2/ Ec/Er/m
[16]. The key parameter characterizing the interaction
among fermions is 1/krays, and we perform calculations
in the range —1 < 1/kpayy < 1, in the crossover from the
BCS regime (negative values) to the BEC regime (posi-
tive values), passing through unitarity (1/kpass = 0).

IV. SOLITONIC SOLUTIONS IN THE
UNITARITY REGIME

In the following we will consider a mixture where the
number of bosons is about 10% of the number of fermions.
For simplicity we also impose m; = my, which is a rea-
sonable approximation for mixtures of two isotopes of the
same atomic species, but this assumption does not affect
the main results of the work. We typically solve Egs (3a)-
(3d) with Ny =~ 500 fermions and N, ~ 50 bosons in a
box with L = 7Ok;1 and L, = 1514;;1. We start from
trial functions A(z) and p(z) and iterate till conver-
gence to a stationary solution which does not depend on
the initial choice.

Examples are given in Fig. 1 for the case of fermions at
unitarity. The Fermi wave vector kg is the same in all fig-
ures and is related to the bulk density of fermions in the
pure phase, ng, by k% = 37%ng. The corresponding bulk
value of the order parameter at unitarity is Ay = 0.68FEp.
Let us concentrate on the first column where we plot the
density profiles of fermions (blue lines) and bosons (red
lines) for the ground state in the box, for three different
values of the parameter ggfno /(g Er). The three val-
ues are chosen as representative of the different phases: a
fully mixed phase for the smallest value of g; 10/ (9o EF)
(top panel), a fully separated phase for the largest one
(bottom panel), and an intermediate partially separated
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FIG. 2: (color online) Transition from miscible to immiscible
phases of the mixture. The overlap integral [ dzns(z)ns(z) is
calculated in the ground state obtained for different values of
ggfno/ (9o Er), and the results are shown as markers (scale on
the left axis). When this quantity deviates from 1 the fully
mixed phase becomes unstable. The vertical green dashed
line indicates the instability threshold predicted by Eq. (2)
in the thermodynamic limit, with n = 0.59. For large values
of ggfno/(gbbEF) the two components fully separate and the
overlap eventually vanishes. The three letters A, B and C
indicate the solutions reported in the left column of Fig. 1.
The thick dashed and solid lines show the percentage of vol-
ume occupied by pure fermions and pure bosons, respectively
(scale on the right axis). Near the instability threshold, a fi-
nite interval of ggfng /(9w EF) exists where a significant part
of the box is filled by pure fermions, while bosons are still in
a mixed phase in the remaining volume; this corresponds to
the partially mixed phase of the mixture. The vertical shaded
area is the region where we find a stable dark-bright soliton.

phase (middle panel). In the latter case fermions occupy
the whole volume, partly as a pure phase and partly in a
mixed phase, and the interface between the two regions
is significantly wider than the domain wall found for the
fully separated phase (bottom panel), where the width of
the interface is of the order of the healing lengths of the
two superfluids. The healing length of bosons is much
smaller than the size of the box in our case, because we
have chosen the value of gy, such that the solution of the
GP equation is well approximated by the Thomas-Fermi
approximation ny(2) = (1 — gornf(2)) /ges, €xcept near
the box boundaries.

To gain further insight, we perform calculations for
several values of glffno /(gobEr) and, in each case, we cal-
culate the overlap integral [ dznys(z)ny(z). The results
are shown as markers in Fig. 2. The overlap integral is
1 in the fully mixed phase and vanishes in the fully sep-
arated phase. The instability of the uniform mixture is
clearly visible as a sharp deviation from 1, which occurs
at the critical value of ggfno/(gbbEp) ~ 0.4. In an infinite
system (i.e., in the thermodynamic limit, where surface

and interface effects are ignored) this value is expected
to be well approximated by the linear stability condition
(2); by using the mean-field value of the Bertsch param-
eter, n = 0.59 [33], this threshold is gffno/(gbbEF) ~ 0.6
(vertical green dashed line). In the same figure we also
show the percentage of space occupied by the pure Fermi
gas (thick dashed line) and the pure Bose gas (solid line).
One can see that, by increasing ggfno/(gbbEp) above the
critical value ~ 0.4, pure fermions start occupying a sig-
nificant part of the box while bosons remain still mixed
with fermions, which is another indication of the occur-
rence of the intermediate phase.

Having discussed the ground state as a test case, let us
now concentrate on the second column of Fig. 1, where
we show the density profiles in the presence of a dark
soliton in the Fermi component. The parameters are the
same as in the first column. The dark soliton is imprinted
in the Fermi superfluid by imposing a node (A = 0) of
the order parameter at the centre of the box (z = 0) and
a m phase difference between the two sides. In a purely
fermionic superfluid, the stationary solution of the BdG
equation with such constraints exhibits a deep density
depletion of width of the order of k' [16]. If bosons
are present, depending on the values of the interaction
strengths gpr and gs, they can be attracted into the soli-
ton, thus changing its structure. The figure shows that,
for small values of gy (top panel), the system favours a
uniform mixed configuration in agreement with the con-
dition (2) and only a small fraction of bosons is attracted
by the soliton, which remains almost unaltered. In the
opposite limit of large g, (bottom panel) all bosons form
a pure phase at the centre, pushing fermions apart, and
the soliton is replaced by two domain walls separating
pure bosons from pure fermions. The central case is the
most interesting: bosons like to stay mixed with fermions,
but fermions like to form a pure phase. The net effect
is that all bosons are pushed into the soliton but with a
broad overlap between the two components. The over-
all structure keeps its solitonic character and becomes a
bright-dark soliton. The shaded area in Fig. 2 is the inter-
val of ggfno /(gepEr) where we find stationary solutions
having such a bright-dark soliton structure, with both
the node of the order parameter and the minimum of the
fermionic density at a single point, z = 0. The resulting
scenario shares interesting analogies with the dark-bright
solitonic structure exhibited by two-component Bose su-
perfluids [30]. We find similar solutions also for different
values of the bosonic fraction: N, = 20%, 30% and 50%
of Nf.

For the three dark soliton solutions in the second col-
umn of Fig. 1 the phase of the order parameter is 7
for negative z and 0 for positive z, which implies that
A(z) is a real function. The third column of the same
figure shows the corresponding profiles of A(z). How-
ever, in the case of complete separation (bottom panel)
the phase difference between the two sides is irrelevant,
because the two regions of pure fermions, separated by
the central Bose gas, behave as independent superfluids
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FIG. 3: (color online) Density profiles of fermions (blue line)
and bosons (red line) for solitonic states as in the central col-
umn of Fig. 1, with the same interaction parameters, but with
fermions in the BCS regime (1/kras; = —1). The structure
is qualitatively the same as at unitarity, but the soliton is
shallower and the fermionic density exhibits Friedel oscilla-
tions. The order parameter, not shown, is also similar to the
one in the right column of Fig. 1, but with Ay = 0.22FF.

with no phase coherence; in fact, we have numerically
checked that, by arbitrarily changing the phase differ-
ence of the order parameter, both ny and |A| remain
unchanged in the solution of the coupled BdG and GP
equations. Moreover, adding more bosons would sim-
ply result in further separating the fermionic superfluids,
keeping the same structure of the domain walls. This is
not the case of the partially mixed phase shown in the
central panel where, if we suddenly change the sign of
A on the left side, for instance, the solitonic structure
is quickly lost and the solution converges to one with-
out soliton, as in the first column. This proves that the
dark-bright soliton in the intermediate partially mixed
phase has indeed solitonic character, being an effect of
nonlinearity and phase coherence.

V. FERMIONS IN THE BCS AND BEC
REGIMES

Now we discuss what happens when the fermionic com-
ponent of the mixture is in the BCS-BEC crossover, away
from unitarity.

In the BCS regime (1/kpasy < 0) fermions can
also phase-separate from bosons either partially or com-
pletely. This is not surprising, as the BCS and the uni-
tary regimes share many similar features as suggested,
for example, by the fact that the chemical potential is
positive in both cases. The qualitative picture of phase

separation is the same: a uniform mixture is stable for
small values of the the parameter ggfno /(g9 EF), a par-
tial phase separation occurs for larger values, and a com-
plete phase separation for an even larger coupling. As a
consequence, also the structure of the solitonic solutions
is expected to be similar. In Fig. 3 we show the results
for 1/kpas; = —1, for the same parameters used at uni-
tarity in the central column of Fig. 1. Apart from more
pronounced Friedel oscillations and a shallower solitonic
depletion in the density distribution of fermions [16], we
find that the results look indeed very similar. If one
moves further into the BCS regime, however, the soli-
tonic structure becomes broader and broader, and less
robust against instability mechanisms associated to the
fermionic degrees of freedom [21].

In order to discuss the BEC regime (1/kpass > 0)
we have to recall that the fermionic superfluid of ultra-
cold atoms in the BCS-BEC crossover is actually made
of an equally populated two-spin-component Fermi gas
and the s-wave scattering length ays; accounts for the
interaction between atoms with different spins. Due to
pairing, this two-component gas behaves as superfluid
described by an order parameter A and the total density
ny, as we have done so far. However, in the BEC regime
fermions with opposite spins form tightly bound bosonic
dimers, which in turn form a Bose-Einstein condensate.
In this situation neither Eq. (1) nor Eq. (2) hold. The
Bose-Fermi mixture thus behaves as a Bose-Bose mix-
ture, where one of the two bosonic components is the
condensate of dimers, and the system can be described
by two coupled GP equations

: h? )
ihOypq = —%V%d + GaalVal*va + §lve*va
h2
ihoppy = _vaz¢b+gbb|¢b|2wb+§|¢d|2¢b . (4)

where the mass of the dimer is mq = 2my and the cou-
pling constants of the dimer-dimer and dimer-boson in-
teractions, in the first Born approximation, are given by
gad = 295 and § = 2gpy (note that, though the exact
many-body values for these parameters are different [33],
we use the mean-field expressions for consistency with the
BdG equations). An important consequence is that the
region of the phase diagram of the mixture where one
finds the intermediate, partially mixed phase becomes
narrower when moving from unitarity towards the BEC
regime [8] and eventually disappears in the deep BEC
limit. An example is given in Fig. 4, where we show
the density profiles of fermions (blue lines) and bosons
(red lines) of the Fermi-Bose mixture, obtained by solv-
ing the coupled BAG and GP equations (3a)-(3d) for
1/krayss = 1, the other parameters remaining the same
as in the central row of Fig. 1. The solution in the top
panel corresponds to the case where the phase of the
order parameter A is constant, while the one in the bot-
tom panel is obtained by imposing a 7 phase difference
and a node at the centre. Two main comments are in
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FIG. 4: (color online) Density profiles of fermions (blue line)
and bosons (red line) for uniform (top) and solitonic (bottom)
states as in the central row of Fig. 1, with the same interaction
parameters, but with fermions in the BEC regime (1/krass =
1). The black dashed lines show the results obtained with the
coupled GP equations (4).

order: i) the comparison with Fig. 1 shows that the par-
tially mixed phase, which was present at unitarity for the
same value of ggfno/(gbbEF), is lost in the BEC regime
in favour of a fully separated phase; ii) if we calculate the
density profile by solving the coupled GP equations (4)
(dashed lines) instead of the the coupled BdG and GP
equations (3a)-(3d) (solid lines), we find very similar re-
sults.

These considerations suggest that the unitary regime
is the most suitable and interesting for the investigation
of dark-bright solitons in Fermi-Bose mixtures.

VI. CONCLUSIONS

In this work we theoretically study a mixture of Bose
and Fermi superfluids by using a mean-field theory based

on the solutions of coupled BdG and GP equations.
We tune the interaction between fermions in the BCS-
BEC crossover, and we also vary the interspecies and
intraspecies interactions in order to explore the three
regimes of fully mixed, partially mixed and fully sepa-
rated phases. The focus of the work is on solitonic solu-
tions, and we find that, in the regime of partial mix-
ing, a dark soliton in the Fermi component becomes
wider and deeper, taking all bosons in, but maintain-
ing phase coherence. This dark-bright solitonic structure
can serve to stabilize dark solitons in Fermi superfuids
against snaking instability, but it is also interesting in it-
self as an example of many-body state where nonlinearity
and coherence play a relevant role. A similar mechanism,
caused by the interaction with bosons, might also favour
the realization of the Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) phase in the unitary regime of the Fermi gas.
We finally notice that the range of parameters in which
we find partial mixing may be experimentally accessible
using, for instance, mixtures of 5Li-"Li, 5Li-®"Rb or 2>Na-
87Rb. When the mass of the two components is different,
and particularly when my/m; < 1, the situation is ex-
pected to be even more favourable. In fact, by express-
ing Eq. (2) in terms of masses and scattering lengths,
one finds that the condition for the stability of the mis-
cible phase becomes (n}/3)crit o< app/agy(my/my)/[1 +
(mg/myp)]*> and phase separation can be reached for

smaller densities, possibly accessible to current experi-
ments.
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