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Abstract

Squeezed state of light is one of the important subjects in quantum optics which is
generated by optical nonlinear interactions. In this paper, we especially focus on qubit
like entangled squeezed states (ESS’s) generated by beam splitters, phase-shifter and
cross Kerr nonlinearity. Moreover the Wigner function of two-mode qubit and qutrit
like ESS are investigated. We will show that the distances of peaks of Wigner functions
for two-mode ESS are entanglement sensitive and can be a witness for entanglement.
Unlike the qubit cases, it is shown that there are qutrit like ESS violating monogamy
inequality. These trends are compared with those obtained for qubit and qutrit like
entangled coherent state (ECS).
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1 Introduction

Squeezed states are a general class of minimum-uncertainty states, for which the noise in one
quadrature is reduced compared with a coherent state. The squeezed state of the electromag-
netic field can be generated in many optical processes [II, 2, B]. The first two experiments
used third-order nonlinear optical media. Squeezed state finds a wide range of applications in
quantum information processing [4]. A superposition of odd photon number states for quan-
tum information networks has been generated by photon subtraction from a squeezed vacuum
state produced by a continuous wave optical parametric amplifier [5]. In Ref. [6], orthogonal
Bell states with entangled squeezed vacuum states were constructed and a scheme for telepor-
tation a superposition of squeezed states based on the Bell state measurement were presented.
An analysis of squeezed single photon states as a resource for teleportation of coherent state
qubits was investigated in Ref. [7]. In [8] it was shown that non-Gaussian entangled states are
good resources for quantum information processing protocols, such as, quantum teleportation.
The problem of generating ESS’s was discussed in [0, 10, 11, 12, 13, 14]. The new physical
interpretation of the generalized two-mode squeezing operator has been studied in [15] which
was useful to design of optical devices for generating various squeezed states of light.
Coherent states, originally introduced by Schrodinger in 1926 [I6]. In recent years, there
has been the considerable interest in studying multi-mode quantum states of radiation fields
because they have widely role in quantum information theory [17, 18| 19, 20] 2], 22| 23], 24], 25|
20, 27, 28], 29], B0, B1]. Entanglement concentration for W-type entangled coherent states was
investigated in Ref.[32]. Generation of multipartite ECS’s and entanglement of multipartite
states constructed by linearly independent coherent states are investigated in [33, B4]. In

[35] it was considered the production and entanglement properties of the generalized balanced
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N-mode Glauber coherent states of the form

oy \/—Zfz!az o), (1.1)

N modes

which is a general form of the balanced two-mode ECS [U®?)), = \/1—@(]00\04) + f15)]5)) and
M
|\I[(3)>c -

\/ﬁﬂaﬂa) + f118)18) + f2|7)]7)). By assumption that the coherent states are
linearly independent, these states recast in two qubit and qutrit form respectively. Then the
entanglement of this states was evaluated by concurrence measure. In Ref. [36], the effect of
noise on entanglement between modes 1 and 2 in qubit and qutrit like ECS’s was investigated.

In 1932, Wigner introduced a distribution function in mechanics that permitted a descrip-
tion of mechanical phenomena in a phase space [37, [38]. Wigner functions have been especially
used for describing the quadratures of the electrical field with coherent and squeezed states or
single photon states [39, 40, [41]. The Bell inequality based on a generalized quasi probability
Wigner function and its violation for single photon entangled states and two-mode squeezed
vacuum states were investigated in Ref. [42]. In [43] the negativity of the Wigner function
was discussed as a measure of the non-classicality which is a reason why the Wigner function
can not be regarded as a real probability distribution but it is a quasi-probability distribution
function. This character is a good indication of the possibility of the occurrence of nonclassi-

cal properties of quantum states [44]. The Wigner function of two-mode qubit and qutrit like

ECS’s was investigated in [45].

In this paper we consider two-mode qubit like ESS |¥(?)), = \/W(K@ + flmm)). As two
squeezed states are in general nonorthogonal, they span a two dimensional qubit like Hilbert
space {|0),]1)}. Therefore, two-mode squeezed state |¥(?), can be recast in two qubit form.
Moreover as an example we introduce a method for producing qubit like ESS using kerr medium

and beam splitters [12]. The same argument can be formulated for other two-mode squeezed

states such as |[U®)), = \/ﬁﬂfﬁ) + filmm) + fo|77)), in which the set {|£), |n), |7)} are linearly

independent and span the three dimensional qutrit like Hilbert space {|0),|1),]2)}, implying
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that [U®), can be recast in two qutrit form. The entanglement of the state |¥(?), can be
calculated by concurrence measure introduced by Wootters [46, 47] and in the same manner,
its generalized version [48] can be used to obtain the entanglement of |[¥®)),. Moreover we
investigate the Wigner quasi-probability distribution function for qubit and qutrit like ESS.
For both qubit like ESS and ECS the distance of peaks in Wigner function can be an evidence
for amount of entanglement. While for qutrit like ESS this argument seems to be rather pale.
On the other hand, the monogamy inequality problem for multi-qutrit like ESS and ECS are
discussed and it is shown that there are qutrit like states violating monogamy inequality.
The outline of this paper is as follows: In section 2 we investigate the entanglement of
two-mode qubit like ESS and compare it with ECS. Moreover the Wigner quasi-probability
distribution function for qubit like ESS is studied in this section. The behavior of Wigner
function and monogamy inequality for multi-qutrit like ESS are discussed in section 3. Our

conclusions are summarized in section 4.

2 Two-mode Qubit like ESS’s

A rather more exotic set of states of the electromagnetic field are the squeezed states. The
squeezed state of light is two-photon coherent state that photons will be created or destroyed

in pairs. They may be generated through the action of a squeeze operator defined as

N

5(6) = expl (€782 — ), (2.2

where € = 1€, and r; is known as the squeeze parameter and 0 < r; < oo and 0 < §; < 2.
Note the squeeze operator is unitary and ST(¢) = §71(¢) = S(—¢). The operator S(€) is a kind
of two-photon generalization of the displacement operator used to define the usual coherent
states of a single-mode field. Acting squeeze operator on vacuum states would create some

sort of two photon coherent states:

1€) = S(9)[0), (2.3)
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namely squeezed states. One can write the squeezed states in terms of Fock states |n) as

|£> = \/TTH ;(—6 ! tanhrl) - |2n> (24)
The overlap of two squeezed state reads
1
(€l = (2.5)

\/cosh r1 coshra(1 — e~*A9 tanh r tanh 1) 7

in which & = 7€, n = rye®? and A0 = 0, — 0,.

2.1 Entanglement of Two-Mode Qubit like ESS

Let us consider two-mode qubit like ESS as

1

[v®), = (1€€) + flnm), (2.6)

M&

where f, £ and n are generally complex numbers and M? is a normalization factor, i.e.
M =1+|f +2Re(fp%), (2.7)

in which p = (£|n) is equal to Eq.. Note that we used the superscript (2) for qubit-like
states to distinguish it from that of qutrit like states in the next section and superscript s is
referred to squeezed states to distinguish it from coherent states. Two nonorthogonal squeezed
states |£) and |n) are assumed to be linearly independent and span a two-dimensional subspace
of the Hilbert space {|0),[1)}. The state |¥?)), is in general an entangled state. To show this
avowal we use a measure of entanglement called concurrence which is introduced by Wooters
[46], [47]. For any two qubit pure state in the form |¢)) = ago|00) + ap1|01) + a10/10) + a11]11),

the concurrence is defined as C' = 2|agpai; — ap1a10|. By defining the orthonormal basis as

1
0) =18), 1) = ——=—==5(Im —pl&)), (2.8)
V1=1p|
the state |¥(?)), is reduced to the state |)). Therefore the concurrence is obtained as
2|f](1— L
0(2) |f‘ ( cosh 71 cosh ry \/l—i-tanh2 r1 tanh? ro—2 cos A6 tanh r1 tanh ro (29)

2f(1—cos Af tanhr tanhra) ’
cosh rq cosh ra((1—cos Af tanh 1 tanh r2)2+sin2 A6 tanh? r1 tanh? r2)

1424
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where for simplicity we assume that f to be a real number. The behavior of concurrence as

a function of f is shown in figure [l in which for comparison we also plot the behavior of the

concurrence of two-mode qubit like ECS, [T®), = ﬁﬂaa) + f18B)) (for further details
M.

see [35]). A comparison between full and dashed line in figure [1| shows that for f > 0 the
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Figure 1: (Color online) Concurrence of |¥(?)), (dashed line) and [¥(?), (full line) as a function of

f forry =1.5: (a) ro =2 and A9 =0 and (b) 7o = 0.5 and Af = 1.687 .

concurrence of squeezed state is less than the concurrence of coherent state. On the other
hand for f < 0, there are ry, ro and A# for which the cross over occurs. Moreover figure shows

that only for f = 0 the state |[U(?), is separable which is confirmed by Eq.(2.9). If we assume

that all parameters are real and f = 1 the concurrence (2.9)) is rewritten as

1 — sech[Ag]
©) =_ s
A 1 + sech[Ay)’ (2.10)

where A, = £ — 7. This equation shows that the concurrence is a monotone function of A
(see figure . If Ay — oo, the concurrence tends to its maximum (C’,(,%C)m = 1), while for small
separation (i.e. Ay — 0) the concurrence tends to zero and the state becomes separable. Such
ESS can be generated by beam splitters (BS), phase-shifter and cross Kerr nonlinearity [12].
The interaction Hamiltonian for a cross Kerr nonlinearity is H = hkn,n, where n, and ny,

are photon number operators of mode a and mode b, respectively. k is proportional to the
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Figure 2: (Color online) Concurrence of [¥(?), as a function of Ay =& — 7 .

third-order nonlinear susceptibility x©®). The time evolution operator is

A

U(r) = e, (2.11)

in which 7 = kt = k(l/v), here [ is the length of Kerr medium (KM) and v is the velocity of
light in the Kerr medium. If we assume that mode a is initially in a squeezed vacuum state
|£)a, and choose 7 = 7, then we will obtain the superpositions of squeezed vacuum states
lo) ~ [€)a | — &)a. Assume that the input state to BS1 is |1),|0)., the output state becomes
\%(HO)bC + i|01)p.) (see figure . On the other hand the state |£), after transmitting from
Kerr medium and the phase shifter P = iV is reduced to
1

V2

Now let mode b interacts with mode a’ (in a squeezed vacuum state |n),), then the state [i);)

(1) = —=(16e77)al10)be + ie”[€)al01 ec)- (2.12)

after the Kerr medium K M2 and BS?2 is transformed to

[¥2) = 3(1€e™)alne™ )ar — €“l€)aln)a) |10}
+5(1€e7*Malne ™ ) + €°1€)alm)ar) 01 se.

Now if one of the detectors, D, or Dy, fires then we have the entangled states

(2.13)

(|€e_2iT>a|77€_2iT/>a’ - €i0|£>a|n>a’)a (2.14)
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or
116 )alne ™) + €?l€)aln)ar), (2.15)
in which by choosing different parameters 7, 7" and 6, different entangled states can be obtained

[12]. By taking 7 = 7/ = Z and 6 = 0 we have [0@),; ~ | = &)o| — N)w — [§)a|n)e which is

M1 N\ KM1 KM?2 M2
e 1\ f _—

Figure 3: (Color online) Experimental set up for generation ESS.

in general an entangled state. Similarly two nonorthogonal squeezed states {|£),| — &)} and
{In),| —n)) are assumed to be linearly independent and span a two-dimensional subspace of

the Hilbert space {|0),|1)} which are defined by

0) =16), [1) = % for system 1,

(2.16)
0)=1[m), [1)= w for system 2,
where
p1 = — &), Ny =+/1—-p?
1 <§| 5> 1 i (2'17)

pa=(l—mn), Np=+/1-p3,
where again for simplicity we assumed £ and 7 are real parameters. Then the concurrence of

the state

1
W@, = [(pipy — 1)]00) + Nopr[01) + Nipo|10) + Ny Na|11)}, (2.18)

2(1 —plpz)

becomes
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The behavior of concurrence as a function of r; and 7, is shown in figure[d Figure [4 shows that

Figure 4: (Color online) Concurrence of W@)) ¢ as a function of r; and ro.

for 7, =79 # 0 (i.e. p, = py) the state [1)?)), is maximally entangled state (i.e. c¥, = 1).

2.2  Wigner Function for Qubit like ESS

One of the important quasi-probability distribution over phase space is the Wigner function

defined as [49]

W(y) = 1 / A XCyy (NN (2.20)

2
in which Cy/(\) = Tr(pD()\)). D(\) = exp(aa’ — a*a) is displacement operator and p is
reduced density matrix which is obtained by partially tracing out second mode. Here we
investigate the behavior of Wigner function for qubit like ESS, Eq.. Wigner characteristic

function reads

O () = Ml@) {EDWIE) + DN ) + Fp(EIDN) ) + (I DAIEN}.  (221)

s

For calculating the Wigner characteristic function, we use the fact S(§)D(M\)[0) = |A,€) is a
squeezed-coherent state. Moreover S(§) and D(A) may commutate each other for appropriate

parameters i.e.,

S(€)D(A) = D(N)S(8), (2.22)
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where N = uA + vA* and

i = coshry, v = e sinhr. (2.23)

By substituting C&Q,)()\) in Eq. 1} the Wigner function can be obtained as

W(Q)('V) = ﬁ{%(e(ﬂ%ﬁiuﬁ) + fZG(M))
f ) 5y
Tr\/QR(MN/*I/I;//)(AfoD) eXp[A_’yB_D(_l + m)] (224)
fp

2 ' p:
ﬂ\/QR/(uu’fw/)(A/fB/fD’) eXp[A’—;’— ’( L+ 2R/ (A’ D’))]}7

in which

A= %(M’2+y’2+_2u'/(vu ulj))7 A = %(u2+yz+2u:(:fi’;51/’))7

vip—p'v 2w —p!
:%(_M/V,_%), B/zé(—uv—%), 2.25)
V20 it V2 (i — ’
- %(_M,I/ - u(u’}iuﬁ’ ))7 D = %(—,ul/ - L(Lu/’i—vl;’ ))’
)

and i/ = coshry, v/ = €2 sinhry. Note that for simplicity we assume that all parameters

except A are real i.e.
i =cosh¢&, v =sinh¢, (2.26)
@ = coshn, 1/ =sinhn.
Now we consider two special cases f = +1:
For the case f = 1 we plot the diagram of Wigner distribution as a function of ~ for given &
and 7 (see figure[5)). Figure [5|shows the behavior of Wigner function for squeezed and coherent
states. By increasing the difference of ¢ and n the width of squeezed Wigner function W (7)
and its concurrence increase. On the other hand for ECS the distance of peaks of w (7)
increases. For f = —1 the behavior of W () and W () are rather dissimilar. Unlike the
2 (7), the peaks of W (7) approach to each other by increasing the difference of Ay = £—n).
This affectation is different for W, (7), that is the peaks of W () recede from each other
by increasing the A, = a — 3 (see figure @ As an another example we study the Wigner

function for the qubit like ESS which is generated by beam splitters, phase-shifter and cross
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W, (y)

(2) (®)

Figure 5: (Color online) Wigner distribution as a function of v with f =1 (a) s(2)(7) for given &,

n=20.5, (b) Wc(2)(’y) for given o, 5 =0.5.

Kerr nonlinearity (i.e. [/®)s ~ | = &)a| = 0 — [€)a]n)ar). The Wigner function is given by

2
@) e~ g (cosh2etsinh20) /ooopE —wziz(—l+7cosh4£—9sinh45)
W (év n, 7) - 7r\/cosh2§(—1+\/cosh§<:osh77){_6 feomh s (2 27)

_ 6_§ cosh 2 (1+tanh 2€)(3+4 tanh 2¢) + (1 + 672 sinh2§) COShT]COSh 25}

The behavior of Wigner function is illustrated in figure[7} Figure[7] confirmed the above results
i.e. by increasing A, the two peaks in Wigner function approach each other. Furthermore,
figure [7] shows that the Wigner function begin to be negative for large values of 7. Negativity
of the Wigner function is the reason why the Wigner function can not be regarded as a real
probability distribution but a quasi-probability distribution function and it is a good indication

of the possibility of the occurrence of nonclassical properties [43].

3 Qutrit like ESS’s

In this section we consider two and three-mode qutrit like ESS’s. First consider two-mode

case:

WOy, = — L (lee) + fulmm) + folrr), (3.28)
AR
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Figure 6: (Color online) Wigner distribution as a function of v with f = —1 (a) Ws(Q)(fy) for given
n, & =1, (b) 6(2)(7) for given 8, a = 1.

where ¢ = 1€, n = rye and 7 = r3¢® are generally complex numbers and the normal-
ization factor M = 1 + I3+ f3+ 2fiRe(p?) + 2f2Re(p3) + 2f1 f2Re(p3) with p; = (£|n),
pa = (7|n) and ps = (7|¢). For simplicity we assume that all parameters are real. From
linearly independent of three squeezed states |£), |n) and |7), one can define three-dimensional

space spanned by the set {|0),|1),]2)} as
10) = 1),
_ 1 _
1) = m(‘m p1l€)), (3.29)
_p2 _ _
2) = s (17 + (B + (BER)1))

By substitution these basis into Eq.(3.28) the state [U®)), is reduced to a qutrit like ESS. We

use the general concurrence measure for bipartite state |1)) = 3% Z;.lil a;jle; ® e;) [48]. The
norm of concurrence vector is obtained as C' = 2(% %2: lakaj — ailajk\2)1/2, where d; and d,
are dimensions of first and second part respectivezfyj. k<ll“he behavior of concurrence |¥®)), is
represented in figure . In order to compare this result we also plot the concurrence of [W®),
in the same figure . By |¥®)), we mean that in Eq. the squeezed states |£), |n) and |T)
must be replaced by coherent states |),|3) and |v). Figure[J[a) displays the Wigner function

of [W®)) as a function of vy with f; = f, = 1 for a given &, and 7 and figure |§|(b) shows the
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——y

Figure 7: (Color online) w? (7) as a function of v for given: £ =n = 0.5 (red), £ = 0.5, n =1

(blue), £ =1, n =2 (orange), £ = 1, n = 3 (black).

behavior of concurrence C® () as a function of ¢ for a given n = 7 = 0.5. By comparison we
deduce that by increasing the differences of £, 7 and 7 both the width of Wigner function and
the concurrence are raising. Once again we assume f; = fo, = —1 and investigate the behavior
of Wigner distribution as a function of v and £ for given n and 7 (see figure . On the other
hand figure [L1] shows that for £ = 1.5, the Wigner function takes negative values which is a

good indication of the possibility of the occurrence of nonclassical properties.

3.1 Monogamy Inequality for Multi-Qutrit like ESS

Another problem that arises in multipartite states is monogamy inequality. Here in this section
we examine the concurrence based monogamy inequality for qutrit like ESS. To this end

consider multi qutrit like ESS:

B9, = — (1)) + ful)onl) + folT)on ), (3.30)

\ MY

in which

MY =1+ f7 + f3+2fipY + 2/ + 211 ford), (3.31)
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Figure 8: (Color online) Concurrence of [¥®)), (dashed line) and |¥(3)), (full line) as a function of

fiforE=6,n=257=5and fo =—1.

is normalization factor and for simplicity we assume that the all parameters are real. Next
imagine the state |®®), as tripartite A, B and D including m;, ms and ms = N — m; — ms
modes respectively. For the moment, suppose that 7 — oo, i.e. po,p3 = 0 and p; # 0.
One can easily obtain the reduced density matrices pap = T?}(\@E@) ABD((IDS\?)D and pap =
TTB(@%)> ABD(CIDE\?)D by partially tracing out subsystems D and B respectively. For general
mixed states the concurrence is defined as |Cf* = 37 5 |Cypl? where Cof =\ S A

with \; = max{\;,i = 1, ...,d2} and A’ are the nonnegative eigenvalues of 77* defined as [50]
P07 5By~ B-a) ® (Es — E_o)p" (Fa— B-)® (Es — o). (3.3

where a’s are positive roots of the lie group (here SU(3)) and E.4,’s are corresponding
raising/lowering operators (like Ji of the angular momentum operator). Let us consider

N =20,m; =1,my =2 and fy = 0.4 and explore monogamy inequality [51], 52, [53]
CE\(BD) > Cip + Cap, (3.33)

where C'yp and C4p are the concurrences of the reduced density matrices of pap and pap

respectively and C4(pp) is the concurrence of pure state |®3)), with respect to the partitions
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Figure 9: (Color online) (a) w (7) as a function of v with f; = fo = 1 and £ = 0.5 for given

n=71=05(red), n =057 =2 (blue), n = 1,7 = 2 (green), n = 1.5,7 = 2 (black), n = 7 = 2

(orange), (b) C®)(€) as a function of £ for given n =7 = 0.5.

A and BD. The concurrence vectors C' 45 and C4p read

Cam — V/ (1=p?)2(14p?) AF3p3 + £ (p*—1F))
AB — 1.16+f12+2f1p20 9
Cur — /52 (p*—pS—pP8+p*0)
AD — 1.16+f12+2f1p20 9

(3.34)

where p = L . On the other hand, one finds that
\/COSh r1 coshra(1—tanh rq tanhrp)

2/0.16f7(1 — p)p*® + 1.16f7 (1 — p)(1 — p'°) + 0.16 ffp*(1 — p'°) + 0.16(1 + f1p®)?)
1.16 + 2f1p2 + 2 '

Cap) =

(3.35)
The behavior of Tapp = C3 pp) — Cap — Cip as a function of fi for given § and 7 is shown
in figure [12l One can immediately deduce that T745p becomes negative for some values of f;
which is a violation of the monogamy inequality. In order to compare this results with ECS

we also display the results of Tﬁ% p calculated in Ref. [35].

4 Conclusion

In summary, we introduced two-mode qubit and qutrit like ESS’s. For qubit like state [¥(2))

a comparison between ESS and ECS showed that for f > 0 the concurrence of squeezed state
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Figure 10: (Color online) Ws(g) (7,€) as a function of v and & with f; = fo = —1 for given n = 0.2

and 7 = 0.4.

is less than the concurrence of coherent state. On the other hand for f < 0, there were rq,
ro and A@ for which the cross over occurred. It was shown that considering all parameters to
be real and f = 1 the concurrence is a monotone function of A, with the properties that for
Ay — 00, the concurrence tends to its maximum value (C’r(,?()w = 1), while for small separation
(i.e. As — 0) the concurrence tends to zero and the state becomes separable. Moreover we
investigated the ESS generated by beam splitters, phase-shifter and cross Kerr nonlinearity
and showed that for r; = 75 # 0 (i.e. p; = py) the state [p?)), is maximally entangled state
(i.e. c, = 1). We also compared the Wigner functions W () 2 (v) of ESS and ECS
respectively. For f = —1, unlike the Wi (), the peaks of w? (7) approached to each other
by increasing the difference of Ay = & — n. This affectation was different for W (), i.e. the
peaks of W (7) receded from each other by increasing the A. = o — . A similar result was
discussed for qutrit like ESS, [¥®),. Comparison the concurrences of ESS and ECS illustrated
that for fo = —1 there are &, 7 and 7 in which cross over occurs. Furthermore for f; = fo =1
it was shown that that by increasing the differences of ¢, 1 and 7, the width of W®)(v), and
the concurrence C®)(¢) are raising. On the other hand for f; = f, = —1 the Wigner function
W () took negative values which was a good indication of the possibility of the occurrence

of nonclassical properties. Finally we showed that it is possible to find some f;, for which



Qubit and Qutrit like ESS 17

T s CR—T

Figure 11: (Color online) w® (7) as a function of v with f; = fo = —1 for given { = 1.5,7 = 0.2

and =04 .

Tapp < 0 implying that the monogamy inequality may be violated for qutrit like ESS.
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