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Optimal anisotropic meshes and stabilized
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Abstract

We propose a numerical method to generate the anisotropic meshes and select the
appropriate stabilized parameters simultaneously for convection diffusion equations
by stabilized continuous linear finite elements. Since the discretized error in a suitable
norm can be bounded by the sum of interpolation error and its variants in different
norms, we replace them by some terms which contain the Hessian matrix of the true
solution, convective fields, and the geometric properties such as directed edges and the
area of the triangle. Based on this observation, the shape, size and equidistribution
requirements are used to derive the corresponding metric tensor and the stabilized pa-
rameters. It is easily found from our derivation that the optimal stabilized parameter
is coupled with the optimal metric tensor on each element. Some numerical results
are also provided to validate the stability and efficiency of the proposed numerical
method.
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1 Introduction

This paper is concerned with the finite element solution of the following scalar convection-
diffusion equation

(1.1)

—eAu+b-Vu = f, in Q,
u = g, on 08,

where Q C R? is a bounded polygonal domain with boundary 9, ¢ > 0 is the constant
diffusivity, b € [W1°°(Q2)]? is the given convective field satisfying the incompressibility
condition V-b = 01in Q, f € L?(Q) is the source function, and g € H'/?(9) represents
the Dirichlet boundary condition.

Despite the apparent simplicity of problem (ILT]), its numerical solution become particu-
larly challenging when convection dominates diffusion (i.e., when € < ||b||). In such cases,
the solution usually exhibits very thin layers across which the derivatives of the solution
are large. The widths of these layers are usually significantly smaller than the mesh size
and hence the layers can be hardly resolved. As a result of this, on meshes which do
not resolve the layers, standard Galerkin finite element methods have poor stability and

accuracy properties.

To enhance the stability and accuracy of the Galerkin discretization of (LI in the
convection-dominated regime, various stabilization strategies have been developed. Ex-
amples are upwind scheme [16], streamline diffusion finite element method (SDFEM), also
known as streamline-upwind /Petrov-Galerkin formulation (SUPG) [9,[18], the Galerkin/
Least-squares method (GLS) [19], residual free bubbles (RFB) functions [51[6,10], expo-
nential fitting [3L[7[33], discontinuous Galerkin methods [4,[17], and spurious oscillations
at layers diminishing (SOLD) methods (also known as shock capturing methods) [21H23].
we refer to the monograph [30] for an extensive survey of the literature.

However, if uniform meshes are used for stabilized finite element method, oscillations
still exist near the layers in some cases although very fine meshes are used [20]. Hence,
it is more appropriate to generate adaptively anisotropic meshes to capture the layers.
There are some recent efforts directed at constructing adaptive anisotropic meshes which
combine a stabilized scheme and some mesh modification strategies. For example, the
resolution of boundary layers occurring in the singularly perturbed case is achieved using
anisotropic mesh refinement in boundary layer regions [2], where the actual choice of the
element diameters in the refinement zone and the determination of the numerical damping
parameters is addressed. In [29] an adaptive meshing algorithm is designed by combining
SUPG method, an adapted metric tensor and an anisotropic centroidal Voronoi tessellation
algorithm, which is shown to be robust in detecting layers and efficient in avoiding non-
physical oscillations in the numerical approximation. Sun et al. [31] develop a multilevel-
homotopic-adaptive finite element method (MHAFEM) by combining SDFEM, anisotropic
mesh adaptation, and the homotopy of the diffusion coefficient. The authors use numerical

experiments to demonstrate that MHAFEM can efficiently capture boundary or interior



layers and produce accurate solutions.

This list is by no means exhausted, and there are many efforts to construct adaptive
anisotropic meshes by combining a stabilized scheme and some mesh modification strate-
gies. However, so far as we know, there are still two key problems which haven’t been

solved in rigorous ways.

First, although there are many results on optimal anisotropic meshes for minimizing the
interpolation error and also the discretized error of finite element method for solving the
Laplace equation due to céa’s lemma, its extension to the discretized error of stabilized
finite element method for the convection-dominated convection-diffusion equation is not
clear. So far as we know most results on optimal anisotropic meshes for the stabilized
finite element method applied to the convection-dominated convection-diffusion equation
is just the same with that for the interpolation error. In fact, this strategy is not optimal,
which will be illustrated experimentally later in this paper.

Second, there is a crucial factor to make the stabilized finite element method successful,
that is, the proper selection of the stabilization parameter a i on element K. The standard
choice for quasi-uniform triangulations is ( [30, P. 305-306])

o — aohxi Peg > 1, (convection-dominated case)
K a1h3. /e Per <1, (diffusion-dominated case)

with appropriate positive constants ag and aq. Here Peg = ||bl|o,00,x i /(2€) is the mesh
Peclét number and hx = supy yeg [|x — x| is the diameter of the mesh cell K. A more
sophisticated choice is to replace the diameter hx of the mesh cell in the above definition
for ae by its streamline diameter hy,  which is the maximal length of any characteristic
running through K. How to extend this strategy to the case of anisotropic meshes? There
are some attempts which basically use the analog of isotopic case to get the following form

of stabilization parameters

hx

bl hi
2|bl|x

2e

ax = min{l,%}, with Pe = (1.2)
For example, Nguyen et al. [29] use the form of stabilization parameters (L2]) by setting
hx as the length of the longest edge of the element K projected onto the convective field
b, denoted by “LEP” in this paper. Another similar choice of hg is the length of the
projection of the longest edge of the element K onto the convective field b, denoted by
“PLE”. As pointed in isotropic case, a more sophisticated choice is to replace the diameter
hg of the mesh cell by its streamline diameter hp x which is the maximal length of any
characteristic running through K, i.e., the diameter of K in the direction of the convection
b, denoted by “DDC”. There are also some other choices of stabilized parameters derived
by relatively rigorous theory on anisotropic meshes. For example, in [2] an anisotropic a
priori error analysis is provided for the advection-diffusion-reaction problem. It is shown
that the height, say hg, with respect to the diameter of each element K (denoted by
“DEE”), should be used for the design of the stability parameters in the case of external



boundary layers. In [24] an alternative approach is proposed showing that the diameter of
each element is again the correct choice. Micheletti et al. [27] consider the GLS methods
for the scalar advection-diffusion and the Stokes problems with approximations based on
continuous piecewise linear finite elements on anisotropic meshes, where new definitions
of the stability parameters are proposed. Cangiani and Sili [I0] use the stabilizing term
derived from the RFB method to redefine the mesh Péclet number and propose a new
choice of the streamline-diffusion parameters (This well-known fact that the RFB method
and the SDFEM are equivalent under certain conditions was first observed by Brezzi and
Russo [§]. The similar idea was also used in [25].) that is suitable for use on anisotropic
partitions. Although there are so many strategies on selection of the stabilization pa-
rameters, it is still hard to show which is optimal. Besides, there is little result on the
relationship between the strategy to generate the anisotropic meshes and the selection of
stabilized parameters.

In this paper, we propose a strategy to generate the anisotropic meshes and select the
appropriate stabilized parameters simultaneously for stabilized continuous linear finite
elements. As in [I3LT927], the discretized error (the difference between the true solution
and the stabilized finite element solution) in a suitable norm can be bounded by the sum
of interpolation error and its variants in different norms. Based on this result, we use
the idea in our recent work [32] to replace these norms of interpolation error by some
terms which contain the Hessian matrix of the true solution, convective fields b, and
the geometric properties such as directed edges and the area of the triangle. After that,
we use the shape, size and equidistribution requirements to derive the correspond metric
tensor and the stabilized parameters. From our derivation it is easily found that the
optimal stabilized parameter is coupled with the optimal metric tensor on each element.
Specifically, the relationship between the optimal metric tensor and the optimal stabilized

parameter on each element is given approximately by (&.1).

The rest of the paper is organized as follows. In Section 2], we state the GLS stabilized
finite element method for the convection-diffusion equation (LIJ). Section B is devoted
to obtaining the estimate for the discretized error in a suitable norm via the anisotropic
framework similar to that used in [32]. The optimal choice of the metric tensor and the
stabilized parameters for the stabilized linear finite element method are then derived in
Sectiondl Some numerical examples are provided in Section [l to demonstrate the stability
and efficiency of the proposed numerical method. Some concluding remarks will be given

in the last section.

2 Stabilized finite element discretization

We shall use the standard notations in for the Sobolev spaces H*(2) and their associated
inner products (-, -)s, norms || ||, and seminorms |- |5 for s > 0. The Sobolev space H°(2)

coincides with L?(€2), in which case the norm and inner product are denoted by || - || and



(,+), respectively. Let H}(Q) = {v € H(Q),v|pq = g} and Hj() = {v € H'(Q),v]sq =
0}. The variational formulation of problem (LI]) reads as follows: find v € H ;(Q) which
satisfies
A(u,v) = F(v), Yve H(Q), (2.1)
where A(-,-) and F(-) define the bilinear and linear forms
A(u,v) = (eVu, Vv) + (b - Vu,v),

and

Fv) = (f,v),
respectively.

Given a triangulation 7 of €, we denote the piecewise linear and continuous finite

element space by V", i.e.,
VP ={ve HY(Q),v|x € P1(K),VK € T},

where P;(K) is linear polynomial space in one element K. We then define Vgh =
VPO H 5(€) and Vi = VP HL(Q). The standard finite element method discretization
of 1)) is to find uy € Vgh such that

A(uh,vh) = f(vh), Yoy, € Voh. (2.2)

For convection-dominated problems (¢ < ||bl|) , [22)) using standard grid sizes are not
able to capture steep layers without introducing non-physical oscillations. To enhance the
stability and accuracy in the convection dominated regime, various stabilization strategies
have been developed. Here we take the GLS stabilized finite element method as an example
which reads as follows: find u;, € Vgh such that

Ap(up,v) = F(up), Yo, € VI, (2.3)
with
Ah(uh, Uh) = A(uh, Uh) + Z ozK(—sAuh +b-Vuy, —cAv, +b - VUh)K,
KeTy,
and
Fp(vp) = F(ug) + Z ar(f,—eAvy +b - Vo).
KeTy,

In this paper we use linear finite element method, so the terms Auy|x and Avy|g in the
two above equations are identically equal to zero. At this time, the GLS approach is the
same as the SUPG method, which also enjoys the result in this paper if the linear finite
element method is used. We endow the space H}(£2) with the discrete norm | - ||, defined,
for any w € HE(Q), by

[wl} = e Veol2aq) + 3 axlb- Vullag)- (2.4)
KeTy,



Lemma 2.1. The stabilized finite element approrimation uy defined by (Z.3) has the

following error estimate

e —unl < €7 (oo = Maula ) + el V(= W) 32
KeTy,

Faclb - V(= Ty [ ) + e[| Aw — )2 c)), (2.5)

where 11}, denotes the standard continuous piecewise linear interpolation operator.

Proof. See, for example, [13]19,27]. O

3 Estimates for the interpolation error and its variants

As stated in Lemma 2] the discretized error in || - ||, norm is bounded by four terms
of interpolation error and its variants in different norms. In fact the interpolation error
depends on the solution, the size and shape of the elements in the mesh. Understanding
this relation is crucial for generating efficient meshes. In the mesh generation fields, this
relation is often studied for the model problem of interpolating quadratic functions. For
instance, Nadler [28] derived an exact expression for the L?-norm of the linear interpolation

error in terms of the three sides £1, fo, and ¢3 of the triangle K:

K]

180 (e + oo + d33> &} + By + ), (3.1)

lu = Tpul|72 gy =

where |K| is the area of the triangle, d;; = ¢; - H(u)¢; with H(u) being the Hessian of w.

Three element-wise error estimates in different norms are derived by the following lem-
mas, which, together with ([BIl), are fundamental for further discussion. Suppose u is a

quadratic function on a triangle K. The function is given by its matrix representation:

Vx € K, u(x):1

2xtH(u)x. (3.2)

Lemma 3.1. Let u be a quadratic function on a triangle K, and llyu be the Lagrangian
linear interpolation of u on K. The following relationship holds:

IV (= ) 32 ) 48|K| > Ditity, (33)
] 1 2
where
Dy = d3y + d3s, Doy = d3y + d23, D1o = 2d35. (3.4)
Proof. The proof is similar to but easier than that of Lemma O

Remark 3.1. Lemma (31 is also used in [32].



Lemma 3.2. Let u be a quadratic function on a triangle K, and Ilpu be the Lagrangian
linear interpolation of u on K. Assume b is a constant vector on K, the following rela-

tionship holds:

1
- =) 2 = gy 2 Dk (3.5)
Yi<i
where
ki1 = (bg, —bl)gl, ko = (bg, —bl)gg. (3.6)

Proof. Following [26], we first derive an exact error estimate of the point-wise interpolation
error in K : Ve(x) = V(u — ITpu)(x) for x € K. This error is then integrated over K.
Here the standard reference element technique is used. To do this we define the reference

element K, by its three vertices coordinates:
%1 = (0,0)", %2 = (1,0)", and %3 = (0,1)".

All the terms are computed on K, and then converted onto the element K at hand by
using the following affine mapping:

x = X1 + Bgx with Bg = [(1, (3], x € K, X € K,
where
{1 = x9 —x1, and fo = x1 — X3.
In the frame of K., the quadratic function w turns into:

1 1 1 1
u(x(X)) = §x§H(u)x1 + 5xﬁH(u)BKfc + §§<tB§(H(u)x1 + 558BfKH(u)BKfc.

Since the linear interpolation is concerned, linear and constant terms of u(x (X)) are exactly
interpolated, these terms are neglected and only quadratic terms are kept. So we could
set u(x) = $x'BY H(u) BkX, with a matrix form:

t
1 1 ) d —d 7
u(x(x)) = =x'BicH(u)BgX = = v 11 12 Ay

2 2\ vy —da1  d 7

Then the function v in K, reads:
& 1 ~2 ~2 ~ A
u(x(x)) = §(d11$ + dooy” — 2d1227),

with its linear interpolation on K,.:

. 1 N N
Myu(x(x)) = §(d11$ + da23),

7



and the exact point-wise interpolation error:

. 1 . . . . A
e(x(x)) = §[d11(9€2 — &) + doa(§7 — §) — 2d1ag). (3.7)
It is obvious that the following formulas hold
T2 —T1 T3 —T1 —1 1 Ys—Yy1 T1— I3
Br =[l1,—l] = , By =———— .
1=l =0 [yz—yl y3—y1] K det(B) | y1— o 332—331]

After that it is easily to obtain

det(Br) - b'B " = bt [ ys UL LT ] = (by, —b1)[la, £1] = (Ko, K1)

Tr1 — T3 T2 — 1

Then we have

/K (b Vye(x))’dody = det(Bg) / (st;(tV;(e(x(fc)))Qd:Edg

T

_ 1 de(x(x))\2 . . de(x(X))\2 . ..
~ det(Bk) & /K< i > dwdwk?/ < 4 ) didj
+ 2kky /K ae(;f))ae(g;x))dmg]. (3.8)

Due to ([B1), we can easily obtain

“ o 8€(X()A())/3i' - 1 d11(2i' — 1) — legﬁ
Vie(x(x)) = ( de(x(%)) /04 ) D) < d2o(29 — 1) — 2d12% ) .

After simple calculation, the following results hold:
/ i*didy = / Pdidy — — / pgdidy — —
) Yy = Ty y_12a . Yy y_24a

1 1
/ 2didy :/ gidy = . / ldidj = ;.

Then we have

Oe(x(x))\2 . .
24 / (%) didj = d2y + d%5 = Do, (3.9)
o X 2
24 / <76(;<;x))> didj = d?y + d35 = Dy, (3.10)
Je(x(x)) de(x(x
48 / e(;‘éx)) e(;gx))dﬁcdg) — 2d%, = Dyo. (3.11)
Substituting (3:9)- (B11) into (B.8]) we get the desired results (3.3]) due to the fact det(By) =
2|K]. O



Lemma 3.3. Let u be a quadratic function on a triangle K. The following relationship
holds:

2
(‘62‘26111 — 26%626[12 + ’51‘26122)
16]K ]

JAul2a g0, = (3.12)

Proof. Similar to that of Lemma we can easily obtain

) 14,2 tiy 2 i
Au)ldzdy = det(B el g o 12 g g0 didg
/K( u)“dzdy et(Bk) /KT det(Br )2 11 det(Br)? 12+det(BK)2 22 | axray

2 2
(‘62‘26111 — 26%626[12 + ’51‘26122) <‘£2‘2d11 — 26%626[12 + ‘61‘26122)

2 det(Bx)? 16| K3

This is the desired result (812)) and the proof is complete. O

Remark 3.2. Since Au is a constant under our assumption, there is a rather direct and
easy way to prove LemmalZ3. However, we still use the frame of proof for LemmalZ.3 to

make the error expression be a consistent manner.

Theorem 3.1. Assume the exact solution u is quadratic on each element K, the error of

the stabilized finite element approrimation has the following estimate

lu—uplli < C > Ek, (3.13)
KeTy,
with

Ex = <id~>2+id2 + - ST Dyl + N Dk
K — 1800[[( P (1 — () 48‘[(’ & 1)t 48‘[(’ L 17™vetvy

= = ,_]—1,2 Zv]_172

i<j 1<j

Looxe (16a2d11 = 26, tarz + 16, P )2
16| Kp5 \*2 11 1bady2 117d22 )

where D;j(i,7 =1,2,4 < j) and k;(i = 1,2) are defined by (33)) and (30), respectively.

Proof. Together with Lemma 2] and Lemma B 321 [3:3] the conclusion is obtained
directly. O

Even the error estimate ([3.I3]) is only valid for those piecewise quadratic functions, how-
ever, it could catch the main properties of the errors for general functions. In fact, the
treatment to replace the general solution by its second order Taylor expansion yields a
reliable and efficient estimator of the interpolation error for general functions provided a

saturation assumption is valid [TL12].



For simplicity of notation in the following discussion, for each element K € T, we

denote by
3 3
|K]| 2 5 1 ¢
Qi.x = 180 <Zdzz> + de , Qo = WK - Dijtil;,
=1 i=1 1,j=1,2
1<j
Qa.rc = L Z Dijkikj, Q3 x = 1 (’5 2dyy — 204 bodys + |€ ’2d22>2
= T 2, Dot Qo = g (16l = 2itaha 16, Pn)
1<j

And then Eg in (BI3) can be recast into

Ex=Qik ag +Qox -+ éQ,K cag + Qs - age’.

4 Metric tensors for anisotropic mesh adaptation

We now use the error estimates obtained in Section 8] to develop the metric tensor for the
discretized error in || - ||, norm and give a new definition of the stability parameters which
are optimal in a certain sense. As a common practice in anisotropic mesh generation, the
metric tensor, M(x), is used in a meshing strategy in such a way that an anisotropic mesh
is generated as a quasi-uniform mesh in the metric space determined by M(x). Mathe-
matically, this can be interpreted as the shape, size and equidistribution requirements as

follows.

The shape requirement. The elements of the new mesh, 7, are (or are close to
being) equilateral in the metric.

The size requirement. The elements of the new mesh 7, have a unitary volume in

the metric, i.e.,
/ Vdet(M(x))dx =1, VK €T, (4.1)
K

The equidistribution requirement. The anisotropic mesh is required to minimize
the error for a given number of mesh points (or equidistribute the error on every element).

Notice that to derive the monitor function, we just need the shape and equidistribution

requirements.

4.1 Optimal metric tensor and stabilized parameters

We derive the monitor function M (x) first. Assume H(u) is a symmetric positive definite
matrix on every point x and this restriction can be explained by Remark 2 in [26]. Set
M (x) = C(x)H(u). Denoted by Hx and Cf the L? projection of H(u) and C(x) to the
constant space on K, and Mg = CxgHg. Since H is a symmetric positive definite matrix,

10



X3

Uy

X1

Figure 1: Affine map % = Fxx from triangle K to the reference triangle K.

we do the singular value decomposition Hyx = RTAR, where A = diag()\L K> A2, k) is the
diagonal matrix of the corresponding eigenvalues ()\17 K; A2,k > 0) and R is the orthogonal
matrix with rows being the eigenvectors of Hgx. Denote by Fx and tx the matrix and
the vector defining the invertible affine map x = Fg(x) = Fgx + tx from the generic
element K to the reference triangle K (see Figure [[). Here we take K as an equilateral
triangle with one edge which has angle 6 with the horizontal line. Let My = F};FK, then

1
Fr=C I%A%R. Mathematically, the shape requirement can be expressed as
01| = |lo] = |ls] = L, (4.2)
and
ol bl dd
R I R 2 R VA R Y

= cos(27/3) = —%, (4.3)

where L is a constant.

Theorem 4.1. Under the shape requirement, the following results hold:

Qi.x = %7 Qo.x = Lltr(Hye) , Q3 = 3LTer(Hic)” ,
T 150k " 32302 det(Hg)? KT 16CZ K| det(Hy)
and
O e = L4det(HK)5< AT A3 ) _ L'  Db'Hgb
’ 24C%  \Mx Aok’ 32v3CE  det(Hy)?

11



where

Ay 0 1
A = =R b.

Proof. From the definition for )1 x and the relation between ¢; and l@-, we have

3
Qo B (i) o] - LK

Similarly, together with (2] and (£3]), the following reduction is straight-forward:

_ 1 t 2 2/ 12 2 2
Qx = gy 2 Puliti= g (1P + )+ 12y + ) + 2001 - o))

=1 7

1<j

1
= BCIIK]| <|€1|2((€1 - Mycla)? 4 (€z - Micl3)?) + |0of? (01 - Micls)?
K
+(01 - Micls)?) +2(0 - 62)(4 -MK€2)2>
1 N 7 7 ” ~ ~ -~
= m(!&!z((&-@)2+(62-63) )+ 162 ((F) - 02)? + (0 - 05)?)
K

+2(4y - L) (0 .22)2)
- it () v () 1t (5 oot ()
+2(¢y - £3) cos? <2§)>

1
- 3 g, = Lodetli)? 3 (C*%RflA*%@-<C’%R*1A*%}>

(2

960}2{‘[(’2] 1,2 QGCK‘K’ i,7=1,2
i<j 1<J
1
_ L'det(Hg)? ) (A‘%@).(A—%@)
- = 7 7 )
96C% |K | =10
1<j

where we use the equality |K| = |K|/(CK\/det(HK)). Since /; = L(cosf,sinf) and
R t
by = —L<cos(§ +0),sin (% + 6)) , using simple calculation, we obtain

1 1 1

_ 14 -3 —% . t _ 14 -3 ™ -3 . ™ t
A3 = LA fcos, 0, fsind) , A73ly = —L (A, } cos (g +6),A, j sin (5 +0)) .
and then the following three equalities hold:

<A*%fl> . <A*%fl> =I° ()\i}( cos? 0 + Ai}( sin? 9),

<A_%é2> : <A_%é2> = (Achos (z+06) +)\2Ksm <§ +9)>,

12



A*%lﬁl . A7%é2 =_I? A;}(COSHCOS z—i—@ —i—)\;}(sinﬁsin E—i—@ .
; 3 ) 3

Thus, we get

4,j=1,2
1<j
which gives to
96C%|K| =, ' ! 128C%|K| det(Hk) — 32/3C2 det(Hy)3

i<j
And then the formula for Q)2 x is proved.

Similar calculation can produce the corresponding formula for Q3 k:

Qsx = gors (1620 — 2 0odis + | |2d22)2=L74( > a)’
’ 16| K[>\ ! ! L6CR KPP =,
Z<j
L4 9L8 tr(Hg)? 3L4r(Hy)?

= — AL+ > = = .
16CE|K|3 16< Lk Aok 256C% | K| det(Hk)?  16C%|K|det(Hg)
To analyze the term @2, K, more patience should be paid. First,

Qa5 48|K| (k2(d +d2y) + K3 (d3y + d3) + lede%Q)

1
= ——— (K2((01 - Mgls)? + (b - Mpcl3)?) + k2 ((01 - Myls)?
480%(|K|<1((1 Kl2)” + (la K3))+ 2((1 Kl2)

(0 - Mgcl3)?) + 2k ko (01 - Micls)® N7 kiky. (44)
) 9602 \K]” 7,
i<j

Second, using 0 = L(cos 0,sin6)!, we have
o= (bo—bi)ly = Coo (byy —b))R™A™ 3 = Cio? (Ay, Ap)A™ 34,
= Ct (A, Fcost 4+ Ao), Eosind).
Thus
k2 = Ot L2 <A%)\i}< cos® 6 + A3N b sin 0 + Ay Ap(Ay g ho,) 2 sin(29)).
Using /5 = (cos (% + 9),sin <% + 9>>t, we have

_1 N ~
ky = (bo,—bi)ls = Cpe (by, —by))R™A™ 3l = Cr? (Ay, Ap) A~ 34,

13



= —C;(%L<A1)\;;%( cos (g + 9) + Ag)\;é( sin (g + 9))

Thus
B o= ORI (A cos® (5 +0) + Az sin? (5 +0)
3 3
—|—A1A2()\17K)\27K)_% Sin(Q% + 29)),
and
_ _ ™ _ . . ™
kiky = —C'KlL2 <A%)\1}( cos 0 cos (§ + 9) + A%)\Q} sin 0 sin (§ + 9)
—|—A1A2()\17K)\27K)_% sin(g + 29)) .
That is
N kikj = —c L2 (A3 + A3k ). (4.5)
1,j=1,2
(5]

Finally, insert (Z3)) into ([&4), it is easily got that

Q2. L° < At A3 ) _ LS det(HK)( Az N A2 >

128C3 | K|\ A\ k Aok 12802 |K| \Mx Aok
det(HK)( A2 A2 ) o b'Hib
32v/3C%  \AMk A/ 32307 \/det(Hg)

Now, we have obtained all the desired results in Theorem Tl and the proof is complete. [J

To summarize,

Ex = Qig-agt+Qok-e+ Qorc - ax + Q3.5 - e’
B L_4 ’K‘ " EtI‘(HK) [6%7¢ thKb 35 aKtr(HK)
C?% \ 1bax  32y/3y/det(Hg) 32\f V/det(Hy) 16\K | det(H)
L4
To minimize the term
Plak) |K| aK b!Hkb N 6+/3e2tr(H ) etr(Hg)
(8% g
: bax  32¢/3\ \/det(Hyg)  |K|det(Hg 32f Vdet(Hg)'

the following condition should be satisfied

K|  ax ([ b'Hgb +6\/§thr(HK)2
hag  32v/3\ \/det(Hx)  |K|det(Hg) |
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This equation gives the following choice for the optimal stabilized parameters
1
321/3 K|b'Hgb  6/3c2tr(Hg)?\ *
o = P23y (IEIRMHID | GVt (4.6)
15 det(Hy) det(Hx)

1 ]K\thKb+6\/§aZtr(HK)2 N etr(Hp)
120v/3 \ /det(H) det(Hk) 32v/3+/det(H)

1 |[K|btHgb | 6v3ctr(Hg)?\  2|K|
120v/3 \ \/det (Hz) det(Hr) 1507

At this time,

Plof) =

Q

: Etr(HK) . . .
Here we omit the small term 523 et (T to simplify the formula of the metric tensor.

Of course if we do not omit this term the derivation can be carried out similarly, however,
in this case the expression of the metric tensor will seem rather complicated. In fact the
numerical efficiency is almost the same no matter this term is omitted or not (we have
done numerical experiments to verify this point, however, due to the length reason we do
not list the comparison in this paper). To proceed the derivation, at this time
L 204 K|
Ex = —Play)~ ———5.

K c2 () 1505, C2

To satisfy the equidistribution requirement, we require that

Lt 2L K| e
C—QP(QK) ~ =
K

T 15agC% N’
where IV is the number of elements of 7;,. Then Ck could be the form

K
Cg ~ | *’, (4.7)
Qe

and M (x) could be the form

_ /IK|btHgb | 6v3c*tr(Hg)?
~\ V@, | det(Hr) (w). (4.8)

To establish the metric tensor M(x), set M(x) = 6M(x). At this time, the size require-
ment (4]]) should be used, which leads to

eﬂmwsz

M (x)

where



Summing the above equation over all the elements of Tj, one gets

Ao = N,

where

Thus, we have

Uy

b

Figure 2: Affine map % = Fxx from triangle K to the reference triangle K: isotropic case.

4.2 Practical use of stabilized parameters

Since there exists a constant C' in equation (2.5]), the exact ratios between the terms
g lu — Hh“”%%[()v ellVi(u - Hh“)”%%}()v ag|b - V(u - Hhu)”%%[()v and axe?||Afu —
w3, (k) can hardly be precisely estimated. So the stabilized parameters o (@4]) and
the monitor function (Z.§]) can be regarded just as quasi-optimal. To establish the practical
form of the stabilized parameters with the same scale with other stabilized strategies,
consider the special case: the true solution is isotropic. Due to (6]), when convection
dominates diffusion, that is,

|K|b!Hib _ %tr(Hg)?
det(Hg) ~ det(Hg) '’

the following estimate holds:

15 e KIVAHHR) _ CxlKl/detlx) _ K] _ K] _ K|

323 K biHxb biCrHixb  biMgb bip  bib
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And then

5. VK _ ]
5273 K7 bl ~ 2lb]

On the contrary, when diffusion dominates convection,

|K|b'Hxb  %tr(Hg)?
det(Hg)  det(Hg) '’

we have

o1 |K|Vdet(Hg) 1 V36
323 V63 etr(Hp) 63 8

To compare with the other stabilized parameters in the same scale we suggest

D=

|K|b'Hgb  272tr(Hg)?\
ko= \K!-<\/§|| xb , 27e K)> . (4.10)

(6%
. dot(Hx) Adet(Hy)

5 Numerical examples

In this section, we will demonstrate several numerical examples to see the superiority of
our strategy to others. All the presented experiments are performed using the BAMG
project [15] via software FreeFem++ [I4]. Given a background mesh, the nodal values
of the solution are obtained by solving a PDE through the GLS stabilized finite ele-
ment method. Then the second order derivatives of the solution are obtained by using
some recovery techniques (we use the gradient recovery technique [34] twice to obtain the
approximated Hessian in our computation). After that, the metric tensor is computed
according to the formulas derived in the previous section. Finally, a new mesh according
to the computed metric tensor is generated by BAMG. The process is repeated several
times in the computation until the approximate solution satisfies the prescribed tolerance.

We compare our new stabilized parameters ([@I0) denoted by “new stabilized param-
eter” with the form of stabilization parameters (2] using different definition of hp,
namely LEP, PLE, DEE and DDC. Also we will demonstrate that metric tensors suitable
for diffusion-dominated equations are not always optimal choices for convection-dominated
cases.

5.1 Stability vs parameters

Example 5.1. We consider the problem (1) with Q = (0,1)%, ¢ = 1074,1075,1078,
b = (1,0)", f = 1 and the homogeneous boundary condition. The solution for this problem
possess an exponential boundary layer at x1 = 1 and parabolic boundary layers at xo = 0
and xo = 1.
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Figure 3: Example 5.1: ¢ = 107%, solution generated by the stabilized strategy (2]
with hg being (a) PLE, (b) LPE, (c¢) DDC, and (d) new stabilized parameter (4.I0)),
respectively, using monitor function (ZLS]).
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Figure 4: Example 5.1: ¢ = 1075, solution generated by the stabilized strategy (2]

PLE, (b) LPE, (c) DDC, and (d) new stabilized parameter (AI0I),

respectively, using monitor function (ZLS]).

with hg being (a)
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e = 1078, solution generated by the stabilized strategy (L2

PLE, (b) LPE, (c) DDC, and (d) new stabilized parameter (AI0I),

respectively, using monitor function (ZLS]).

Figure 5: Example 5.1:

)

a

(

with hx being
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Four stabilized strategies using monitor function (48] are compared in stability for
e =10"* (Figure @), ¢ = 107¢ (Figure d), e = 10~8 (Figure {). We could see from Figures
B5l that the stability for the form of stabilization parameters (L2]) using definition of hy as
“the longest edge of projection” and “projection of the longest edge” are good for relatively
large €, e.g., ¢ = 10~*. However, with the decreasing of € the stability becomes worse for
these two strategies. For the form of stabilization parameter (2] using definition of hx
as the diameter in the convection direction, the stability seems to be the similar pattern
for different e, however, there still exists obvious oscillation. Our new stabilized parameter
([@I0) has better stability for wide range of € from 10~% to 1078,

5.2 Accuracy vs metric tensors

Example 5.2. Let Q = (0,1)%, ¢ = 1078, b = (2,3)T and ¢ = 0 be in (I1). The
right-hand side f and the Dirichlet data g are chosen in such a way that

u(wr,xs) = w123 - a5exp <W> — X1 exp <@>
texp <2(331 -1 48- 3(xe — 1)>’

which exhibits layers at the outflow boundary part.

Consider Example B2 since the exact solution is given, we demonstrate in this sub-
section that the metric tensor proposed in this paper is more suitable for stabilized finite
element method approximating the convection-diffusion equation than those optimal ones
for the interpolation error in some norms, e.g. L? norm ( [II]) which is defined in term of

monitor function by

1
M(x) = T(HK)Jar(u). (5.1)

From Figures [6] we conclude as follows:

(1) For every type of stabilized parameter, the error in L? norm by using monitor
function (48] is smaller than that of (5.]). Since the differences are not so obvious just
from Figure @, we list a part of comparison in Table [l However, we don’t list rest details

due to the length reason.

(2) Our new stabilized parameter ([@I0) behaves better than other strategies no matter

which monitor function is used.

(3) We could divide these stabilized parameters into two types by the errors of L% norm.
The first type contains the strategy (L2]) with hx being the diameter of each element,
projection of the longest edge, and the longest edge of projection. The second type contains
the strategy (L2]) with hx being the diameter in the convection direction, and our new
stabilized parameter (AI0). This type of stabilized parameters behaves better than the

first one no matter which metric tensor is used.
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Figure 6: Example e = 1078, error of L? norm by different stabilized strategies using

monitor functions (a) (@8], and (b) (B.1]).

(4) For the two stabilized parameters of the second type, our new stabilized parameter
(£I0) behaves better than the strategy (L2) with hx being the diameter in the convection
direction in the sense of stability. However, the contrary conclusion will be found when
the error of L? norm is concerned. To be specific we list the errors of L? norm for two
parameters in Table [, where nbv'’ and nbv" stand for the number of vertices using
our new parameter strategy (£I0) using monitor functions (G.I]) and (LS]), respectively.
While nbv*" and nbv®? stand for the number of vertices using the strategy (LZ) with
hx being the diameter in the convection direction using monitor functions (B.]) and (48],
respectively. u}l and u% are defined similarly. We could find that the error in L? norm by
our parameter strategy is slightly larger than that by the parameter strategy (L2)) with
hx being the diameter in the convection direction no matter which monitor function is
used.

5.3 Relationship between our parameter and the best one among others

In view of the above considerations, besides our new stability parameter (£I0]) it seems to
be the best choice to select the stabilized parameter as (L2)) with hx as the diameter of
K in the direction of the convection b. It is interesting to study the relationship between
([C2) with hg as the diameter of K in the direction of the convection b and ([I0), so we

give the following analysis. First, we set by, as the unit vector in the direction of b, that
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nbvN | |ju — u,llNH nbv>N | ||u — uiNH nbol | |lu — u,llLH nbv>t | ||lu — uiLH
142 | 1.171e-01 142 | 1.171e-01 142 | 1.171e-01 142 | 1.171e-01
188 | 8.796e-02 176 | 6.500e-02 195 | 8.886e-02 185 | 7.038e-02
260 | 4.820e-02 249 | 3.817e-02 266 | 5.234e-02 260 | 4.297e-02
381 | 2.852e-02 363 | 2.193e-02 400 | 3.182e-02 360 | 2.594e-02
582 | 1.664e-02 560 | 1.186e-02 595 | 1.941e-02 579 | 1.566e-02
925 | 8.942¢-03 885 | 6.101e-03 915 | 1.149e-02 895 | 9.054e-03

1413 | 4.940e-03 1363 | 3.114e-03 1381 | 7.123e-03 1397 | 5.092e-03
2142 | 2.692e-03 2121 | 1.660e-03 2129 | 3.964e-03 2158 | 2.745e-03
3257 | 1.477e-03 3247 | 9.909e-04 3207 | 2.267e-03 3289 | 1.484e-03
4858 | 8.536e-04 4862 | 6.374e-04 4944 | 1.274e-03 4953 | 7.889e-04

Table 1: Error tendency in L? norm

is b = |b|by, then

[K[b'Hgb _ |K|[b’bjHiby _ |K|[b*b,CxHicby, _ |K|*[b|*b]by,
det(Hy) |bp|2y/det(Hy)  |by|2Crey/det(H) h2 K|
Kb
e (43 vaELRL " -

On the triangle where convection dominates diffusion,

o = 41|K|.<7\Krbﬂf<b> e LiVE).

3 det(Hg) \b!

the lower bound is the same as the choice of (L2 with hx as the diameter of K in the
direction of the convection b. This result shows that the two parameters are very similar
on those triangles where convection dominates diffusion. So the difference between the
two strategies comes from those triangles where diffusion dominates convection, which
indicates that the selection of stabilized parameter in the diffusion-dominated area play
an important role in the stabilized finite element element.

6 Conclusion

In this paper, we propose a strategy which generate optimal anisotropic meshes and select
the optimal stabilized parameters for the GLS or SUPG linear finite element method
to solve the convection-dominated convection-diffusion equation. This strategy basically
solve the two key problems mentioned at the beginning of this paper in a relatively rigorous
way, i.e., (1) how to generate optimal anisotropic meshes for minimizing the discretized
error of stabilized finite element method for the convection-dominated convection-diffusion
equation, and (2) based on (1) how to select optimal stabilized parameters. Numerical
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examples also indicate that the new strategy proposed in this article is superior than

any existed one in term of stability and competitive with the best existed one in term

of accuracy (“the best one” here is in fact not the complete existing one but combining

the best existed way to select stabilized parameters and our strategy to generate optimal

anisotropic meshes).
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