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PERVERSELY CATEGORIFIED LAGRANGIAN CORRESPONDENCES

LINO AMORIM AND OREN BEN-BASSAT

ABSTRACT. A study of shifted symplectic geometry in the algebraic context was recently initiated
by Pantev, Toén, Vaquié and Vezzosi. In this article, we construct a 2-category of Lagrangians in
a fixed shifted symplectic derived stack S. Objects, 1-morphisms and 2-morphisms are all given by
Lagrangians living on various fiber products and composition of morphisms is given by composition
of Lagrangian correspondences. A special case of this construction gives a 2-category of n-shifted
symplectic derived stacks Symp™. This is a 2-category version of Weinstein’s symplectic category
in the setting of shifted symplectic (algebraic) geometry. By working in the setting of derived
algebraic geometry, we avoid all issues of transversality for Lagrangians. In the case that n = 0
we introduce another 2-category Symp®” where the O-shifted symplectic derived stacks and the 1-
morphisms and 2-morphisms in Symp® are enhanced with orientation data. This category Symp®”
is used to define a 2-category LSymp, a partial linearization of the 2-category of 0-shifted symplectic
derived stacks. Joyce and his collaborators defined a certain perverse sheaf living on any oriented
(—1)-shifted symplectic derived stack. This perverse sheaf encodes Donaldson-Thomas invariants
in the case that this stack is the stack of perfect complexes on a Calabi—Yau threefold. Joyce
conjectured that Lagrangians in (—1)-shifted symplectic stacks define canonical elements in the
hypercohomology of the perverse sheaf restricted to the Lagrangian. We prove Joyce’s conjecture
in the most general local model of a Lagrangian in a (—1)-shifted symplectic derived scheme. We
then state our version of Joyce’s conjecture which gives a ”quantization” of the 1-category version
of Symp™! in the sense that (—1)-shifted symplectic manifolds are assigned to perverse sheaves
and Lagrangian correspondences are assigned to maps in the derived category of sheaves in a
functorial way. Finally, we introduce a symmetric monoidal 2-category of d-oriented derived stacks
(in the sense of Pantev-Toén-Vaquié-Vezzosi) and fillings. Taking mapping stacks into a n-shifted
symplectic derived stack S defines a 2-functor from this category to Symp™ ¢,
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1. INTRODUCTION

Since the early stages of the development of Symplectic Geometry it is was clear the important
role played by Lagrangian correspondences as natural generalizations of symplectomorphisms. We-
instein [30] considered a symplectic ”category” where the set of morphisms between two symplectic
manifolds My and Mj is the set of Lagrangian correspondences, that is submanifolds of the product
M, x M. Composition in this category should be defined as a fiber product, given Lagrangian
correspondences L1 — M, x My and Ly — M, x Ms, one considers the composition

Ly X My LQ-)MO_ X M.

If this fiber product is transversal then this is again a Lagrangian correspondence. Since we cannot
guarantee transversality in general one is forced to work with “categories” where the composition
is only partially defined or to consider strings of correspondences as is done by Wehrheim and
Woodward [29]. One then expects that symplectic invariants of symplectic manifolds can be made
functorial with respect to Lagrangian correspondences. Weinstein’s constructions were related to
quantization where one associates to each symplectic manifold a linear space and to each Lagrangian
a linear map. More recently Wehrheim and Woodward carried such a construction in the context
of Floer theory (under some technical restrictions) [29]. Namely, they associated to each symplectic
manifold its Donaldson-Fukaya category and to each Lagrangian correspondence a functor between
those categories. The Donaldson-Fukaya category is a category whose objects are Lagrangian
submanifolds and morphism spaces are the Floer cohomology groups. Moreover, they showed that
this data can be assembled into a (weak) 2-category, called the Weinstein-Floer 2-category.

In this paper we explore similar ideas in the context of derived symplectic geometry recently
introduced by Pantev, Toén, Vaquié and Vezzosi in [24]. It turns out that all the basic construc-
tions involving Lagrangian correspondences have direct analogues in the derived world, with the
advantage that all fiber products (in the homotopy sense) exist and so we don’t have to worry with
transversality conditions. However there are two new phenomena in the derived setting;:

1) The intersection of two derived Lagrangians in a n-shifted symplectic derived stacks (or
schemes) is naturally a (n— 1)-shifted symplectic derived stack. This allows us two consider
iterated Lagrangian correspondences.

2) Each (oriented) (—1)-shifted symplectic derived stack carries a perverse sheaf. Its hyperco-
homology will replace Floer cohomology in our context.

The first phenomenon is the starting point of our first main result. Since the (derived) intersection
X NY of two n-shifted Lagrangians is (n — 1)-shifted symplectic one can think of Lagrangians in
X NY as “relative” Lagrangian correspondences between X and Y. It should be possible to
iterate this construction and so define a symplectic k-category for each k. More precisely since
derived stacks form an oco-category one expects that there will be an (oo, k)-category of “relative”
Lagrangian correspondences. This was already proposed by Calaque in [8] and is subject of ongoing
work by Haugseng [11] [12] , Li-Bland [17], and others. Schreiber has written extensively on higher
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Lagrangian correspondences and their quantization in sections 1.2.10, 3.9.14, and 6 of [26]. In
this paper, we only consider the case of k = 2 and work with weak 2-categories (also known as
bicategories), as this all we need for our main goal of constructing an analogue, in derived algebraic
geometry of the Weinstein-Floer 2-category. We prove the following

Theorem 1.1. Let S be an n-shifted symplectic derived stack. There is a bicategory Lag(S) with
objects (derived) Lagrangians in S, 1-morphisms are “relative” Lagrangian correspondences and
2-morphisms are “relative” Lagrangian correspondences between “relative” Lagrangian correspon-
dences.

As observed by Calaque []], the point is a (n + 1)-shifted derived symplectic stack e, and a
Lagrangian in e, is the same as a n-shited symplectic derived stack. Therefore as a corollary of
the above we obtain a bicategory

Symp" = Lag(en+1),
with objects n-shifted derived symplectic stacks. Additionally, we show that this 2-category is
symmetric monoidal as defined in [25].

These categories are highly non-linear and so not very manageable, our goal is to construct a
linear version of the category Symp”, in the case of n = 0. In order to do this, one first needs
to chose some extra data on the Lagrangians, which goes by the general name of orientation data
and is partially inspired by the notion of relatively spin Lagrangian from Lagrangian Floer theory
introduced in [I0]. We describe in Theorem a symmetric monoidal bicategory

Symp’,

whose objects are 0-shifted symplectic derived stacks equipped with line bundles, 1-morphisms
are oriented O-shifted Lagrangians correspondences and 2-morphisms are proper, oriented (—1)-
shifted “relative” Lagrangian correspondences. Also, there is a 2-functor of symmetric monoidal
2-categories Symp?” — Symp” which forgets the orientation data.

Our second main result is a linearization of Symp?”. This is related to the second phenomenon
mentioned above and can be thought as part of the programme by Joyce and his collaborators
13l 4, 3Bl 6, 14], on the categorification of Donaldson—Thomas invariants. One of the outcomes
of this theory is that a (—1)-shifted symplectic derived stack X, together with some orientation
data, carries a natural perverse sheaf Px. This idea of this perverse sheaf was due to Behrend
who suggested it as a sort of categorification of the Behrend function, a function used to present
Donaldson-Thomas invariants as a weighted Euler characteristic on the moduli space [7]. For ex-
ample in the case X is the moduli space of coherent sheaves on a Calabi—Yau 3-fold, the Euler
characteristic of the hypercohomology of Px is the Donaldson—Thomas invariant of the 3-fold.
In our setting we will be interested in the perverse sheaf in the intersection of two 0-shifted La-
grangians, which is (—1)-shifted symplectic as proved in [24]. In fact, the intersection of any two
Lagrangians carries such a perverse sheaf, even in the holomorphic case as proved by Bussi in [5].

Joyce conjectured that this construction should be a part of a “quantization” of (—1)-shifted
symplectic derived stacks. In other words, a (—1)-shifted Lagrangian correspondence ¢ : M —
X, x Xi, together with some orientation data, determines a map

pns © G Px[vdim M] — ¢ Px,

in the derived category of constructible sheaves of M. We formulate a more detailed version of
this in Conjecture 518, namely we describe the behaviour of p under composition of Lagrangian
correspondences. We also give a local construction of the map ;.

Assuming this conjecture we prove the following
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Theorem 1.2. There exists a symmetric monoidal weak 2-category LSymp, whose objects are 0-

shifted symplectic derived stacks with line bundles, 1-morphisms are oriented Lagrangian correspon-

dences and the space of 2-morphisms between X and Y is the hypercohomology H® (Pxny [—vdimX]).
Moreover there is a 2-functor of symmetric monoidal 2-categories Symp? — LSymp.

Given two classical smooth algebraic Lagrangians (of complex dimension n) in a smooth algebraic
symplectic variety, these are examples of 0-shifted Lagrangians, therefore their (derived) intersection
XNY is (—1)-shifted symplectic. If this intersection is clean one can show that the hypercohomology
H®(Pxny [—vdimX]) is isomorphic to the Floer cohomology of the pair X,Y. In fact, we expect
this to hold in general. One might expect that the Donaldson—Floer 2-category, constructed by
Wehrheim and Woodward embeds in LSymp.

In [24], the authors defined a O-oriented derived stack (X, [X]) of dimension d. Rather informally
this can be thought of as a volume form (of degree d) that allows us to “integrate functions” on X.
In the last section, we describe another bicategory Fill(X) of fillings (or relative O-orientations) of
an O-oriented derived stack (X, [X]). These were introduced by Calaque in [8], and heuristically,
are objects whose boundary is X.

The relevance of O-oriented derived stacks to the present paper is the following construction.
Given S an n-shifted symplectic derived Artin stack, and X an O-oriented, O-compact derived
Artin stack of dimension d, the mapping stack Map(X, S) inherits an (n — d)-shifted symplectic
structure by a theorem of [24]. Also, as proved by Calaque, the mapping stack takes relative
orientations to Lagrangians. We elaborate on this constructions and show that there is a 2-functor

M : Fillc(X) — Lag (Map(X, 5)),

where Fillc(X) is an appropriate subcategory of Fill(X), dependent on S.

As a particular case when X is the empty set thought of as a (d — 1)-dimensional O-oriented,
derived stack then the bicategory Ory := Fill(f4_1) is a symmetric monoidal bicategory of d-
dimensional, O-oriented, O-compact derived stacks. We then have a symmetric monoidal 2-functor

M Orcé — Symp™ ¢

determined by a n-shifted symplectic derived Artin stack S. We expect that the 2-category Coby
of cobordisms of d-dimensional manifolds, defined in [25], maps into Ord. Therefore the above 2-
functor should define a TQFT in the sense of Segal. Just as the shifted symplectic geometry of [24]
can be thought of as a mathematically rigorous framework for understanding the AKSZ formalism
[1], we hope this article will be used towards the understanding of classical BV theory (including
boundaries) as in the article [9].

We end this introduction with an open problem. In the case that n = d we have the following
diagram of 2-categories

? —— Symp?" —— LSymp

L

Orﬁl: _M, Symp0

It is a very interesting question, if there is a natural 2-category that completes the above diagram.
This should amount to finding, for each specific S, some geometric structure on O-oriented (or rela-
tively oriented) derived stacks that naturally induces orientations on the symplectic (or Lagrangian)
derived stack Map(—, S). We leave this problem for future work.



2. DERIVED LAGRANGIAN INTERSECTIONS

2.1. Review of shifted symplectic geometry.

We will review some of the basics of shifted symplectic geometry following the work of Pantev,
Toén, Vaquié and Vezzosi [24]. We start by establishing some notation and conventions. We
work relative to a fixed field k£ of characteristic zero which we suppress from the notation with it
being understood that everything is relative to this field. We often suppress pullbacks of (relative)
tangent or cotangent complexes in order to simplify notation. Also, since all of our fiber products
are homotopy fiber products, we denote them simply in the form X Xz Y without any special
emphasis on the fact that these are homotopy fiber products. The same goes for other derived
functors.

We assume that all the derived Artin stacks are locally of finite presentation. In particular
given such a derived Artin stack F', its cotangent complex L is dualizable and hence we define its
tangent complex Tp := LY.. We call a morphism of derived Artin stacks f : X — Y formally étale
if the relative cotangent complex IL; vanishes. All the morphisms in this article are assumed to be
homotopically finitely presentable and so we do not distinguish between formally étale morphisms
and étale morphisms.

Let F' be a derived Artin stack. In [24], the authors define a space AP(F,n) of n-shifted p-forms
on F and similarly a space of n-shifted closed p-forms AP (F,n). Recall that there is an co-functor

NC" . dStY — dg}’
defined as the composition of the co-functors
DR : dSth —re— dgzp
and the weighted negative cyclic complex oo-functor
NC" :e—dg) — dg]".

The space of p-forms of degree n is defined as

AP(F,n) = Mapy,_, (r)(OF, \"Lp(n]) = [DR(F)[n — p](p)]

and the space of closed p-forms of degree n is defined as

AP (F,n) 2 [NC(F)[n — p](p)|
as oo-functors dSt;” — S. Note that there is a natural transformation

NC*(F)[n —pl(p) — ALr[n]
which induces a natural transformation

AP(F n) — AP(F,n).

Géven a closed p-form w we call its image under this map the underlying p-form and denote it by
w

Definition 2.1. Let S be a derived Artin stack. An element w € A% (S, n) is called an n-shifted
symplectic form if the underlying 2-form w° is non-degenerate. Non-degeneracy is the condition
that the map induced by w®:

0,:Tg — Lg [n]
is a quasi-isomorphism. We will denote by Symp(S,n) the space of all symplectic forms in S. We
will call a pair (S,w) a n-symplectic derived stack.
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Obviously the point Spec(k) admits an unique n-shifted symplectic form, for every n. We will
denote this n-symplectic stack simply by e,,.

Suppose that (S,w) is an n-symplectic derived stack and consider a morphism of derived Artin
stacks f : X — S. An isotropic structure on f is an element h € P07f*w(A2’CI(X,n)), that is a
path in A% (X, n) from 0 to f*w. This determines homotopy commutativity data for the diagram

Ty (2.1)

l

F*Ts 0
! *Gwl 7
f*Lgin] —— Lx[n]
Recall that we have an exact sequence L[n —1] — f*ILg[n] — Lx/[n], therefore h induces a map
O : Tx — Lfn —1].
We say h is non-degenerate, if this map is a quasi-isomorphism.

Definition 2.2. Let (S,w) is an n-symplectic derived stack. A Lagrangian structure on a morphism
f + X — S is a non-degenerate isotropic structure h. We denote by Lag(f,w) as the set of
Lagrangian structures on f. A Lagrangian in (S,w) is a pair (f,h) consisting of a morphism
f:X — S and an element h € Lag(f,w). The collection of Lagrangians in (S,w) will be written
Lag(S,w).

A simple, but conceptually important observation from []] is the following description of La-
grangians in a point.

Example 2.3. Let o, 1 be the point equipped with the canonical (n+1)-shifted symplectic structure,
let X be a derived Artin stack and let X —— e, denote the canonical morphism of derived Artin
stacks. A Lagrangian structure on 7 is equivalent to a n-shifted form on X. To see this note
that, by definition, an isotropic structure h on m is a loop (based at 0) in A>°N(X,n + 1), thus h
determines a class in 7 (A>(X,n + 1)) ~ mo(A>(X,n)). Denote by w this closed 2-form. It
follows easily from the isomorphism Lx ~ L. that non-degeneracy of h implies non-degeneracy of
w. Hence w is a n-shifted symplectic structure on X.

We end this subsection with the definition of the product and the opposite for n-symplectic
derived stacks. It is straightforward to check that they are indeed n-symplectic derived stacks.

Definition 2.4. The product of n-symplectic derived stacks (Sp,wp) and (Si,w;) is given by
(So x S1, pjwo + piw1).

If (S,w) is a n-symplectic derived stack we define its opposite as the n-symplectic stack (S, —w).
Often we will denote (S,w) simply by S, in that case we use the notation S~ for its opposite.

2.2. New Lagrangians out of old.

In this subsection we will give several constructions of symplectic and Lagrangian structures
obtained by considering various derived intersections of Lagrangians. The first construction of this
type that serves as inspiration can be found in [24, Theorem 2.9]. Calaque in [§] proved that the
classical result about composing Lagrangian correspondences holds in the shifted setting.
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Here we will show that all these constructions and a few new ones follow from one basic re-
sult, Proposition 2.7, and two canonical Lagrangians: the diagonal and the triple intersection of
Lagrangians [2]. We start with an elementary proposition.

Proposition 2.5. Let (Sp,wo) be an n-symplectic derived stack and f : X — Sy be a map of
derived stacks. There is a canonical bijection

Ea.g(fv WO) — ﬁag(f, _WO)‘

Moreover given another n-symplectic derived stack (S1,wi) and a map g : Y — Sy there is a
canonical map

Lag(f,wo) x Lag(g,w1) — Lag(f X g, powo + piw1).
Next we show that, like in classical symplectic geometry, the diagonal map is Lagrangian.

Proposition 2.6. Let (S,w) be an n-symplectic derived stack. Then the diagonal morphism
A:S— S x8

has a canonical Lagrangian structure.

Proof. Denote by pg and p; the two natural projections S~ x .S — S. By definition of A, pgo A

and p; o A are homotopic to idg, therefore we have a natural path [ from (pgo A)*w to (p1 0 A)*w

in A% (S, n). Translating [ by (po o A)*w we obtain a path from 0 to —(pg o A)*w + (p1 0 A)*w
which we denote by h. Next we compute

A% (po(—w) +pi(w)) = —=(po 0 A)'w + (p1o A)'w

and conclude that h is an isotropic structure on A.
Next we check non-degeneracy of h. First note that pg o A = idg gives the exact triangle

A*Lp, — Lig — L.
This implies La[—1] >~ A*L,,, since L;q = 0. Therefore
La[—1] ~ A'L,, ~ A*pjLg ~ Lg,

since pg o A = idg and L,, ~ pjlLg. Hence we obtain the following quasi-isomorphism

Oy
Ts =~ Lg[n| ~ La[n — 1],
which is induced by h. O
From now on we will call a Lagrangian f : X — S; x Si, a Lagrangian correspondence from
S(] to 51.
The following proposition generalizes to the shifted setting a result in classical symplectic geom-
etry: (under appropriate transversality assumptions) a Lagrangian correspondence induces a map

from the set of Lagrangians in one factor to the other. This result follows from Theorem 4.4 in [§],
but we prove it here for the sake of completeness.

Proposition 2.7. Let (Sp,wp) and (S1,w1) be n-symplectic derived stacks, let
f=foxfi: X — 855 x5

be a Lagrangian correspondence and let g : N — Sy be a morphism of derived stacks. There is a
map

Lag(g,wo) — Lag(cr(g),wr)
where cy(g) = fromx : N Xg5, 5 X — S1.
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Proof. Let h be the Lagrangian structure in f, that is a path from 0 to

J*(—=powo + piwi1) = —(po o f)*wo + (p1 o f) w1 = —fiwo + frwi.

As before, up to translations this is equivalent to a path from fiwy to fiw; (which we will still
denote by h). Consider the following (homotopy) commutative diagram

N xg X X X

aE

N—2 5

It gives us a path [ from 7}g*wo to 7% fiwo. Let e be a Lagrangian structure on g. We define a
path H to be the concatenation 7y e el e 75 h. This is a path from 0 to 7% f{wi, in other words an
isotropic structure on cy(g).

We now need to check non-degeneracy of H. First observe that the map cf(g) is homotopic to
the following composition

NxSOX(g’—fQSoxSO(Soxsl)gszSli>51-

This gives the exact triangle
(9, f)"Lp — Ley(g) — Ligp)

which can be rewritten as
(fO © 7TX)*]L‘SO — ILc]c(g) — ]L‘g & ]Lf,
since L, ~ pyLLg, and Ly r) ~ Ly B Ly. Rotating and shifting, we get the exact triangle
]ch(g) [n — 1] — ]Lg[n — 1] H ]Lf[n — 1] — (f() o WX)*]LSO [n] (2.2)
Next we recall that, since e and h are Lagrangian structures we have the commutative squares
Ty ———g*Ts,
@el lg*Gwo
Lg[n — 1] —— g*Lg,[n]

and
TX EEE—— f*(']rgo H Tsl)

e{ FWE@”

L¢[n — 1] — f*(Ls, B Ls,)[n]

We can pull back both diagrams to N xg, X and assemble them into the following homotopy
commutative square

Ty BTx ———— (foomx) Ts,

@.ﬂ@hl lewo

(Ly BLy)[n — 1] —— (fo o mx)*Ls,[n]



and hence we get the commutative diagram

Tnxg,x TyBTx (foomx)*Tsg,
oy 0.80, Oup
Ly — 1] ———— Lyl — 1 B Lyl — 1] ——— (fyo mx)*La, .

Note that the top row is exact by definition of homotopy fiber product and the bottom row is
exact by (2.2). Therefore we conclude that O is a quasi-isomorphism, since O., 0} and 0, are
quasi-isomorphisms. This completes the proof that H is a Lagrangian structure on cs(g). O

Definition 2.8. Let (Sp,wp) and (S7,w1) be n-symplectic derived stacks and let f = fo x fi :
X — 5, x 51 be a Lagrangian correspondence. Given g : N — Sy a map of derived stacks, we
define the map
Cr: Lag(g,wo) — Lag(cy(g),wr)
given by Proposition 27, where c¢f(g) = fiomx : N Xg4.5, 5 X — S1.
We will sometimes use the notation Cx instead of Cy. Also when the map g and a particular
Lagrangian structure h are fixed we write C'x (V) for the Lagrangian C¢(h) on the map cy(g).

We will now use the map Cy, for several different Lagrangian structures f, to recover several
constructions of new Lagrangians out of old ones, in [24] and [8]. We start with [24] Theorem 2.9],

Corollary 2.9. Let (S,w) be n-symplectic derived stacks and let f: X — S and g: Y — S be
maps of derived stacks. There is a map

Lag(f,w) x Lag(g,w) — Symp(X xgY,n —1)
Proof. It follows from Proposition that there is a mapping
Lag(f,w) x Lag(g,w) — Lag(f X g,—w Bw). (2.3)

Proposition determines a Lagrangian structure on the diagonal morphism A : S — S~ x S
which can be interpreted as a Lagrangian structure on the map A : S — (S — x5)~ x o,,. Now
by Proposition 2.7] we get a map

Ca : Lag(f x g,—wBw) — Lag(ea(f X g), o).
where ca(f x g) is the canonical map (X xY') X g 9x5a S — ®,. Now recall from Example 2.3]

that a Lagrangian structure in the canonical map to the point is equivalent to a (n — 1)-shifted
symplectic structure on the domain. Therefore composing the above two maps we obtain a map

Lag(f,w) x Lag(g,w) — Symp((X X Y) X fxgsxs5,a 5,0 —1),
which is the required map once we note that (X xY) Xfyg9xsa S =X xgVY. d

Remark 2.10. Given Lagrangian structures hy on f : X — S and hyon g : Y — S, the symplectic
form which is produced from Corollary Z0in A*“(X x5Y,n — 1) can be thought of as the loop at
0 given by the concatenation

T [fw ————— 7y g*w (2.4)

”;(h\f\ /”/ffhg
0
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in A% (X xgY,n) where the top path is induced by the homotopy between go my and fowyx. A
Lagrangian structure on a morphism ¢ : N — X XgY is then a homotopy between the constant
loop at 0 in A% (N, n) to the pullback of (Z4) by ¢ which is a loop at 0 in A>%(N,n). This is
equivalent to, in the path space Py(A>°(N,n)), to a path from ¢*nxhy to ¢* i hy:

¢*mxhp —— ¢ myhy

satisfying the following: when we evaluate at the endpoint we obtain the path in A*°(N) from
Ty [*w to my-g*w that is homotopic to the natural path induced by gony = fomy.

Remark 2.11. In the case that S is the point e, the map (2.3) takes the pair (X,Y") of (n — 1)-
shifted symplectic stacks to X~ x Y. Since in this case we do not write anything below the product
symbol, it should not cause confusion that X x,, Y = X~ x Y as shifted symplectic derived stacks.

In the next corollary we recover the result about composition of Lagrangian correspondences
proved in [8, Theorem 4.4].

Corollary 2.12. Let (S;,w;) be n-symplectic derived stacks for i =0,1,2 and let f : X — Sy x S1
and g: Y — S1 X Sy be maps of derived stacks. There is a map

ﬁa’g(f7 —Wwo Eﬂwl) X Eag(gu —Ww1 Eﬂw2) — Eag(f XSl g, —Wo EBOJQ),

where f xg, g: X X5, Y — So x So. When Sy, S1,52, f and g are clear, we write this map as
(X,)Y)—»YeX.

Proof. According to Proposition the morphism
A Sy xS xSy — Sopx ST x 81 x 85 xSy xS

has a canonical Lagrangian structure. Using Proposition 2.7 and arguing as in the proof of Corollary
2.9 we construct the map

CA : ﬁa’g(f7 —wo B wl) X Eag(gu —Ww1 B (/.)2) — ﬁag(CA(f X g)? —wo B (/.)2),
where
CA(f X g) : (X X Y) X 8yx 51 %51 %S 50 X 51 X 52 — S(] X SQ
is the natural map induced by f x g. To complete the proof simply note that
(X XY) Xgyx8 x5 x5, (S0 x S1 % 82) = Xo x5, X3
g

Our next goal is to prove a relative version of the previous corollary. In order to do that we need
to use a theorem from [2]. We give a slightly different proof here in order to match the spirit of the
current article.

Theorem 2.13. Let (S,w) be an n-symplectic derived stack and f; : X; — S be Lagrangian, for
i =0,1,2. Denote by X;; = (X; xg Xj,w;j) the (n — 1)-symplectic derived stacks constructed in
Corollary [2.9. Then the natural morphism

(,DZZ:X() Xle X3X2—>X01><X12><X20

has a Lagrangian structure.
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Proof. The construction of a natural isotropic structure on the morphism ¢ can be found in [2]
or in Proposition We denote this isotropic structure by H and show it is non-degenerate as
follows.
Using the canonical equivalence Z = Xy x x, Xi2, we let 7 : Z — X be the natural projection
and get an exact triangle
T, — TXOl EE"]I‘X12 — F*Txl —
If we denote by ¢ the composition

A i) X()l X X12 X X20 m XQQ,

we obtain the exact triangle
@ Ly — Lg — Ly, — .
Next we observe that the Cartesian square

X() Xle XsXQq—>X0 ><5X2

| l

X5 S
fi

implies that L, = 7*Ly,. Also Lr,, = Lx,, BHLx,,. Putting everything together we get the exact
triangle

LXOl EE‘LX12 — 7T*Lf1 — L%O —
or equivalently, the exact triangle
L¢[—1] — I[‘Xm EE]LXlg — 7T*]Lf1 — .
Now consider the following diagram

Ty Tx,, BTx,, mTx, (2.5)

On Oy BOw1, T On,

Lyfn — 2 —— Ly, [n — 1] BLxg[n — 1] ———— 7Ly, [n — 1],

where hy is the Lagrangian structure in fi. It follows from the construction of w;; that both squares
commute. Moreover the above discussion shows that both rows are exact. Therefore we conclude
that ©p is a quasi-isomorphism since the other two vertical arrows in the diagram are also quasi-
isomorphism. One can see from the definition of H in Proposition and a bit of diagram chasing
that the left vertical map is in fact O . O

We are now ready to prove a “relative” version of Corollary [2.12]that will later be used to define
the composition of 1-morphism (and vertical composition of 2-morphisms) in the 2-category we
construct in Section 4.

Corollary 2.14. Let (S,w) be a n-symplectic derived stack and f; : X; — S be Lagrangians, for
i =0,1,2. Denote by X;; = (X; x5 Xj,w;j) the (n — 1)-symplectic derived stack constructed in
Corollary [2.9. Given morphisms ¢ : Ny — Xg1 and v : No — X9, there is a map

Lag(p,wor) X Lag(yh,wi2) — Lag((#,1)),wo2)

where (¢,1) : N1 X x; No —> Xoo is the morphism induced by ¢ and 1.
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Proof. Theorem 2.13] defines a Lagrangian structure on the morphism
QY : XO Xs X1 Xs X2 — (X01 X Xlg)_ X X()Q.
Now we apply Proposition 2.7 to this Lagrangian structure and, as before, obtain a map

Cyp : Lag(d,wo1) X Lag(,wi2) — Lag(cy (P X 1)), woz2)
where
cp(@ X )+ (N1 X Na2) X xq,x X7, (Xo X5 X1 X5 Xa) — Xog,
is the natural map induced by ¢ x . To complete the proof simply note that
(N1 X Na)X x4, x X1, (Xo x5 X1 x5 Xo) =

= (N1 X Na) X(xox5X1)x (X1 x5X2) (X0 X5 X1 X5 X2)
= (N1 x N2) Xx;xx; X1
= N1 X X, Ng.

0

Remark 2.15. As we saw in Remark [2.10] the isotropic structure hy, can be interpreted as a path
between ¢jhg and ¢1hy in Po(A>(N1)). Under this interpretation, one can easily check that the
isotropic structure constructed above is given by the following concatenation

* * * * * * * *
T doho ﬂ—>—*hN T ¢1h1 —— miYih w—)_*hN T3 ho
1hay 2Ny

Where the middle path is induced by the homotopy commutativity of the following diagram:

N1XN2 (26)
X1
7 &
N No
2N N
Xo X Xo

We need one more map between sets of Lagrangian structures, which will be used later to define
the horizontal composition in the 2-category to be defined in Section 5. For this we need the
appropriate Lagrangian correspondence. The next proposition will provide such a correspondence
and also be useful to describe symplectomorphisms (which will be introduced in Section 3).

Proposition 2.16. Let (S,w) be an n-symplectic derived stack and let f : X — S andg:Y — S
be Lagrangians. Consider a morphism of derived stacks A : W — X xg Y and denote by u and
v the compositions of A with the projections to X and Y, respectively. Let hy and hg be the
Lagrangian structures on f and g. Assume we are given a homotopy H between the paths u*hy and
v*hg. Ewvaluating at one endpoint the homotopy H gives a path between u* f*(w) and v*g*(w), we
assume this path is homotopic to the path induced by the homotopy of morphisms fou = gov.

If u and v are étale then H induces a Lagrangian structure on A with respect to the symplectic
structure on X xg Y constructed in Corollary [2.9. On the other hand, if A has a Lagrangian
structure then u is étale if and only if v is étale.
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Proof. Consider the (homotopy) commutative diagram

Pulling back w and the Lagrangian structures along the maps in this diagram gives rise to the
following picture in A% (W, n)

0 (2.8)
u*hf% \
.q*;‘*w > v g*w
Ay hy
A*w;(f'*;J A*h g w

The commutativity of the diagram (2.7 determines a 2-simplex that fills the base of the diagram,
i.e. it interpolates between the four ways of pulling back w. By definition, the boundary of the
front triangle is the pullback by A of the loop that defines the (n — 1)-shifted symplectic structure
on X XgY. Our assumption on H implies that it fills the back triangle. All of the other faces of
the pyramid are filled in by homotopies induced by the commutativity of the two triangles in the
diagram in Equation 271 Therefore, the front triangle bounds a 2-simplex A% (W,n). This defines
an isotropic structure ha on the morphism A.
In order to check the non-degeneracy of

Oa : Ta — Ly [n — 2]
notice that wx o A is homotopic to u which gives the exact triangle
ALy, — L, — LA —
Now, because u is étale, I, = 0 and so we get isomorphisms
La[—1] ~ A*Ly, ~ A"y L, >~ v*L,

where the middle isomorphism follows from the fact that the square in (Z7) is Cartesian. By
definition we have the exact triangle

T, — Tw — v'Ty — .

which implies that Ty ~ v*Ty, since v is étale. Putting together these equivalences, we obtain

La[n — 2] ~ v*Ly[n — 1] P v*Ty ~ Ty. (2.9)
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where O, is an equivalence because g has a Lagrangian structure. One can see by diagram chasing
that this chain of equivalences is precisely ©a. Tracing back the argument, if we start by assuming
that A is Lagrangian and u is étale then (2.9]) gives an equivalence v*Ty ~ Ty and so v is étale. [

Remark 2.17. The reader may have wondered why u*©; and v*©, were not both used in the
proof, but because we are assuming the existence of H, they do not really define different maps.

As a simple corollary of Proposition 2.16] we have

Corollary 2.18. Let (S,w) be a n-symplectic derived stack and f : X — S a Lagrangian in
S. Then the diagonal Ax : X — X Xg X has a Lagrangian structure where X xg X has the
symplectic structure from Corollary [2.9.

Proof. We take X =Y and A to be the diagonal and v and v the identity morphisms in Proposition
2161 This gives an obvious choice for the (constant) homotopy H. O

Proposition 2.19. Let (S,w) be a n-symplectic derived stack and Xy, X1 and X1 be Lagrangians
in S. Consider the (n — 1)-symplectic derived stacks Xo1 = Xo xg X1, X12 = X1 xg X2, and
X2 = Xo xgXs determined by Corollary[2.9 and let My and M, be Lagrangians in Xo1 and Ny and
Ny be Lagrangians in X12. Corollary defines two new Lagrangians Py = My x x, No — Xo2
and Py = My xx, N1 — Xo2. Given morphisms a: U — My X x,, M1 and 3 :V — Ny X x,, N1
there is a map
Lag(a, wiry, ) X Lag(B,wny, ) — Lag(a Xx, Bywpy, ),

where Wy, , WNy, and wp,, are the (n—2)-shifted symplectic structures on My X x,, M1, No X x,, N1
and Py X x,, P1, respectively, determined by Corollary and a X x, B is the induced map

OéXXlﬁiUXXl V—)PO X Xo2 Pl.
Proof. The proof is analogous to previous ones, first we claim that the natural map
¢ Py XxoxgXixsXo P1 — (Mo X Xo1 M) x (No X X12 Ni) x (P X Xoz R),

has a Lagrangian structure. To see this note that Corollary implies that My xx, M; and
No x x, N1 are Lagrangians in X; xg X;. Also the diagonal A : X; — X; X g X; has a Lagrangian
structure according to Corollary 218l Applying Theorem [2.13] to these three Lagrangians we
conclude that the triple intersection:

(Mo xxy M1) Xx,xsx1 (No Xx, N1) Xx;%xx; X1
= (Mo xx, No) Xxoxsxs (M1 xx, N1) X x,xsx, X1
= (Mo xx, No) XxoxsX1xsXs (M1 X x, N1)

= PO XX0X5X1><SX2 Pl

(2.10)

is Lagrangian in the product

(Mo xx M1) xx;; X1) x (X1 xx1; (No X x5 N1)) x (No xx, N1) Xx1, (Mo X x, M1))

= (Mo X xq; M1) x (No X x35 N1) X (M1 xx; XN1) Xxox X2 (Mo Xx, No))

= (My X x5, M) x (No Xx,5 N1) X (P1 X x4, Po)-
This proves the claim once we establish that the above equivalences preserve the symplectic struc-
tures, that is they are symplectomorphic, in next section notation. We omit the details of this. In

Lemma [3.11] we will give an alternative description of this Lagrangian.
Now we apply Proposition 2.7 to this Lagrangian correspondence and obtain a map

CSD : ‘Cag(avam) X ﬁag(/ﬁvwl\’m) — ﬁag(cso(a X B)aWPgl)-
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To complete the proof we just need to check that c, (o X 8) = o X x, 8, for this note:

(U X V) X Mo X x5, M1)x(No X x5 N1) (PO X XoxsX1Xg5X2 Pl)

(
= (U X V) X(Mox xg, Mi)x(Nox x5 N1) (Mo X x5 No) X XoxsX1xsx2 (M1 Xx, N1)) 2.11)
= (U X V) X (Mo xg, M1)x (Nox x5 N1) (Mo X x0; M1) xx; (No X x35 N1))

=2U xx, V.
O

Remark 2.20. We now explain the operation in Proposition 2.19 in a way that will be helpful
later. Consider the following diagram

My (2.12)
%0 1
@
Xo U Xi
N
Yo 1
My

representing a Lagrangian structure on o : U — My;. Recall from Remark 2.10] that a Lagrangian
structure in ¢ is given by an appropriate path hg in Py(A>(My,n)). Using this interpretation, an
isotropic structure on « : U — My, is equivalent to a filling Hy of the square

ath
aldiho —r2 g pihn (2.13)

fom

* * * *
atypho h aPihy
1My

in the path space PO(A2’Cl(U ,n)) satisfying an additional requirement. Evaluating at the endpoint
Hp determines 2-simplex in A2’Cl(U, n) interpolating between the four ways of pulling-back w to
U, we require that this is homotopic to the 2-simplex induced by the commutativity of (ZI2]).

If we also consider

Ny (2.14)
T T2
Bo
Xi Vv X5
\ l&
K1 Ko
Ny

the isotropic structure on « X x, B constructed in Proposition [2.19]is the concatenation of the three
squares in equation
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7r* Oé*hM i B*h]\f
. U-o 0 V=0 0
it b ho ————— it hy —————— T BT hy ———— i BT o (2.15)

i Hy m Hy

m0§uho ———— i ———— i BiRih ———— i B Kiha
U—1

11 Ty 61 hg
where the filling of the middle square comes from the homotopy given by pulling h; back to
U xx, V in the four different ways from X;.

3. SYMPLECTOMORPHISMS AND LAGRANGEOMORPHISMS

In this section we will introduce the notions of equivalence of n-symplectic derived stacks and
Lagrangians, which we will call symplectomorphism and Lagrangeomorphism respectively. We will
then show that the Lagrangians constructed in Theorem 213 and Proposition are unique
up to Lagrangeomorphism and the operation defined in Corollary 2.14] is associate, again up to
Lagrangeomorphism.

Definition 3.1. Let Sy and S; be n-symplectic derived stacks. A symplectomorphism is a pair
consisting of an equivalence ¢ : Sy — S7 of derived stacks and a Lagrangian structure on

F¢:So—>SQX51.

Definition 3.2. Let (S,w) be an n-symplectic derived stack and let fy : Xo — Sand f; : X1 — S
be Lagrangians. A Lagrangeomorphism is a pair consisting of an equivalence ¢ : X — X3 of
derived stacks such that f; o ¢ is homotopic to fy and a Lagrangian structure on the induced
morphism

F¢ZXO —>X0 Xle

to the (n — 1)-symplectic derived stack Xy xg X7.

Remark 3.3. If we take S = e, in Definition then Xy and X, are (n — 1)-shifted symplectic
derived Artin stacks and an isomorphism ¢ is a Lagrangeomorphism of these Lagrangians in e, if
and only if it is a symplectomorphism.

We now give two corollaries of Proposition 2,16l

Corollary 3.4. Let Sy and S1 be n-symplectic derived stacks and let ¢ : So —> S1 be an equivalence
of derived stacks. A path h in A>?(Sg,n) between ¢p*wy and wy determines a Lagrangian structure
on I'y and so a symplectomorphism. On the other hand, any symplectomorphism determines such

data (¢, h).
Proof. Take S to be a point in Proposition and let A = T'y. O

Corollary 3.5. Let (S,w) be an n-symplectic derived stack and f: X — S and g: Y — S be
Lagrangians in S. Let ¢ : X — Y be an equivalence of derived Artin stacks such that go ¢ = f.
Let H be a homotopy in Py(A>(Xo,n)) between hy and ¢*hg, which evaluates at the endpoint to
a path homotopic in A>(Xy,n) to the path between f*w and (go ¢)*w induced by go ¢ = f. Then
H induces a Lagrangian structure on I'y : X — X xgY, that is, a Lagrangeomorphism. Moreover
any Lagrangeomorphism s determined in this way.
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Proof. In Proposition 2.16], take A = I'y, u = id and v = ¢. This immediately proves the
statement. N

Lemma 3.6. Lagrangeomorphism is an equivalence relation for Lagrangians in a n-symplectic
derived stack (S,w).

Proof. Let f : X — S be a Lagrangian, Corollary 218 shows that the diagonal A : X — X xgX
is a Lagrangian which implies reflexivity, since I'iq,, = Ax.

Next we show symmetry, let g : ¥ — S be another Lagrangian and suppose we have a La-
grangeomorphism (¢, Hg) from X to Y. By definition ¢ : X — Y is an equivalence of derived
stacks so we can choose an inverse ¢ : Y — X. Then we homotopy equivalences f o = g and
¢o1p = id. This last homotopy equivalence induces a path from ¢*¢*h, to hy which we concatenate
with ¢*hg to obtain a path from hy to ¢*h;. Corollary now shows that this data determines a
Lagrangeomorphism from Y to X.

Consider two Lagrangeomorphisms ¢g : Xg — X; and ¢1 : X1 — X5 over S given by
Lagrangian structures on

F¢01X0—>X0 Xle and F¢11X1 — X1 XsXQ.

Corollary 2.14] implies that
XO ><X1 X1 L)XO ><5X2

is Lagrangian where ¢ is induced by (1,¢1) : Xo x X1 — X x X2. Because there is an equivalence
between Xy X x; X1 and Xy commuting up to homotopy with the morphisms ¢ and I'y, .4, over
Xo Xg X2 we can pullback this Lagrangian structure to I'g,o¢, : Xo — Xo Xg Xo. This gives a
Lagrangeomorphism Xy — X9 and hence proves transitivity. O

The next two propositions show that the operation defined in Corollary 2.14] is associative up
to Lagrangeomorphism. Moreover the diagonal serves as a unity and Lagrangeomorphism are
invertible with respect to this unit, again up to Lagrangeomorphism. From now on we refer to this
operation as composition of relative Lagrangian correspondences.

Proposition 3.7. Let X;, for i = 0,1,2,3 be Lagrangians in a n-symplectic derived stack and
consider Lagrangians N1 — Xo1, No — Xi12, N3 — Xo3. Applying Corollary we obtain
Lagrangians N1 X x, (N2 X x, N3) and (N1 X x, N2) xx, N3 in Xo3. There is a canonical Lagrange-
omorphism between them.

Proof. Let
p:Nl X X (Ng X Xo Ng) —)(Nl XX Ng) XX2N3

be one of the canonical equivalences coming from the universality of homotopy limits. Then p
(homotopy) commutes with the induced morphisms of the two sides to Xy xg X3. According to
Corollary to determine a Lagrangeomorphism we need to construct a homotopy between the
isotropic structure on Nj Xx, (N2 xx, N3) and the pullback by p of the isotropic structure on
(N1 xx, Na) xx, N3. It will be clear from our construction that our homotopy will satisfy the
additional requirement stated in the corollary. Consider the commutative diagram:
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N1 xx, (N2 xx, N3)

1(23 l
7'('1( )

(N1 xx; No2) xx, N3 1)

(12)3 23
l”lz

N1 XX, N2 N2 X X

N3
w12 w32
/ \ 23 N
2 3
Ny No N3
AN N
Xo X1 Xo

T3
X3

(12)3
T3

Applying Remark 2.I5] and working in the path space Po(A*(Ny x x, (No xx, N3),n)) the
Lagrangian structure on Ny X x, (N2 X x, N3) is given by the top row of the following diagram while
the bottom row is the pullback by p of the Lagrangian structure on (N; X x, Na2) X x; N3.

1(23)* 12)3
m ( ¢0h , p ( ) *7.(.%2*(258}10
ROy, D e,
1(23)* (12)3x 12
T QThy ————ptmy T T T

1(23)* 23 (12)3% 12
To3 Ty~ PThy —— p*myy " m YTy

1(23)% 23« « (12)3% 124
T3 Tpo BNy prmyy T T iy

1(23)* 23 (12)3% 12
T3 T3~ shg —— p*myy " ma Y5 ho

1(23)% o3 (12)3+
o3 T3° Tohg ——— p*my 7" 19 ho

1(23)* 23 (12)3%
To3 mgor hN prmy hN3

1(23)* a2

( 2)3*T§<h3

The homotopy is given by patching together homotopies which fill in the squares in this diagram.

The top square is filled in using the homotopy between 712 o 7T%2)3 o p and 7T1(23). The next
square to the down comes from the fact that there are four homotopic maps in the diagram from
N1 xx, (N2 xx, N3) to X1. The fourth one from the top is analogous to the second one and third
and the fifth squares from the top are analogous to the top square. This completes the proof of the

proposition. ]
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Proposition 3.8. Let Xy and X1 be Lagrangians in a n-symplectic derived stack and consider
a Lagrangian ¢ : N — Xop1. Then the Lagrangians N xx, Ax, and Ax, xx, N in Xo1 are
Lagrangeomorphic to N by a canonical Lagrangeomorphisms.

If N = T, is a Lagrangeomorphism then M = Iy, the graph of ¥ a homotopy inverse of
@, is a Lagrangeomorphism. Moreover N X x, M is Lagrangeomorphic to Ax, and M xx, N is
Lagrangeomorphic to Ax, .

Proof. By definition of fiber product we can choose an equivalence of derived stacks p : N X x,
Ax, — N. Now consider the following diagram

N XX, A)(1 (31)

TR
N TN

In the path space Po(Az’Cl(N X x; Ax,,n)) we have

P opho —>— proihy ————7x i ———— 7y b (3.2)

S

p G0 ——r—— p" ik

where the unlabeled edges are homotopies determined by the commutativity of ([BI). Then it
follows from the definitions that the top path is the Lagrangian structure on N Xy, Ax, while
the bottom path is the Lagrangian structure on N. Again commutativity of the previous diagram
provides homotopies filling the square and the triangles. This homotopy together with p determine
the required Lagrangeomorphism. The proof for Ax, X x, N is similar.

For the second part of the statement we proceed as follows. The proof of Lemma 3.6l shows that
M is a Lagrangeomorphism. Then notice that I'y X x, I'y, is equivalent as a derived stack over Xqg
to I'yog which is equivalent to the diagonal Ax,. An argument analogous to the above shows that
their Lagrangian structures are homotopic via this equivalence and so we get a Lagrangeomorphism
between N xx, M and Ax,. Finally the Lagrangeomorphism between M xx, N and Ay, is
constructed in the same way. O

The next few propositions characterize, up to Lagrangeomorphism, the Lagrangians we con-
structed in Theorem 2.13] and in the proof of Proposition .19, as well as a few other Lagrangians
that we construct using the results from Section 2.

Proposition 3.9. Let (S,w) be n-symplectic derived stack and let Xy, ..., X,, be Lagrangians in S.
Denote by X;; be the (n—1)-symplectic derived stacks X; x s X; and consider the (n—1)-symplectic
derived stack W = Xg1 X Xq19 X -+ X X(m_l)m X Xomo with the product (n — 1)-symplectic form wyy .
We have the following

(a) The canonical morphism
¢ Xot.om = XogxXg X1 Xg--Xg Xy &> W
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has a Lagrangian structure

(b) The Lagrangian from (a) can be uniquely characterized as follows: any Lagrangian ¢ : N —
W satisfying conditions (1) and (2) below is Lagrangeomorphic to Xo1. m.
(1) As a derived stack, N is a homotopy limit of the following diagram

(2) The isotropic structure on v, considered as a 2-simplex in A>°/(N,n) with boundary
the pullback of the loop defining ww, is homotopic (relative to its boundary) to the
2-simplex O = O + > 1 O;. Here Oy s defined as follows: each of the isotropic
structures h; in X; pulls back in two different ways to N, by definition of N there is
homotopy between these which we call ©;. Note that since h; is a path in A>%(X;,n),
0; is a 2-simplex in A>(N,n). Also, because N is a homotopy limit, there is a 2-
simplexr © in A>°/(N,n) providing a homotopy between the 2(m + 1) ways of pulling
back w, along all the morphisms in the diagram, from S to one of the X; and then to
one of the X;; and finally to N.

Proof. Part (a) was the main theorem in [2] and this general case is entirely analogous to the special
case discussed in Theorem 2131 To prove (b) one must first observe that Xo1. ., is a homotopy
limit of the diagram (B.3)) and the isotropic structure on ¢ certainly satisfies these requirements
as that is how it was constructed in [2]. The existence of the required Lagrangeomorphism now
follows from Corollary O

Corollary 3.10. Let Xg, X1, X2, X3 be Lagrangians in S. Then we have the following Lagrangian
correspondences
Xo12 X Ax,y — (Xo1 X X12 X Xo3)™ X (Xo2 x Xo3)
Axy X X123 — (Xo1 % X2 x Xo3)™ x (Xo1 % Xi3).
The following two Lagrangian correspondences (obtained by composition) are Lagrangeomorphic
Xo23 ® (X012 X Axy,) = Xo1z @ (Axy, X Xi23) (3.4)
as Lagrangians in (Xo1 x X12 X Xo3)™ % Xo3.

Proof. To prove this we apply Proposition B.9] for m = 4. It follows from general properties of
fiber products that both sides of shows that both sides of ([B.4]) are equivalent to X123 as derived
stacks. A long but straightforward check then shows that the Lagrangian structures are homotopic
to the one described in Proposition Therefore we can apply Proposition and prove the
claim. O

We now give a characterization of the Lagrangian which appears in the proof of Proposition
.19 Recall the situation, we have Lagrangians Xy, X1,x9 in S and Lagrangians My, M7 in Xy
and Ny, N7 in Xi5. We denote by P; = M;x x, N; the Lagrangians in X2 obtained by composition of
relative Lagrangian correspondences. In the proof of Proposition 2.19we constructed a Lagrangian:

PO X X012 Pl — (M01 X NOl)_ X POl (35)
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We will show this is unique in the appropriate sense. Consider the diagram:

Moy Por Noy (3.6)

Let K be a homotopy limit of the above diagram. The universal property of homotopy limit gives
a map

K — (Mo x No1)~ x Po (3.7)

We now construct directly an isotropic structure on the morphism (3.7]). Recall that the X; come
with isotropic structures h;, the M; with isotropic structures hy;, and the N; with isotropic struc-
tures hy,. Let Oy, be the 2-simplex in Py(A>“(K,n)) giving the homotopy between the two
pullbacks of hy, along K — FPy; — My and K — My, — My and similarly for ©y,, ©7, and Op; .
Additionally denote by O; the homotopy between the four different pullbacks of h; to K. In the
space Po(A>“!(K,n)) (and suppressing pullbacks) we get the diagram

ha, hn,
ho by hy ©  hy (3.8)
O, Ony
ho —h>— hy hy ———ho
My No
(SH) O1 O2
hg ———nh hf ———
0 hMl 1 1 th 2
Onr On;
h h h h
0 o, 1 1 e 2

Note that, by definition, the boundary of the two unlabeled squares are (the pullback of) the
(n — 2)-shifted symplectic structures on My; and Nyj, respectively. Also (the pullback of) the
(n — 2)-shifted symplectic structure on Py; is the outside boundary of the diagram. The sum
©p + 01 + O2 + Oy + On, + O, + Op, therefore gives a homotopy between way,, + wn,, and
wp,, (suppressing pullbacks to K'), that is an isotropic structure on (B.7)).

Lemma 3.11. Up to Lagrangeomorphism, there is a unique Lagrangian K whose underlying derived
stack is the homotopy limit of (3.6) and whose isotropic structure is homotopic to the one explained
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above. Furthermore, the Lagrangian Py X x4, P1 — (Mo1 X No1)~ X Po1 which appears in the proof
of Proposition has these properties.

Proof. The uniqueness follows immediately from the definition of Lagrangeomorphism. Tracing
back through the construction in Proposition 2.19 we can see that the Lagrangian structure defined
there is homotopic to the one just described above. As a result of this and Proposition 219 the
isotropic structure on K is in fact non-degenerate and so K is Lagrangian. O

Consider now the same situation as described above but with extra Lagrangians Ms in Xy and
N5 in X15. We will now prove one more uniqueness result for composition of the Lagrangians
obtained in Lemma B.I1l Consider the diagram

Mor Mo Po2 No1 N2 (3.9)

E\S
2\
Z/Z
l\'):/

My

A homotopy limit K of this diagram has a natural morphism
K — (M01 X M12 X N01 X ng)_ X Pog. (310)

We now construct an isotropic structure on this morphism. This is very similar to the discussion
before Lemma[BIIl In the space Py(A>“ (K, n)) we have 2-simplices © u; for i = 0,1, 2, 2-simplices
Oy, for i = 0,1,2 and also 2-simplices O; for i = 0,1,2. A diagram similar to (3.8)) and similar
considerations show that 322, (0. + O, +©;) determines an isotropic structure on the morphism

B.10).

Lemma 3.12. Up to Lagrangeomorphism, there is a unique Lagrangian K whose underlying stack
is the homotopy limit of (3.9) and whose isotropic structure is homotopic to the one explained above.
One such Lagrangian K can be constructed as the composition

(Py X xg15 P2) ® (Mo12 x Noi2)

We end this section by describing the behaviour of the operation Cy defined in Proposition 2.7
under Lagrangeomorphism and composition of Lagrangian correspondences.

Proposition 3.13. Let Sy, S1 and Sz be n-symplectic derived stacks and let f : X — Sy x 51,
g:Y — 5y x51 and h: Z — S| x S be Lagrangian correspondences and consider Lagrangians
e: N — Sy and € : N' — Sy. We have the following:

(a) If X is Lagrangeomorphic toY and N is Lagrangeomorphic to N' then Cx(N) and Cy (N')
are Lagrangeomorphic in S1.
(b) We have a Lagrangeomorphism

Cz(Cx(N)) = Czex(N),
where Z o X is the Lagrangian constructed in Corollary [212.
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Proof. The first part of the statement is easy and left to the reader. The second part follows from
PI‘OpOSitiOD B] by taking S = ®+1, XO = 0, X1 = So, X2 = 51 and X3 = 52, N1 = N, N2 =X
and N3 = Z in that proposition. O

Remark 3.14. A different but equivalent way to establish associativity, that is to prove Proposition
37l would be to first prove Proposition B.I3] and use part (b) to show that

(Nl X x, NQ) X X, N3 =~ CX023'(X012><AX23)(N1 x No X Ng)

and
N1 X, (N2 X x5 N3) = Cxgppe(ax,, x X12s) (V1 X N2 X N3).

Then Corollary B.10] and part (a) of Proposition B.13] imply associativity.
4. A 2-CATEGORY OF LLAGRANGIANS

Fix a n-symplectic derived stack (S,w). In this section we will define a bicategory (or weak
2-category) Lag(S,w), whose objects are Lagrangians in S.
We start by reviewing the definition of bicategory (following [25]) and setting up some notation.

Definition 4.1. A bicategory (or weak 2-category) C' consists of

a collection of objects Cy;
for each two objects X,Y a category C'(X,Y);
for any three objects Xg, X1, X5, composition functors
po12 : C(X1, Xa) x C(Xo, X1) — C(Xo, X2);

for each object X, an object idx € C(X, X);

natural isomorphisms

¢: 1013 © (,U123 X idc(Xle)) —7 023 © (idC(Xz,XB) X'u012)
l:pon (idx,, —) — de(xp,x7)
7 poor (—, idx,) — ide(xo,x,)-

These are required to satisfy the triangle and pentagon identities which will be written
explicitly later.

Given objects X,Y in C, the objects of C'(X,Y) are called 1-morphisms of C, this collection is
denoted C1(X,Y). For each object X in C we call idx the identity 1-morphism. The morphisms
of C(X,Y) are referred to as 2-morphisms of C. Given f,g € C1(X,Y), we write Ca(f, g) for the
set of morphisms from f to g in C(X,Y’). For any 1-morphism f we call 15 € Ca(f, f) the identity
2-morphism. We will use the notation f91,2(g, f) = g o f for f an object of C(Xp, X;) and g an
object of C (X1, X2). For a a morphism in C(Xy, X;) and S a morphism in C(X;, X3) we write
to.12(B8, @) = B * a, this is called the horizontal composition of o and . The composition in the
categories C'(X,Y) is called vertical composition and for &, 7 composable morphisms in C'(X,Y")
we write their composition as 1 ® &.

One can also define bicategories enriched in some symmetric monoidal category M. We require
that, for each pair of objects X,Y in C, the category C'(X,Y") is enriched over M, the functors pp12
are functors of M-enriched categories and finally ¢, and [ are M-natural transformations.

In this article, we will construct bicategories enriched over two different symmetric monoidal
categories (other than the category of sets). First we will take M to be the category gr-Vect of
graded vector spaces (and degree preserving homomorphisms), with the monoidal structure given
by the tensor product and symmetric structure given by a @ b — (—1)%lp @ a, where | - | stands
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for degree. We will also consider a less common symmetric monoidal category, that we will denote
by gr-Inv. Objects are sets S equipped with an involution —1 : S — S and a degree function
|-]:S — Z, invariant under —1, and whose morphism are maps that preserve both structures. The
monoidal structure is defined as
ST =8xT/~,

where we take the equivalence relation (—s,t) ~ (s, —t) and define the degree in the product as the
sum of the degrees on each factor. The symmetric structure is defined as (s,t) — (—1)I¥ll(¢, s).

The most visible difference between a standard bicategory and a bicategory enriched over one
of the symmetric monoidal categories just described is in the compatibility between the horizontal
and vertical composition of 2-morphisms. This is equivalent to the statement that pg12 is a functor,
and for 1-morphims f; € C1(X,Y) and g; € C1(Y, Z) (for j = 0,1, 2) it states

(M2 *&2) © (m*&1) = om)*(&20&)

for any 2-morphisms &; € Co(fi—1, fi) and n; € Cao(gi—1,¢;) for i = 1,2. While in the enriched case
it reads
(112 % &) © (1 + &1) = (=1l © 1) * (&2 © &),
We will also need the definitions of homomorphism of bicategories (also called weak 2-functor)
and symmetric monoidal bicategory and homomorphisms of these. We refer the reader to [25].

We now define objects, morphism and compositions in Lag(S,w) (sometimes written Lag, when
(S,w) is fixed), what will become our bicategory of Lagrangians.

Definition 4.2. Let (S,w) be an n-symplectic derived stack. The objects of Lag(S,w) are La-
grangians in (S,w). Given two Lagrangians Xy and X; in S the 1-morphisms are defined to be
Lagl(Xo,Xl) = ,Cag(Xo Xg Xl).
Given two Lagrangians Ny, N1 in Xy X g X1, we define the set of 2-morphisms between them as
Lags(No, N1) = Lag(No X (xoxsx1) N1)/ ~;

that is, Lagrangeomorphism equivalence classes of Lagrangians. In the definitions of 1-morphisms
and 2-morphisms we chose a model for the homotopy fiber products and use the (n — 1)-symplectic
derived stack Xo1 = (Xo x5 X1,w01) and (n — 2)-symplectic derived stack No1 = (No X (xyx¢x7)
Ni,wn,, ) provided by Corollary

The composition of 1-morphisms is defined by

Lag, (X1, X2) x Lag;(Xo, X1) — Lag;(Xo, X3) (4.1)
(Nl,N()) —> Nl o N()
where Nj o Ny is the pair consisting of the map Ny xx, N1 — Xp2 and the Lagrangian structure
discussed in Corollary 2141 Using the notation from Definition 28 Ny o Ny = Cx,,,(No X N1),
where X9 is the Lagrangian constructed in Theorem 2.13l Again here we choose a representative
for the homotopy fiber product. For each object X define the identity 1-morphism of X as diagonal
Ax constructed in Corollary 2.8l
The vertical composition of 2-morphisms
Lagy(N1, Na) x Lagy(No, N1) —2 Lagy(No, Na) (4.2)
is defined as
(U1,Up) — Uy © Uy
where U; ® Uy is the pair consisting of the natural morphism Uy xn, Uy — Ny2 along with the
Lagrangian structure constructed in Corollary 2.14] therefore Uy ® Uy = Cy,, (Uo % Uy).
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Denote Py = Ng o My and P, = Ny o M7, we define horizontal composition of 2-morphisms as
Lagy(No, N1) x Lagy(Mo, M) — Lagy(No o Mo, N1 o M) (4.3)

by
(V,U) — V*U:CPOXX012P1(U X V)

where Py X x,,, P1 is the Lagrangian constructed in in Proposition Recall that as derived
stack V = U is given by U xx, V. — Py X x,, P1.

The units for 2-morphisms will be introduced in the proof of Lemma 43l The associator and
unitors will be introduced in Definitions and (4.8

We give a sequence of lemmas which will show that the data
{o,*,®, Lag(S,w)1(—, —), Lag(S,w)2(—, —)}
along with the unitors and associators which we define in Definitions and [£.8] define a bicategory.
Lemma 4.3. The vertical composition of 2-morphisms defined in ({{.3) is associative and has units.

Proof. The claim on associativity follows immediately from Proposition3.7. Given M € Lag; (Xo, X1),
we define the identity 2-morphism 1), to be the Lagrangian A : M — M xx,, M constructed in
Corollary 2.18] Now Proposition 3.8 shows that this is indeed an identity for ®. O

Lemma 4.4. Vertical and horizontal composition of 2-morphism are compatible. In other words,
given objects Xo, X1 and Xo, 1-morphisms My, My, My € Lag;(Xo, X1) and Ny, N1, Ny € Lag; (X1, X2)
and 2-morphisms Uy € Lagy (Mo, My), Us € Lagy (M7, Ms), Vi € Lagy(No, N1) and V, € Lagy (N1, No)
we have:

(VaxUz) © (Vi Up) = (Vo © V1) % (U © Uy).
Proof. From the definitions we have
(Vo Uz) © (V1 *Ur) = Chpyy, (C'Poxxmpl(Ul X V1) X Cpixx,,, P (U2 X V)
2 Chprae((Pox gy P (Prxxgyy P2)) (U1 X Uz X Vi X V),
using Proposition B.I3[(b). If we denote by p the symplectomorphism
p: Moy x Mz X Nop X Nig —> Mo X No1 X M1z X Nia,
which interchanges the two middle factors, then we have the Lagrangeomorphism
Cr, (U1 x Us x Vi x Vo) 2 Uy x Vi x Uz x Va.
Therefore, by a similar argument we have
(VaoV1) % (U2 © Up) = C(POXX012P2)0(M012><N012)(Ul x Vi x Uy x V2)- (4.4)
= C(Pyx xg;, Pa)e(Mor2x Nota)eT', (U1 x Uy x Vi x V3). (4.5)
Hence, by Proposition B.13|(a), the proof will be complete once we establish a Lagrangeomorphism
Po12 @ ((Po X xo1, P1) X (P1 X X015 P2)) = (Po X x4, P2) @ (Mo12 X Noi2) o L.

In turn, the existence of such Lagrangeomorphism follows from Lemma For this note that
both Lagrangians are homotopy limits of the diagram (3.9]) as derived stacks. Inspecting the
constructions of the Lagrangian structures in both cases one can see that they are homotopic to
the one described in Lemma Hence we can apply the lemma to conclude the proof. O
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Definition 4.5. Consider a sequence of 1-morphisms
Xo s xy 22 x, M xy
We define the associator
W, noN, € Lagy((N3 o Na) o Ni, N3 o (Ng o Nyp))

as the Lagrangian constructed in Proposition 3.7l It follows from Proposition B.8] that this is
invertible and hence a 2-isomorphism.

Lemma 4.6. The associator is natural, meaning that given 2-morphisms U; € Lagy(M;, N;), for
1=1,2,3, we have

(U3 * (U2 * Ul)) © WM3M2M1 = WN3N2N1 © ((U3 * U2) * Ul)'

Proof. We will denote by L; = M; xx, ,, N; the (n — 2)-symplectic derived stack and Mjs =
M7 x X1M; the Lagrangian in Xgo. Recall from definition and the properties of C_ we have

U3 * (U2 * Ul) = C(M(12)3><X023N(12)3)'((M12><X012N12)><AL3)(U1 X U2 X Ug).
Also, by the definition of ® and Proposition 3.9 we have
WhaNzny @ (U * U) * U1) © Wi, = Co(Wgasas, X (Us x Uz) x U1) x Wiana ),
where J = M(12)3 X Xo3 M1(23) X Xo3 N1(23) X Xo3 N(12)3. Now as above, (Ug * Ug) x U = CK(Ul X
Us x Ug), with K = (M1(23) X Xo13 N1(23)) ° (ALl X (M23 X X193 Ngg)). Next we observe that the
associator Wy, n, N, , which was defined as the graph of a Lagrangeomorphism I, , can equivalently

be described as Cr, (o) where we consider I, as a Lagrangian correspondence from a point to
Ni(23) X xos N(12)3- Therefore we have

Wy NoN, © (U % Up) x Up) © WA};Mle = CJ.(F/),1 i xT,yy) (U1 X Uz x Us).
M

Hence the lemma will be a consequence of the following Lagrangeomorphism
(M(12)3 X Xo23 N(12)3) b ((Ml? X Xo12 N12) x ALa) =Je (Pp;wl x K % PPN)? (4’6)

between Lagrangians in (L1 X Lz X L3)™ X (M(12)3 X xo3 N(12)3)- The existence of such Lagrangeo-
morphism follows from a statement analogous to Proposition and Lemma [B.11] that is we can
show that there is a unique Lagrangian in (L1 x Lg x L3)™ X (M(12)3 X x5 N(12)3) satisfying a natural
condition that we will not spell out. Then one checks that both Lagrangians in (4.0)) satisfy this
requirement. ]

Lemma 4.7. The associator satisfies the pentagon axiom. This states that given a sequence of
1-morphisms
Xo My x, M2 ox, M8 oxy, M
we have
Wig21) © Wizyar = (I, * Waa1) © Wyzayr © (Wagz * 1)
where we have simplified the notation so that Wy3)21 stands for Win,on;)Na N, -

Proof. To prove the pentagon axiom, we first notice that the underlying space of W321 is I'py,,
where p3o1 is the morphism p appearing in the proof of Proposition B71 Notice that the ®-
composition of two graphs of morphisms is the graph of the composition of these morphisms. Also,

we can see that Wysa * 1, is Lagrangeomorphic to F(ile pas2), Where

(pas2, tdn,) = idn, X x, paz2 1 N1 Xx; (N2 Xx, (N3 X x5 Na)) — N1 xx, (N2 X x, N3) X x5 Na).
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Similarly 1y, * W3g1 is Lagrangeomorphic to I'(,,,, 1 Ny Therefore the equation we are trying to

show, follows from establishing a Lagrangeomorphism between the graphs of py3(21) © p43)21 and

(p321,7dN,) © pazz2) © (1ny, pas2)-
First we can chose a homotopy equivalence

Pa3(21) © Paz)21 — (p321,1dN,) © paczay © (Iny, pas2)- (4.7)
This is because (1) both sides are equivalences between Ny X x, (N2 X x, (N3 X x4 N4)) and ((N71 X x,
N3) x x, N3) X x, N4 which homotopy commute with the system given by the projections to the N;
and X; and (2) both Ny x x, (N2 x x, (N3 X x, Ny)) and ((N1 x x, N2) X x, N3) X x, N4 are homotopy
limits of the same system.

The equivalence of graphs induced by (47]) homotopy commutes with the projections of both
graphs to (((IN4 o N3) o Na) o N1))) X x,, (Ngo (Nso(NgoNyp))). According to Corollary 3.5 what
remains is to show that that there is a homotopy between the two isotropic structures (one of which
is pulled back by this equivalence of graphs). We do not include the details of the diagrams needed
to establish this homotopy as similar proofs appear throughout this article. O

Definition 4.8. Fix objects Xy and X; and consider M € Lag; (X, X1). We define the unitors
Iy € Lagy(idx, oM, M) and rys € Lagy(M oidx,, M) to be the graphs of the Lagrangeomorphisms
pr: M xx, Ax, = M and p, : Ax, Xx, M — M constructed in Proposition 3.8

We leave the proof of the following lemma to the reader as it can be proved using the same
techniques as the previous two lemmas.

Lemma 4.9. The unitors are natural and satisfy the triangle axziom. For objects Xg and X;
and 1-morphisms M, N € Lag;(Xo,X1), naturality says that U ® ray = ry © (U * 1idxo) and
Uoly =In© (1idxl x U), for any 2-morphism U € Lagy(M,N). The triangle axiom says that,
given another 1-morphism P € Lag; (X1, X2), we have:

(Ip*la) o Whjiax, ,m =1p * 1.
Summarizing the results in this section, we have shown the following theorem.

Theorem 4.10. Let (S,w) be an n-symplectic derived stack. Then Lag(S,w) as defined above is a
bicategory.

In the case of S = e,,1 we use the notation Symp™ = Lag(e,+1,w). In this case the theorem
gives the following

Corollary 4.11. There exists a bicategory Symp™ whose objects are n-symplectic derived stacks,
whose 1-morphisms are Lagrangian correspondences, and whose 2-morphisms are relative Lagrangian
correspondences up to Lagrangeomorphism.

The bicategory Symp” has an additional structure, namely that of a symmetric monoidal bicat-
egory (see Definition 2.1 [25]).

Theorem 4.12. The bicategory Symp™ is a symmetric monoidal bicategory. The monoidal struc-
ture

Symp™ x Symp™ — Symp",
at the level of objects, sends ((Siw1), (S2,w2)) to (S1 X S2, w1 Bws) and has the point e, as the unit.
Proof. We define the monoidal structure on morphisms by product of Lagrangians, as defined in

Proposition 25l Together with some natural isomorphisms which we do not write down, this defines
a morphism of bicategories. This morphism of bicategories along with several obvious compatibility
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natural transformations defines the structure of a symmetric monoidal bicategory in the sense of
Definition 2.1 of [25]. The details are straightforward but tedious. O

5. ORIENTATIONS AND PERVERSE SHEAVES

In this section we will discuss some facts about perverse sheaves that are needed to linearize the
bicategory Symp®. The starting point is the construction in [6] and [3] of a canonical perverse sheaf
on oriented (—1)-symplectic derived stacks. The second ingredient is that an oriented Lagrangian
in a (—1)-symplectic derived stack determines a section of the perverse sheaf, which was conjectured
by Joyce. Here we give a more refined version of this conjecture and provide a local construction of
the section. But for all of these constructions we need to impose some orientability requirements,
so we cannot linearize Symp® directly. We will rather linearize an oriented version of it which we
denote by Symp?".

5.1. Orientations on Lagrangians.

For a derived Artin stack @, we define its canonical bundle K¢ as the line bundle det(Lg).
If the derived Artin stack @ has a O-symplectic structure wg then this can be used to trivialize
Kg = det(Lg) and we always use this trivialization.

We start with the definition of (relatively) oriented Lagrangian in a 0-symplectic derived stack. It
is inspired in the notion of relatively spin Lagrangian introduced in Lagrangian Floer cohomology.

Definition 5.1. Let (S,w) be a 0-symplectic derived stack and let E be a line bundle on S. An
FE-oriented Lagrangian in S is a triple consisting of a Lagrangian f : L. — S, a line bundle Ry, on
L and an isomorphism
YL : R%2 — K ® f*E

When S is a point, L is (—1)-symplectic and this recovers the notion of orientation on a (—1)-
symplectic derived stack X introduced in [3]. Concretely it consists of line bundle Rx and an
isomorphism

YX R?? i) K X
Example 5.2. Given a smooth scheme U, f € O(U), we have the derived critical locus
CTit(f) =U Xdf, T*U,0 U —L> U,

which is (—1)-symplectic. Denoting by o : Crit(f) — T*U the induced morphism, we have

~

Keriy) = L*K§2 ® a*Kf}U = L*K}?z, since T*U is symplectic. This defines a canonical ori-
entation on Crit(f), with Royup) = 1" Ky -

Now we define orientation for a (—1)-Lagrangian. If X is a (—1)-symplectic derived stack and
¢ : M — X is a Lagrangian then we have by definition Tj; = Ly[—2]. Using the exact triangle
¢*Lx — Ly — Ly we get

det(Lps) ™" = det(Tas) = det(Ly) = (det(Ly)) ® ¢* det(Ly) .
Therefore, there is a canonical isomorphism
ans : (detLpp)®? — ¢*(det Ly). (5.1)

Definition 5.3. Consider a (—1)-symplectic derived stack X with an orientation Rx. An oriented
Lagrangian in X is a pair consisting of a Lagrangian ¢ : M — X and an isomorphism

Bu s Ky — ¢ Ry
such that yx o ﬁ%’f = ayy.
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Remark 5.4. Note that the space of orientations on a (—1)-Lagrangian M has a Zo action, given
by multiplying the orientation S5 by +1. If M is a (—1)-Lagrangian with some orientation Sy,
we will denote by —M the same Lagrangian with orientation — /s, which we refer to as the reverse
orientation.

We now prove several lemmas establishing some properties of orientations.

Lemma 5.5. Let Sy and S1 be 0-symplectic derived stacks with line bundles E; in S;, fori =0,1.
Given an Eg-oriented Lagrangian Xo — So and an FEq-oriented Lagrangian X1 — Sy, there is an
induced EygX E1-orientation on the product Lagrangian Xo x X1 — So x Sy discussed in Proposition
2.4

Let Yy and Yy be oriented (—1)-symplectic derived stacks. Given oriented Lagrangians My — Yy
and My — Y7, there is an induced orientation on the product Lagrangian My x My — Yy X Y.

Proof. The first statement easily follows from the fact that Kx,xx, = Kx, X Kx,. For the second
part note that the map « defined in [5.1] satisfies

OMoxM; = OM X QN
for a product Lagrangian. This implies the result. ([l

Lemma 5.6. Let Sy, S1,S2 be 0-symplectic derived stacks with line bundles E; on S; fori=20,1,2.
Given f: Ny — S, x 51, a (EO_1 X E)-oriented Lagrangian and g : Ny — S; X S, a (El_1 X Fs)-
oriented Lagrangian. Then the Lagrangian No @ N1 has a natural (EO_1 X Es)-orientation.

Proof. Let (Ry,,vn,) be orientations of the N; for i« = 1,2. Recall the Lagrangian N e N} is
defined as a Lagrangian structure on the map h : Ny xg, No — Sy x S, induced by fp and gs.
We define an (EO_1 X Es)-orientation by taking RN1X31 N, = Ry, X Ry, and YN1x gy Ne equal to the
composition

v, By ./ e g
RRZo vy = RRZRRR S (K, © f1(Ey ' ®E) B (K, ® g*(Er ' K Ey))

=~ (Ky, R Ky,) @ h*(Ey ' K E) (5.2)
= Knyxs, N, ® h*(Ey ' ¥ Ey).
Here we have use the fact that Kg, and f{(E1) K gf(Ey 1) have canonical trivializations. n
Lemma 5.7. Let S be a 0-symplectic derived stack with line bundle E and consider Ng, N1, N,

E-oriented Lagrangians in S.

(a) The E-orientations on Ny, N1 induce an orientation on the (—1)-symplectic derived stack
N()l = N() XS Nl.

(b) Using the orientations on Nyi1, N12, Nog from part (a) and the orientation on their product
discussed in Lemma 5.0, there is a natural orientation on the Lagrangian

¢ : Nog xg N1 xg Na — Noi x N1z X Nog
defined in Theorem [Z.13.

Proof. Denote by f; : N; — S the Lagrangian morphisms and by (Rx;, vn,) the orientations. For
part (a) we define Ry,, = (Rn, ® fE~) X Ry,. The composition defining vy,, can be easily
constructed using the isomorphism Kpy,, = Ky, X Ky;,.
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For part (b) we define the orientation on the triple fiber product as the composition:
det(LN012) = KNO X KN1 X KN2
~*RYQEHYRRYRE )R(RY@E™!)
— (RNO ® E_l ® RNI) X (RN1 ® E_l ® RNz) X (RNz ® E_l ® RNO) = (P*(RNm ><N12><N20)7

where we have omitted the pullbacks from the notation. It’s easy to check that this map satisfies
the required property. O

Lemma 5.8. Given Xo, X1 oriented (—1)-symplectic derived stacks and oriented Lagrangians g :
N — Xo and (fo, f1) : M — Xy x Xy the Lagrangian cs(g) : N x x, M — Xy from Proposition
[27 has an induced orientation

Proof. We have isomorphisms Oy : Ky — ¢*Rx, and By : Ky — (f§Rx,) ® (fiRx,) and
VX - R?}g — Kx, . Define By xoM as the composition

(BN ®id)XBas

Knuym = (Kn®g Ky )R Ky 9" (Rx, ® K5, )R ((f5 Rx,) ® (fi Rx,)) = cs(9)" Rx,

where in the last isomorphism we use vx,. It is easy to check that vx, o ﬁf\;}i xgM = ONxxo M- O

As in the unoriented case, we will use the notation Cy;(N) for the oriented Lagrangian con-
structed in the above lemma.

Definition 5.9. Let S be a 0-symplectic derived stack with a line bundle E. An oriented La-
grangeomorphism between E-oriented 0-Lagrangians (X, Rx,,7Vx,) and (X1, Rx,,7x,) is a pair
consisting of a Lagrangeomorphism p : Xy — X; and an isomorphism ¢ : p*Rx, — Rx,.

Let Y be an oriented (—1)-symplectic derived stack and (fo : No — Y, Bn,), (f1: N1 — Y, Bn,)
be oriented (—1)-Lagrangians. An oriented Lagrangeomorphism between Ny and Nj consists of a
Lagrangeomorphism 1) : No — N such that Sy, equals

Ko = 6% (Kny) —20% 04 (f(Ry)) 2 £ (Ry).

Remark 5.10. Notice that the condition of oriented Lagrangeomorphism between 0-Lagrangians
gives the following isomorphism of line bundles

Kx, 2R3 ® f3(E™1) = Rx, ® p"(Rx,) © f§(E™1) 2 Tj(Rxy,).
We can easily see that this determines an orientation on the Lagrangian I', : Xo — Xo1, and in

fact it is equivalent to it.

The operation Cj(-) satisfies similar properties to the unoriented one, stated in Proposition
BI3] which we collect in the following lemma, whose proof is elementary.

Lemma 5.11. Let Xy, X1 and Xy be (—1)-symplectic derived stacks and let My, My — Xy % Yp,
M, — X; x Y1 and Ng — Y, x Zy be Lagrangian correspondences and consider Lagrangians
U, U] — Xy and Uy — X;. We have the following:

(a) If My is oriented Lagrangeomorphic to M) and Uy is oriented Lagrangeomorphic to U) then
Ch, (Up) and CM(;(U(/)) are oriented Lagrangeomorphic.
(b) We have an oriented Lagrangeomorphism
Cno (Cy (o)) = Cnvgensy (Do)

where Ny e My is the oriented Lagrangian constructed in Lemma [5.6.
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(c) We have an oriented Lagrangeomorphism
OMOXM1(U0 X Ul) = (_1)mOU1OM0(U0) X CM1(U1)’
where mg = vdim My and up = vdim Uj.

Now we have the tools to carry out all the constructions of Section 4 in the oriented setting.
This gives the following

Theorem 5.12. There exists a symmetric monoidal bicategory Symp®" enriched over gr-Inv. The
objects are pairs consisting of a 0-symplectic derived stack S and a line bundle E on S. The 1-
morphisms in SympS” ((So, Eo), (S1, E1)) consist of (Ey *® Ey)-oriented Lagrangians in Sy x Sy and
the 2-morphisms Symp$” (Xo, X1) are oriented Lagrangeomorphism classes of oriented Lagrangians
m XO X8 X1 .

There is a symmetric monoidal homomorphism Symp® — Symp® which forgets the orientation
data.

Proof. We first discuss the enrichment over gr-Inv. We define the involution in the set Symp9" (X, X1)
to be the reversion of the orientation on a Lagrangian and define the degree of a Lagrangian N as
IN| = n — vdim N, where n = vdim Xj.

The composition of 1-morphism is defined as Corollary ETI1], using Lemma to define the
orientations. Using Lemmas (.7 and B8] we define the compositions of 2-morphisms as follows.
Given M € Symp9"(Xo, X1), N € SympS” (X1, X2) and P € Symp9" (Y, Y1) we take

NoM = (_1)VdimN(n0+nl)OX012(MXN) and PxM = (_1)(n0+n1)(n1+n2)CZo><S()><Sl><5221(MXP)7

where n; = vdim S;. Recall that the Lagrangian Zy Xg,xs;xs, Z1 can be described as a triple
intersection of oriented 0-Lagrangians and hence Lemma [5.7] (b) assigns it an orientation.
Using Lemma [5.17] we can easily show that we have

My ® (Ml ® M) = (—1)VdimMl(no+n1)CX0230(X012><AX23)(MO x My x M2)
and
(M2 ® Ml) o My = (_1)Vd1mM1+”0+”1CX013.(AX01><X123)(M0 x My x Mg).

Now following our conventions for orientations we can easily check that there is an oriented La-
grangeomorphism Xpoz @ (Xp12 X Axy,) = (—=1)™0F"1 X513 @ (Ax,, X Xi23). Putting these facts
together we conclude that ® is associative. We proceed similarly and compute

(NQ*MQ)@(Nl*Ml) _ (_1)(no+n2)(vdim Mo+vdim NQ)C

M XNy X MoyxNo).
2012.<(20X301221)X(Zl><501222))( 1 1 2 2)

(5.3)
Next using the symplectomorphism p as in the proof of Lemma 4] and using our conventions for
orientations we have the oriented Lagrangeomorphism

Cpp(Ml X M2 X N1 X NQ) = (_1)vdimN1vdimM2M1 X N1 X M2 X Ng.
Therefore we have
(N2 ® Nl) * (M2 ® Ml) = (_1)EC(ZO><5012Z2)0(X012><Y012)'Fp(M1 x N1 x My x Ng), (54)

where € = (ng+n1)(n1+no+vdim Ny +vdim Na)+ (ng+ng)(vdim Mo+vdim No)+vdim Ny vdim M.
Tracing back through our conventions for orientations we can check that the Lagrangeomorphism

Zora @ ((Zo X 51y Z1) % (Z1 X $p1y Z2)) = (Zo X 5015 Z2) ® (X012 X Yo12) @ T'p,
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constructed in Lemma [£.4]is in fact an oriented Lagrangeomorphism. Therefore we conclude that
(B3) and (B.4) differ by

(_1)(n0+n1)(n1+n2)+vdim Mz(n1+n2)+vdimN1 (n1+n2)+vdimN1 vdim Mo — (_1)|M2HN1‘
)

which finishes the proof of the compatibility of vertical and horizontal composition of 2-morphisms.

The rest of the proof of the theorem doesn’t differ from Corollary L11l Recall that the identity
I-morphisms in Symp® are given by A : S — S~ x S. This has the canonical orientation Rg =
Og since there is a canonical isomorphism Kg ®oq A*(E~' K E) & Og ®0, Os = Og. The
identity 2-morphisms, associators and unitors in Symp” were all described as the graphs of certain
Lagrangeomorphisms. To assign them orientations in the sense of Definition [5.9]is simply a matter
of choosing the obvious (-morphisms needed in that definition.

The monoidal structure can be constructed as in Corollary E.11] using Lemma to define the
necessary orientations. The existence of the forgetful homomorphism is obvious. O

5.2. Constructible sheaves. In the remainder of this chapter and in the next one, we take the
ground field k£ to be C for simplicity. We will work in the context of algebraically constructible
sheaves of F-vector spaces on higher algebraic Artin stacks. This theory itself has two approaches.
The first is the theory of constructible sheaves on the lisse-étale topos of an algebraic Artin stack
for which F can be taken to be Z/IZ, for some prime [ or closely related categories using l-adic
coefficients of various types with some slight technical difficulties (for example restriction on the
values of [). The second (see for instance [27]) is the theory of constructible sheaves on the Lisse-
analytic topos of the analytification of an Artin stack over C. In this case, we can take F =
ZJIZ again but now also Q or C or any Noetherian ring is fine. Rigid (or Berkovich or Huber)
geometry allows us to consider analytifications of stacks defined over fields other than C if the
field is equipped with a valuation and there are also theories of algebraically constructible sheaves
on those analytifications but we do not pursue this here. For a derived algebraic Artin stack X
over C we use the notation D.(X), DI (X), D7 (X), D%(X) to denote the (triangulated) categories
of algebraically constructible sheaves of F-modules on the underlying Artin stack of X, and its
bounded below, above, and bounded versions. Categories of constructible sheaves on stacks in the
(algebraic) étale topology are defined in the work [20] of Y. Liu and W. Zheng, following Lurie
and the work of Laszlo and Olsson [I8], [19]. Categories of algebraically constructible sheaves on
analytic stacks in the classical analytic topology are discussed in [27] (see also [23]). In the case of
rings F where both theories make sense, such as F = Z/IZ there is no ambiguity in this notation
as shown in the comparison theorem proven in [27].

We consider only morphisms between derived Artin stacks which are locally of finite type, quasi-
compact and quasi-separated. For all types of pullback and pushforward functors for morphisms
of derived Artin stacks, we work with the associated morphisms on the reduced Artin stacks. For
a morphism f : X — Y of derived Artin stacks we have a functor f, : DI (X) — DI (Y) with
left adjoint the restriction of a functor f* : D.(Y) — D.(X) to DI (X). There is also a duality
functor Dx : D.(X) — D.(X). We also sometimes use the pushforward with proper support,
fi=Dyo fioDx : D7 (X) — D_(Y), which is used in the definition of the perverse sheaf of
vanishing cycles. We denote by f': D (Y) — D7 (X) the right adjoint of f; which is actually the
restriction of a functor D.(Y) — D.(X). See Lemma 6.3.3 and Proposition 6.3.4 of [20] for the
existence of these functors and their adjointness properties. We use the notation

I*(S,T)= € Hompyx) (S, Tlil)

1=—00
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and Hom'(S,7T) = Hompy(x)(S, Ti]). We write H*(X,S) = I'*(Fx,S). Consider derived Artin
stacks X, Y together with morphisms 7x from X to a point and 7y from Y to a point. Then for
any S € D.(X) and T € D.(Y) we know by the Kunneth Formula (Proposition 6.1.3 of [20]) and
by the compatibility of the duality functor with the derived box-product (see Proposition 5.6.4 of
[18]) that

(7TX X Fy)!(DXXy(Sg T)) = (7TX X Fy)!(DXS X DyT)) = (FX!D)(S) &® (ﬂ'Y!DyT)
and therefore,
(mx X7y )« (SRT) = (7x:S5) @ (mysT)
and so we have

H*(X x V,SRT) = H*(X,S)® H(Y,T). (5.5)

Lemma 5.13. If f : X — Y is a proper morphism of derived Artin stacks then f, = fi as a
functor DY(X) — D(Y). If f is a closed embedding of derived schemes then f.f* = id. Given any
Cartesian diagram,

XxgY Xy (5.6)
le lg
X f} S
of derived Artin stacks there are base change natural isomorphisms

~

ffg= (mxhry and g*fi = (7y imy.

Additionally there is a natural transformation
crg: xS = myg’

Proof. The first statement is trivial. The second can be found on page 12 of [21] in the complex
analytic context. The third statement can be found in Proposition 3.2 of [22] in the complex
analytic context or in Proposition 6.1.1 of [20] in the algebraic étale context. For the last statement
see Proposition 3.1.9 of [16] in the complex analytic context or in either context simply notice that

Hom (% f'S, 7-g*S) = Hom(my 1w f'S, ¢*S) = Hom(g* fif'S, g*S)
and the right hand side has a canonical element corresponding to the pullback by g of the canonical

morphism fif'S — S. O

We will now review the construction, and some properties, of the perverse sheaf of vanishing
cycles of a regular function. Recall that given a regular function f on a variety U over C, we can
define a sheaf of nearby cycles of F € D2(U) in D(U°) where U = f~1(0). It is defined using the
commutative diagram

Uo U ﬁ T(U()) - Uy A E (5.7)
[
{0} —— C+—— D, — {0} +—— D,

where D, is a disk of radius € at 0 in C, D, the universal cover of D, — {0}, T(Up) = f~*(D.) and
each square is Cartesian. Then the sheaf of nearby cycles of F € Db(U) is defined as

pF =1 (jom)«(jom) F.
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The sheaf of vanishing cycles of F € D2(U) is defined as the object ¢;F making
JF — Tflf]: — gbf]: (5.8)

into an exact triangle where we have used the natural morphism F — (j o 7). (j o m)*F. Suppose
now that we are given a morphism ¢ : V' — U. We can consider the morphism

Vo Yo v e T(Vo) — Vo ¥ By (5.9)

AL

Up 2 U «+2% T(Uy) — Uy +— Ey

of diagrams living over the bottom row of (B.7). Each square in this diagram is Cartesian. Then
we have natural equivalences 4i(jy o mv)* = (ju o )% and @giy, = i7;¢ using base change.
Also there is natural morphism ¢y(jy o 7y )« — (ju o my)«@1 (which is a natural equivalence if ¢
is proper). This morphism is constructed in (2.5.7) of Proposition 2.5.11 of [16]. Let g = f o .
Putting these all together we get for any F € D%(V) morphisms

wo1gF = porty (v o my )« (Jv o v )*F = i1 (Jv o mv )« (Jv o Ty )*F = iy (Ju © T )« @1 (v o my ) F
(5.10)
and

iy (ju o mu)«@1(Gv o )" F = iy (ju o 7v)+(ju o Tv) o1 F = thrprF. (5.11)
So for any F € D%(V) we have a canonical morphism
0ot (YpopF) — V(1 F)
and hence by (5.8 we also have a canonical morphism
P01 (D fopF) = Op(1F). (5.12)
If o is proper these are isomorphisms.
Lemma 5.14. Consider a diagram

X, %0 W 1 X,

of Artin stacks and suppose that ¢1 is proper and we have objects Sy € D8(Xy), and S; € Db(X1).
The following holds:

a) A morphism p € Hompp 0580, 91 S1) induces a map
sow) (@0 1
M : H.(X(),SQ) — H.(Xl,Sl),

where H* stands for hypercohomology.
(b) Given another diagram

70 T1

Xo U X4

and an equivalence p : W — V' such that T o p is equivalent to ¢, along with morphisms
W d5So — 1Sy and 1 T6S0 — TSy such that p*n = p then i, = 1.
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(¢) The maps p« compose correctly: given a diagram

Wxx, V (5.13)
w Vv
2N 2N
XO Xl X2

with ¢1 and g proper and morphisms  : ¢5So — gb!lSl and n : ;S — 1/1!282 then

(my(m) 0 comiy (1))s = 11 0 s (5.14)

where ¢ comes from the natural transformation 77%(15!1 == W!‘/w’f discussed in Lemma [2.13.
(d) When Xog =X = X1 and W is the diagonal X — X x X and Sp =S = &1 and ¢p = idx =
1 we have p§S =S = #S, u = ids and using these identifications, f, = idpe(x,s)-
(e) Given another diagram

Y, o e 1 Y,

morphisms p : ¢5So — Sy and n V5 To — Y{T1, consider

B (¢ x o) (So W To) — (b1 % 11)"(S1 B Th).

Then we have (WX n). = p. @y via the natural isomorphism H*(S; X T;) = H*(S;) @ H*(T;)
fori=0,1 from equation (2.1).

Proof. Using the canonical morphism Fx, — ¢1.Fy we can compose with the pullback to get
T*(Fx,,So) = T*(Fw, 95S0) — T*(Fw, ¢151) = I*(¢1.Fw, S1) = I*(Fx,, S1) (5.15)
which is p, : I'*(Fx,,So) — I'*(Fx,,S1), the morphism claimed in (a).

In order to prove (b) consider the commutative diagram

¢*
re (FXoa SO) —O> F.(]FW7 ¢(>§SO) BE— F.(FW7 ¢'181) BE— F.(le*FW, Sl) BE— F.(FXUSI)

v pﬁ ”*T l /

I*(Fy,¢5So) —— I*(Fy, 1 S1) —— I (¥1.Fv, S1)

where the map from I'*(¢1.Fyw, S1) to T'®*(¢1.Fy, S1) is given by pre-composing by the pushforward
by %1 by the canonical map Fy — p,.[Fyy. Since each square and triangle commutes the two paths
from I'"*(Fx,,So) to I'*(Fx,,S1) agree.

We now prove (c). Let U = W x x, V. A straightforward but tedious check shows that every sub-
diagram of the following three diagrams commutes. Each arrow is some combination of a canonical
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adjunction, base change, pullback, and the morphisms ¢, ¢ and 7.

I*(Fx,y, So) —— D*(Bw, ¢5S1) ——— T*(Fw, ¢1S1) ———— [*(61.Fw, S1) (5.16)

(1 o1Fw, ¢iS1)

I*(my.Fu, ¢iS1)

F.(]FU7 W%QSSSI) — F.(]FUv 7TI>I;V¢![‘91) — F.(]FUv 77;/7[){51)

(1. Fw,S1) ——— T*(Fx,, S1) —— [*(Fy, 91 S;) ——— T*(Fy, ¥5Ss) (5.17)

(Y o1Fw, ¢iS1)

I'*(mv.Fu, i S) I*(mv.Fu, 15Ss)
I*(Fy,m,7St) I'*(Fy, m,1hSs)
I*(Fy,¥Ss) ———— T (V2. Fy, Sg) ——— T*(Fx,, S2) (5.18)

I (mv.Fu, ¥5Ss)

I*(Fy, i 405Ss) —— T*((12 o 7y ). Fu, S2)

Putting together the above three diagrams we have the proof of (c¢). Item (d) is obvious since in
this situation, all the maps in equation (5I5]) are the identity.
In order to prove (e), notice that (u X n), can be decomposed into tensor product morphisms

I*(Fx,,S0) @ T*(Fy,, To) = T*(Fw, 6580) ® T* (Fv, 45 To) — T (Fw, ¢1S0) @ T*(Fy, ¢4 o)
followed by
I*(Fw, 1So) @ I'*(Fy, 1 To) — I'*(¢1:Fw, So) @ I (W1:Fy, To) — T*(Fx,, S1) @ I*(Fyq, Th).
O
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5.3. Joyce’s conjecture.

The starting point for the linearization comes from the fact that on an oriented (—1)-symplectic
derived stack (X,w) there is ([3], [6]) a perverse sheaf P(x ., on its underlying reduced Artin stack
which is locally modeled on the perverse sheaf of vanishing cycles of a certain algebraic function
appearing in the local Darboux model [4]. As usual, we continue to assume that X is defined over
C for simplicity, but as emphasized in [6], this perverse sheaf can be constructed in other contexts
including the algebraic étale context when X is defined over a general field k. For simplicity
however, we stick to the complex analytic context where techniques of classical topology are used.
The following theorem is a rephrasing of a theorem which appeared in [6].

Theorem 5.15. Let (X,w) be a (—1)-symplectic derived stack with orientation Sx,ux). Then we
may define a perverse sheaf Px., on X uniquely up to canonical isomorphism. It is characterized
in the following way. The Darbouz theorem implies the existence of local models

v 5 orit(f) x X
where U is a smooth scheme, f € O(U), and V is a derived scheme, ¢ is smooth of dimension n,
and the morphism (i, ) is an oriented Lagmngz'anﬁ. The perverse sheaf Px ., satisfies the following

condition: ¢*(Pxw)[n|, is canonically isomorphic to i*(Py ¢) where Py s is the perverse sheaf of
vanishing cycles of f.

Remark 5.16. In [6] it was written that V' is coisotropic but the fact that it is an oriented
Lagrangian was not mentioned. Instead, two other properties were given. For the reader familiar
with [6] we now explain why our statement is equivalent to the one in [6]. The Lagrangian condition
is equivalentﬁ to the fact that Ly cpip) = Ty x[2]. This is the first of two conditions on V' given
in [0]. Indeed we have a pair of exact triangles and a morphism between them

Ty,x Ty Tx (5.19)

| L]

Ly /cri ) [=2] — L o) [—2] — Lx[-1].

Since the rightmost and center downward arrows give isomorphisms in the homotopy category we
can conclude that the leftmost downward arrow is also an isomorphism in the homotopy category.
The orientation is a isomorphism

det(Lv) = (i, %)" Scrit(f)- xx

inducing the canonical isomorphism det(ILy/)®? = det(Leyig()- xx)- However, we can rewrite this
as an isomorphism

Ky/x @ " Kx — " Scri(p) @ ¢*Sx 2" Ky ® 9" Sx
or using S¥? = Ky an isomorphism
Ky/x @ 9" Sx — i"Scri(p) £ 1" Ky
or ¢*(Sx)=i*(Ky)®A"Ty,x which is the second condition of the two conditions given in [6].
Lwhere we use the canonical orientation on Crit(f) and the product orientation on Crit(f)~ X X, the details of

exactly what V, U, f and ¢ can be found in [6]
2Thank you to Chris Brav for verifying this suspicion.
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The theorem we are citing from [6] was shown in the case of derived schemes in [4], [3]. In
that case, one can take ¢ to be smooth of dimension 0 (in fact a Zariski open) and i to be an
isomorphism, which give the following

Corollary 5.17. Let (X,w) be a (—1)-symplectic derived scheme with orientation Sx,pux). For
each closed point p in X, there is an open neighbourhood W symplectomorphic to Crit(f) where f
is a reqular function on a smooth scheme U. Then the restriction of Px . to W is isomorphic to
the pullback of the sheaf of vanishing cycles Py, y.

Joyce conjectured that there should exist a natural way to assign cycles in the cohomology of
the perverse sheaf Px to Lagrangians in X. He made the following conjecture.

Conjecture 5.18. Let (X,w) be an oriented (—1)-symplectic derived stack and i : L — X a
proper oriented Lagrangian. Let P(x ., be the perverse sheaf described in Theorem [5.13. Then
there is a natural morphism

g Foopy[vdim L) — i'Px )

of constructible sheaves on L with given local models in the Darboux charts.

In order to give some evidence for this conjecture, we first explain the construction of the map
1 in a simple local model.

Example 5.19. Let U be a smooth variety over C equipped with a regular function f. Consider the
derived critical locus X = Crit(f). It is equipped with the shifted symplectic structure coming from
writing Crit(f) = UXxp«yU given by the pair of Lagrangians df and 0. Letv : W — U be a smooth
subvariety such that f o = 0. Consider the total space N*(W/U) C T*U of the conormal bundle,
the dual of Ny . Then df o1 can be thought of as a section of N*(W/U) — W. Let M be the
derived zero locus of df o1p. Notice that vdim(L) = dim W — (dimU —dim W) = 2dim W — dim U.

Let us apply Corollary [2.1]) taking S = T*U, and the three Lagrangians Xg = U XL U and
Xo = U % T*U and Xy = N*(W/U) - T*U and Ny = W LYY 4 sy N*(WJU) and
No=W M N*(W/U) xp=y oU. These are simply graphs of df o1 and 0 interpreted as sections

of the shifted cotangent bundle T*[—1]W. We conclude that natural morphism ¢ from the derived
zero locus

L = (df o)1 (0) = Wapoy X n=wyvr) oW = Ugp X120 0U = Crit(f) = X
1s Lagrangian.
Consider the morphism
j:Crit(f) — f71(0)
induced by (j1,42). Let Uy = f~(0). We have the diagram

x v, v—_L.c (5.20)
4 4 /
LW

Given a smooth algebraic variety Z, over C, we let oty = Fz[2dim Z] denote the orientation
complex of its underlying topological space . For simplicity we assume that Crit(f) is contained in
f7Y0). In this case the perverse sheaf Px is the pullback of the sheaf of vanishing cycles

Px = PV = j*¢%(Fyldim U))
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where j : Crit(f) — f~1(0) = Uy is the inclusion. In the general case we would sum PV;_. over
all the critical values ¢ of f.

We now construct the desired map, for this consider the canonical map éy, € Hom(yoty, ovy).
Applying the functor (b? and pulling back by j we obtain a morphism

3¢ (0y) 1 57 Sphorw — j dhovy.
Noticing that j* ?otU = Px|[dim U] and using Theorem 2.10 of [3] we have since 1) is proper that

Phabrory = gl (ot ) = g (o) = oty

Hence, we can consider j*(b?(éw) as a morphism j*ioty — Px[dim U]. Since the square (5.20) is
Cartesian, we have

7 i (orw) = i (ovw) = i(Fr[2dim W]).

So we get a morphism ¢ (Fr)[2dim W — dim U]) — Px or, by adjunction, a morphism
pr, : Frlvdim L] — 90!73)(. (5.21)

The preceding was a kind of warm-up to the general situation of (—1)-Lagrangians which we
now do. We will restrict ourselves to the case of derived schemes, that is both X and L will be
derived schemes. In this situation the paper [14] provides a local description for L.

Proposition 5.20. Assume we have a Darboux chart (U, f) for the (—1)-symplectic derived scheme
X, that is, X s locally equivalent to Crit(f). Then [14, Example 3.6] shows that any (—1)-
Lagrangian L in Crit(f) is locally determined by the following data: a submersion ¢ :' V. — U
of smooth varieties, a (trivial) vector bundle E on V equipped with an algebraic quadratic form q
which is non-degenerate on each fiber and a section s of E such that qo s = fo. The classical
truncation of L is locally isomorphic to s~1(0).

An orientation on L determines a trivialization det E = Oy and a morphism

pur : Frlvdim L] — 90!73)(
Proof. Recall from Example 3.6 in [14] that the cotangent complex of L has the form
Ly = [Tyy = EY = Ty, @ Tyl
living in degrees 0, —1, —2. In particular the virtual dimension of L is
vdim(L) = 2dimV — dimU — rkE.
The cotangent complex of the derived critical locus X of f looks like
[Tr — Tyl

in degrees 0, —1.

These cotangent complexes give us natural isomorphisms det(Ly) = det(7)|r ® det(E)|r, and
det(Lx) = det(T}})®?|x. The morphism « : det(L;)®? — (detLx)|; determined by the the
Lagrangian structure can be thought of therefore as a morphism det(7}/)®?|, @ (det E)|?? —
det(T}Y)®?|L, the orientation 3 is therefore a trivialization of det(FE) along L which comes from
restricting the given isomorphism det(£) = Oy to L.
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Now we construct the morphism p. As in the example we will assume, for notational simplicity,
that Crit(f) is contained in f~1(0). We have the following diagram

X — 4 1(0) v L

RN

L—(gos) 1 (0) —V —

(5.22)

Let s denote the composition (¢ os)~1(0) - V — E. Since L = s7(0) and i is a proper closed
embedding we get the following chain of isomorphisms

oFr = i"heFr = i*YanFr = i*YosoFo,,

(using Lemma [5.13)) where Fy,, is the pushforward of F from the zero section of E to E. Now the
well known description of the sheaf of vanishing cycles of a non-degenerate quadratic function tells
us that Fo, = ¢,Fg[rkE]. Composing this with the previous chain of isomorphisms we obtain:

O F [~k E] = i*o1s5¢0,FE (5.23)

Now recall there is a canonical map Fr — s,[Fy. Applying the functor i*1g 53¢, to this map we
get a morphism

i*¢0!88¢qFE — i*w0!38¢q3*FV = Z‘*1/}0!3330*¢q<>sIF\/ = Z‘*rLZJO!(quosIF‘V- (524)

Here we have used (5.12]) and the fact that sq is proper.

As in the previous example, there is a canonical morphism dy, : Y Fy [2dim V] = ¢ory — ory =
Fy[2dim U]. We will apply the functor ¢ to this morphism and then pull back to X via i. Then
precomposing this map with (5.12]) we get the map

i*¢0!¢qost = Z‘*l/JOI(ZﬁwaFV — Z‘*(Zﬁfl/J!FV — i*¢fFU[2 dim U — 2dim V], (525)

where the equality follows from the assumption g o s = f o 4. Finally we compose (5.23)), (5:24])
and (5.25)) and get

@ Fr[-rkE] — i*¢;Fy[2dim U — 2dim V] = Px[dim U — 2dim V],

and the equality follows from the definition of Px. By adjunction, this corresponds to a morphism
pr : Frlvdim L] — ©'Px. O

Remark 5.21. The previous proposition proves Joyce’s conjecture locally (for derived schemes).
The main difficulty in giving a complete proof of the conjecture is to glue these maps along a cover
of L by Darboux charts. Note that these are general maps in D%(X), not necessarily perverse and
hence do not glue like sheaves.

We now formulate a more detailed version of Joyce’s conjecture which implies the phrasing in
Conjecture [5.18 and includes the behavior of the map p under composition of Lagrangian corre-
spondences. In the next section we will use this conjecture to construct a bicategory which is a
linear version of Symp“".

Conjecture 5.22. Let (Xo,wp) and (X1,w1) be oriented (—1)-symplectic derived stacks. Let ¢ =
o x ¢1: M — X, x Xy be an oriented Lagrangian, in the sense of Definition[5.3 such that ¢1 is
proper. Then
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(a) There is a map of constructible sheaves

s = G5 Px,[v] — 64 Px,

where v = vdim(M) with given local models in Darbouz charts. Moreover, if we reverse the
orientation of M we change the map by —1.

(b) Consider oriented Lagrangians ¢ : M — Xy x X; and: N = Xy x X1 and let p: M — N
be an oriented Lagrangeomorphism. Then the morphism

D5 Pxo[v] =2 p PP, [v] ZE5 p i Px, = p'vi Py, = 61 Px,

agrees with pyr in DY(M).

(c) Given oriented Lagrangians ¢ : M — X5 x Xy and ¢ : N — X{ x Xo with vpr = vdim(M)
and vy = vdim(N) equip the Lagrangian N e M with the orientation constructed in Lemma
[5.8. Then the maps

pinvens = (G0 © Tar)* Py [oar + vn] — (2 0 ) Px,
and the following composition,

Co1,11

) S, 0P o] < midi P fon] Y mhesi P,

F?M(ﬁgfpxo [’UM + N
agree in DY(M x x, N). Notice that this statement makes sense because vdim(X1) =0 and
so vdim(M xx, N) = vdim(M) + vdim(N).

(d) If ¢ is the diagonal A : X — X~ x X then since vdim X = 0 the resulting morphism
wx : Px — Px is the identity.

(e) If we are given Lagrangians ¢ : M — X, x Xy and ¢ : N — Y, x Y] the morphism

X
Pxoxvelvar +vn] = (Px, [uar]) B (Py, [un]) 25 Py, B Py, = Pxyxyy

agrees with the morphism puprxn corresponding to the Lagrangian
pxp: MxN— (XoxYy) x (X1 xY).
where vy = vdim M and vy = vdim N.

Remark 5.23. We observe that the statements of Conjecture 518 and Conjecture £.22)(a) are
equivalent assuming that for a product of oriented (—1)-symplectic derived stacks we have Px,x x, =
Px, X Px, when we take the product orientation on Xy x Xj.

To check this is true first note the isomorphism can be checked locally as they are perverse sheaves.
Examining the Darboux theorem in [6] we can see that if, using the notation from Theorem [5.15]
X; has local Darboux data V;, U, f; then for the product X; x Xy we can take V =V; x Vo —
Crit(f1 B fo)~ x X3 x X, with product morphisms. Then the claim follows from the Thom-

Sebastiani isomorphism (see Theorem 2.1.3 of [3]) for the perverse sheaf of vanishing cycles of

f1E fo.

6. A LINEARIZATION OF Symp®"

In this section, we will construct a 2-category LSymp, whose objects and 1-morphisms agree with
those of Symp?”, but it is linear at the level of 2-morphisms. We will also construct a homomorphism
of bicategories Symp®” — LSymp. In both cases we will use Conjecture [5.22]
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6.1. A linearized 2-category of symplectic derived stacks.

Here we will define the bicategory LSymp. Before we define the objects and morphism in this
bicategory we make the useful observations. If S is a 0-symplectic derived stack then it has even
virtual dimension and if X is a Lagrangian in .S, it follows from the definition of Lagrangian that
vdim(X) = 3 vdim(S).

Definition 6.1. The objects of LSymp are the same as the objects of Symp®”, namely 0-symplectic
derived stacks (S,w) together with a line bundle F on S. The l-morphisms are the same as in
Symp®”", so we have LSymp;(Sp, S1) := Symp{"(So, S1).

If Xy and X; are l-morphisms, then by Lemma (.7, the (—1)-symplectic derived stack Xo; =
Xo X5yxs, X1 has an induced orientation. Theorem then constructs a perverse sheaf Px,, .
We define the graded vector space of 2-morphisms as

LSympy(Xo, X1) := H*(Xo1, Pxo, [-10 — n1]),
where n; = £ vdim(S;).
We now define the different compositions and identities in LSymp.

Definition 6.2. Composition of 1-morphisms in LSymp is defined in the same way as in Symp“".
Similarly, the identity 1-morphisms idx are defined to be same as the ones in Symp®”.

Let S; be objects in LSymp with vdim(S;) = 2n;. Given Xy, X7, X2 € LSymp;(Sp, S1), Lemma
6.7 implies that the inclusion

¢ : Xoiz — (X2 x Xo1)™ x Xo2

is a (—1)-Lagrangian of virtual dimension —ny — n; equipped with an induced orientation. Here
we reverse the order of the first two factors to respect the usual convention for compositions in a
category. Since ¢ is proper, Conjecture (£.22]a) combined with Lemma [5.14[a) gives a morphism

(/LX012)* : H.(PX12 x Xo1 [—TL(] - nl]) — H* (PXOQ)‘

Applying the shift [—-ng — n;] and using the isomorphism Px,,xx, = Pxy, K Px,,, explained in
Remark [5.23] and the Kiinneth isomorphism we obtain a map

(:uX(nz)*[_nO - nl] : H.(PXIQ [—TL(] - nl]) ® H.(PX01 [—’I’LO - nl]) — H.(PXOQ [—TL(] - nl])
We define the vertical composition of 2-morphisms as
ay ® ap = (—1)llezlmrommmotn) () [—ng — n)(02 @ aq).

Consider Yp,Y; € LSymp,(S1,S2) and denote Z; = Y; o X; € LSymp,(Sp, S2). By Lemma B.11]
there is a natural Lagrangian

ZO X SoxS1xSo Z) — (YE)l X X(]l)_ X ZOl-

As explained in the proof of Proposition 2.19]this Lagrangian can be described as a triple intersection
of oriented 0-Lagrangians and hence Lemma [5.7] (b) assigns it an orientation. As above, since this
Lagrangian is proper, we obtain a map

(/‘Zoxsoxslxszﬁ)* t H® (Pygy x xo1 [V]) = H* (P2, )
where v = vdim(Zy X g,x5, xS, Z1) = —2n1. If we apply the shift [-ny — ng] we obtain a map
(120 % 55, x 55 21 )+ [ =100 — n2] + H* (Pyy, [—n1 — no]) @ H* (Px, [—no — na]) = H*(Pzy, [—no — n2)).
We define the horizontal composition of 2-morphisms as

/8 (v = (_1)(n0+n1)(n1+n2)(ILLZOXSO><5‘1><S221)*[_nO — n2](5 ® a)
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In order to define the identity 2-morphisms, associators and unitors we need the following

Lemma 6.3. Let Xy, X1 be 1-morphisms. An oriented Lagrangeomorphism p : Xg — X1 deter-
mines a 2-morphism e, € LSympy(Xo, X1) = H*(Px,, [—no — n1]), sometimes we denote it by epr,
with M =T',.

If p = idx then e, is an identity for the operation ©. Moreover for any p, the 2-morphism e, is
invertible with respect to ©.

Proof. By the definition of Lagrangeomorphism, its graph I', : Xo — X1 is an oriented (—1)-
Lagrangian of virtual dimension is ng+n1. This can be thought of as a Lagrangian correspondence
from a point to Xo1, that is a Lagrangian Xy, — (0(_1))_ X Xp1. Since it is proper, we can apply
Conjecture 1.22[(a) and Lemma [5.14] (a) to this Lagrangian and obtain a map

(Nf‘p)* : H.(,P'(q) [no + nl]) - H.(PXOI)'
Applying the shift [—ng — n;] and using the fact that H* (77.(71)) = T, we obtain the map
(b, )«[=no —ma] : F — H*(Pxy, [-no — na]) = LSymp,(Xo, X1).
We define e, = (ur,)+[—no — n1)(1) € LSymp(Xo, X1).
Let p1 : Xg — X7 and ps : X1 — X5 be Lagrangeomorphisms, recall from the proof of Proposition

B8 that ps o p; is also a Lagrangeomorphism. Moreover we have an oriented Lagrangeomorphism
Iy, ©T, =T p0p,, where © is the vertical composition in the category Symp”. We claim that

€py © €py = €pyopy (6.1)

In order to prove this, we compute

Yot (v Y, [—ng — nl]((,urpz)*[_"o —n1](1) ® (pr,, )«[—no — nl](l))

1 (
= (=)™ (px0 ) [—10 — ma] (11, <1, )< [—2n0 — 2n1](1))
= (_1)”04‘”1 (/’LX()]Q.(FP2 XFpl))* [_no - nl](l)

= (1r,,0r,, )«[~no —n1](1)

= (MF/}QO/}l )*[_no - nl](l) = epz@pl‘
Here the first, fourth and last equalities follow from the definitions, the second from Conjecture
£.22le) combined with Lemma[5.14(e), the third equality follows from combining Conjecture [5.22)(c)
with Lemma [5.14(c) and finally the fifth equality follows Conjecture [£.22(b) and Lemma [5.14(b).

Now equation (6.I) together with Proposition B.8 immediately implies the second half of the
statement, namely:

€py © €p; = (

€p © Cidy, = €p = Cidx, ©ep
and
ep©Oe; = Cidx,s € ©ey, = €idy,
where p is a homotopy inverse of p. O

The previous lemma allows us to make the following definition

Definition 6.4. Let Sy, S1,S2 and S3 be objects in LSymp and consider X; € LSymp,(S;—1,.5;)
for i = 1,2,3. The identity 2-morphism of X; is defined as 1x, = €idy, - Let Wx,x,x, be the
associator in Symp®", we define the associator in LSymp, still denoted W, x,x,, as EWxyxpx; -
Next, we define the unitors in LSympy(idg, o X1, X1) and LSymp,(X; oidg,, X1) as ey, and ey
where [x, and rx, are the unitors in Symp?".
By Lemma all of these 2-morphisms are 2-isomorphisms as required.
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We now have all the data needed to define a bicategory, we will now check the axioms, we start
with
Lemma 6.5. The vertical composition © is associative and the 2-morphisms 1x are units for it.

Proof. Consider Xg, X1, X2, X3 € LSymp;(Sp,S1) and take a; € LSymp;(X;-1,X;). We denote
n = vdim X; and compute

03 ® (a2 © a1) = (~ )01 (). [l )-(22) @ (xesy o= (02 @ )
= (_1)|a2|n+n(:uX023)*[_n]((l‘Ax% x X123)+[— 1] (03 ® ag ® o)) (6.3)
= (—1)|a2|n+n(MX023.(AX23 ><X012))*[_n](a3 ® o ®aq))

where the first equality follows from the definitions, together with Conjecturd5.22((d) and Lemma5.14|(d);
the second one follows from Conjecture £.22(e) and Lemma [5.14(e) and the fact that (f1x,,5)« has
degree n. Finally the third equality follows from Conjecture [5.22)(c) and Lemma [5.14)(c).

Similarly,

(3 ©ag) ®aj = (—1)|a2|n (NXOlgo(X123><AX01)>*[_n](ag ® ay ® o),
hence associativity follows from applying Conjecture [5.22(b) to the Lagrangeomorphism
X023 @ (Ax,; X Xo12) = (—1)"Xo13 @ (X123 X Axy,)

proven in Corollary B.10, without considering the orientations, but that is elementary. The state-
ment about the identity 2-morphisms follows from the second part of Lemma [6.3] O

Lemma 6.6. Consider X; € LSymp;(Sp, S1) and Y; € LSymp,(S1,S2) for i = 0,1,2 and denote
Z; =Y;0X;. For a; € LSympy(X;_1,X;) and 5; € LSymp,(Y;—_1,Y;) for i = 1,2, we have
(B2 * a2) © (Br % 1) = (=1)Ille2l(8y © By) % (ap © aq)

Proof. The proof follows the proof of the same statement for the bicategory Symp®" in Theorem
(.12 using Conjecture (£.22] and Lemma [5.14] instead of properties C_. We have

(B2 * @2) © (B1 * 1) = (= 1) (1z0030(21x 595 Zax Zox syyy 21) ) | =10 — 12] (B2 ® 2 ® B1 @ 1)

(B2 © B1) * (a2 © 1) = (1) (H(Zox s, Z2)s (Yoo x Xonz)oTy ), [ =10 — n2] (B2 ® 2 ® B1 @ 1)

where €1 = (|f2] + || + no + n2)(no + n2) and ez = (ng + n1)(n1 + n2) + (|B2| + n1 + n2)(n +
n2) + (|az| +no + n1)(ng + n1) + (|61] + n1 + n2)(Jaz| + n1 + n2). Here we have used the fact that

(MFP)*(ﬁz QPO ®ar) = (_1)(|51\+n1+n2)(\a2\+n1+n2)62 Ras® P ® a,

where the sign corresponds to the unshifted degrees in H®*(Px,,) and H*(Py;, ).
Note that €1 + €2 = |f1||az| (mod 2), therefore the statement follows from the existence of the
following oriented Lagrangeomorphism

Zo1o ® (Zl X So12 Zo X 2y X So12 Zl) = (ZQ X So12 ZQ) ° (Y()lg X X012) on,
which is analogous to the one constructed in the proof of Theorem [5.12] O
Lemma 6.7. The associator satisfies the pentagon axiom and the unitors satisfy the triangle axiom.

Proof. Consider X; € LSymp,(S;_1,5;) = Symp®(S;_1,S;), for i = 1,..4, the pentagon axiom in
Symp®”" states that the following oriented (—1)-Lagrangians are Lagrangeomorphic

Wig21) © Wizyar = (1x, * Waa1) © Wysayr © (Wazz * 1x,)
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By definition and Lemma [6.3] , we have

W43(21) © W(43)21 = EWyzar) © EWiagyo1 = EWas(21) OW(az)1 -
Similarly we have

(Ix, * Ws21) © Wiy © (Wagz * 1x,) = €15 +Wan1 © €Wy, © EWigorly, (6.4)
= C(1x,*W321) OWiy(32)1 ©(Waza*lx, ) ‘
an therefore the pentagon axiom in LSymp follows from the pentagon axiom in Symp®" combined
with Conjecture 5.22(b) and Lemma [5.I4(b). By an analogous argument we can see that the
triangle axiom in Symp®” implies the triangle axiom in LSymp. g

The proof of the next lemma is very similar to others in this section so we omit it.

Lemma 6.8. The associator and the unitors are natural, meaning that given 2-morphisms ~; €
LSympy(X;,Y;), for i =1,2,3, we have

(73 * (72 * ’Yl)) O] WX3X2X1 = WY3Y2Y1 © ((73 * 72) * 71)7
and
Y OTxe =Ty, © (Y0 * liag,) and v © lx, = ly, © (Liag, *70)-

Summarizing the results from this subsection we have the following

Theorem 6.9. The definitions and lemmas above define a bicategory LSymp enriched over graded
vector spaces. Moreover it has a symmetric monoidal structure.

Proof. The only point left to discuss is the symmetric monoidal structure. At the level of objects
and 1-morphisms it is the same as Symp®”. In order to define the monoidal structure on 2-morphisms
we use the following canonical isomorphisms

LSympy(Xo x Yp, X1 x Y1) = H.(P(XOXYO)XSOXS1><To><T1(X1 XYl)[_nX - ny])
= H*(Pxo1 xvo [-nx — ny]) (6.5)
= H.(PXOI [—TLX]) ® H* (PY()l)[_nY])v

where nx = vdim Xy x X7 and ny = vdim Yy x Y7. The structure of symmetric monoidal structure
can then be constructed in a straightforward way. O

6.2. The linearization functor.

In the previous subsection we used Conjecture to construct the 2-category LSymp. In this
subsection, again using Conjecture we would like to construct a linearization functor, that
is a (symmetric monoidal) homomorphism of bicategories Symp®" — LSymp. This is not possible
since in order to apply Conjecture we need proper (—1)-Lagrangians. Because of this we will
introduce a slightly modified version of Symp°".

Proposition 6.10. There is a symmetric monoidal bicategory Symp?" defined as the subcategory
of Symp®” with the same objects and 1-morphisms and 2-morphisms (Symp?)a2(Xo, X1) are (equiv-
alence classes) of oriented Lagrangians v : M — Xo1, such that 1) is a proper map.

Proof. It easily follows from the definitions that being proper is preserved by both horizontal
and vertical composition in Symp®". All the other data required in the definition of a symmetric
monoidal bicategory (identities, associators, unitors,..) are defined as the graph of some Lagrange-
omorphism which is necessarily proper. O

We can now state the main result of this subsection.
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Theorem 6.11. There is a symmetric monoidal homomorphism of bicategories, in the sense of
Definition 2.2 of [25],

F : Symp?” — LSymp
which is the identity on objects and 1-morphisms.
Proof. By definition we have that F'(Y o X) = F(Y) o (X) and F(ids) = idp(s) for any object
S and l-morphisms X,Y. Now consider a 2-morphism N € (Symp?")2(Xo, X1), this is a proper
oriented (—1)-Lagrangian N — (e(_;))~ x Xo1. Applying Conjecture [5.22(a) and Lemma [5.T4(a)
to this Lagrangian and shifting we obtain a map
(un)x[—no — na] : H*(Pe_, [vdim N — ng — n1]) — H*(Px,, [—10 — n1]).
Since F = H*(P,_, ), we define
F(N) = (un)«[—no — n1](1) € LSymp(Xo, X1).
This well defined since, by Conjecture (b) together with Lemma [5.14] (b), if N’ is Lagrangeo-
morphic to N then (un)« = ()«
We observe that, by definition we have
F(lx) = 1px), F(Wxsxox1) = Wrxa)F(x2)F(x1), F(rx) =rpx) and F(lx) = lpx)-
The only conditions left to check are the following
F(N & M)=F(N)o F(M), F(N*M)=F(N)*F(M).

Since both can be proved in the same way, we check only the first one. We denote € = vdim N (ng+
n1) and compute

F(N o M) = (unem)«[—no —n1](1)
N(—l)fXglgo(MxN))*[_nO —n1](1)
— 1) ((11x012)x © ((arxav)s[—10 — n1]) ) [=n0 — na(1)
1) (1xo12)«[=10 = n1) (a3 ) [=2n0 — 2n1](1))
— 1) (t1x012 )+ [—10 — 1] (1)< [=0 — n1](1) @ () [—m0 — ma](1))
= (=D (X012 )+[=n0 = m](F(N) @ F(M)) = F(N) © F(M),
where the third equality follows from Conjecture 5:22fc) combined with Lemma [5.14)c), the fifth

equality follows from Conjecture [£.22)(e) together with Lemma [5.14(e) and the other follow from
the definitions. Finally, in the last equality, we used the fact that |F(N)| =ng+ny —vdim N. O

(
(
(
(
(

7. CATEGORIES OF FILLINGS AND MAPPING STACKS

One of the main results in [24] states that under certain conditions, the mapping stack Map(X, 5)
is a symplectic derived stack if S is also symplectic. The main condition is that the stack X possess a
d-orientation, rather informally this can be thought of as a volume form that allows us to “integrate
functions” on X. Calaque [8] defined a relative version of orientation and proved that the functor
Map(—, S) sends relative orientations to Lagrangians. In this section we will build a bicategory
of derived stacks with relative orientations, in analogous but dual way to how we constructed
Lag. In the end we will show that under certain conditions, Map(—,S) can be promoted to a
homomorphism of bicategories.
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7.1. Categories of Fillings.

In this section, contrary to the rest of the paper, we will not assume that our derived stacks are
Artin or locally of finite presentation. Instead we will require that the derived stacks be O-compact.

A derived stack is X is O-compact according to [24, Definition 2.1] when for any affine derived
scheme Spec(A) we have that Oy gpec(a) is @ compact object of Dgeon(X x Spec(A)) and for any
perfect complex E on X x Spec(A), the A-dg-module RHom(Ox y spec(a), E) is perfect. As usual,
we make the R implicit from now on. For a derived stack X and an affine derived scheme Spec A,
we use X 4 to denote X x Spec A.

Lemma 7.1. Given a diagram

Wy < X 2w,
of O-compact derived stacks, their homotopy pushout, in the category of derived stacks, is O-
compact.

Proof. Let us denote the homotopy pushout by Y. Then Yy is a homotopy pushout of

(Wi)a &2 X4 24 (W) 4.

Consider the resulting canonical maps ji 4 : (Wi)a — Ya, jo.a: (Wa)a — Ya, and ja : X4 — Ya.
We can write the (stable oo-) categories of quasi-coherent sheaves and perfect complexes on Y, as a
homotopy limit of the corresponding categories on (W7)4, (W2)4, and X 4. This means that given
an object on Yy it is determined by objects on (W7)4, (W3)a, and X4 related by the appropriate
pullbacks. Since homotopy colimits and finite homotopy limits commute in the stable context, this
correspondence is preserved by homotopy filtered colimits. In particular, working in the derived
categories of quasi-coherent sheaves, for any £ € Dyeon(Y x Spec(A)) the set Hom(Oy,, E) is the
limit of the diagram

*

J Js
Hom(Owy) . Elwy) ) 24 Hom(Ox,, Elx,) &2 Hom(Owy) 4 Elowy) 4)-

Notice that these pullbacks commute with homotopy filtered colimits in the F variable, that (7) 4,
(W3)4, and X4 are O-compact and that finite limits and filtered colimits in the category of sets
commute. Putting this all together, this diagram commutes with homotopy colimits in the E
variable and so Yy is O-compact. In a similar way, considering the functor Hom(Oy,,—) we
obtain the exact triangle

M(OYNE) — M(OX,M E‘(Wl)A) @M(O(WZ)/UE’(WZ)A) - M(OXAVE‘XA)’

Since the restrictions of E are perfect, and because (W7)4, (Ws)a, and X4 are O-compact we can
conclude that Hom(Ox ., E|w,),) Hom(Owwy,) 4> Elws) ) Hom(Ox,, E|x,) are all perfect. This
implies that Hom(Oy,, E) is perfect, which completes the proof. O

We now review the definition of orientation following [24]. From now on we use the notation
C(X,F)=RHom(Ox, E), for a complex E on X.

Let n: C(X,0x) — k[—d] be a morphism in the derived category D(k), this defines, for any
perfect complex E on X4, a morphism

(—=Nn),:C(Xa,E) = C(Xa,EY)[—d] (7.1)
corresponding to the composition
C(XA,E)®@C(Xa,EY) = O(Xa, EQEY) = O(X4,0) 2 C(X,0x)® A — Al—d]
where the first map is the cup product, the second is the trace and the last is n ® id 4.
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Definition 7.2. Let X be a O-compact derived stack, an O-orientation of degree d (usually
abbreviated to d-orientation) consists of a morphism [X] : C(X,Ox) — k[—d] such that for any
Ae cdgafo and any perfect complex E on X4, the morphism

(—N[X])4:C(Xa,E) = C(Xa,EV)[—d (7.2)
is a quasi-isomorphism of A-dg-modules.

From now on, however, we will suppress this notation from our calculations, and just use the
notation

-N[X]: C(X,E) = C(X,EY)"[-d]
for the entire family of morphisms in (Z.2]) for all possible choices of A and E.

Remark 7.3. If X is equipped with an orientation [X] which is understood, we sometimes use X
to denote (X, —[X]).

We now recall the definitions of boundary structure and relative orientation (which we will call
a filling) from [8]. Let X be a d-oriented derived stack and f : X — W be a morphism of derived
stacks. Denote by f.[X] be the composition
C(W,0w) = C(X, 0x) = k|
where the first morphism is pullback. Note that we can rewrite — N f,[X] as the composition
C(W,E) —» C(X, f*E) = C(X, f*EY)"[~d] - C(W, E")"[~d] (7.3)
given by pullback, cap with [X] and finally the shifted dual of pullback.

Definition 7.4. Let (X, [X]) be a O-compact derived stack with a d-orientation. A boundary struc-
ture [8] on a morphism f : X — W is a path y from f,[X] to 0 in the space Map(C(W, Ow ), k[—d)).

Suppose we have a morphism f : X — Y of derived stacks and an object £ € Perf(Y). We
define C(f, E) by the exact triangle

C\Y,E) — CX,f'E) — C(f,E) — .

Notice that for a pair of morphisms of derived stacks X Ty 24 , C(f,E) and C(g,E) are
related by the following exact triangle

Clg,E) — C(go f,E) — C(f,9°E) —,

in the derived category D(k).
A boundary structure « induces the following diagram

C(W,E) (7.4)
7 oX, fE)

—ﬁ[X}l 7
C(f, BV [~d) — C(X, f*EY)"[~d) — C(W, E¥)"[-d

0

This is because 7 determines a homotopy between 0 and the composition (73] which, since the
bottom row is exact, determines the lift ©,. A boundary structure  is called non-degenerate if the
associated morphism ©, is a quasi-isomorphism.
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Definition 7.5. Consider a O-compact derived stack X with a d-orientation [X]. If v is a non-
degenerate boundary structure on f : X — W, we call the pair (f,7) a filling of X. Denote the set
of fillings for a fixed morphism f by Fill(f,[X]).

From now on in this subsection, we will assume that all the derived stacks are in fact classical
stacks and all the morphism are closed immersions. We will see that fillings have many of the same
formal properties as Lagrangians, just dualized. The following is the analogue of Example 23] and
Proposition

Proposition 7.6. Let X and W be O-compact derived stacks and f : X — W a morphism of
derived stacks. We have the following:

(a) Consider the empty set as a d-oriented derived stacks. A d-filling of the morphism ) — X
is equivalent to a (d + 1)-orientation on X.

(b) If (X, [X]) is d-oriented, there is a bijection between Fill(f,[X]) and Fill(f,—[X]).

(c¢) Let X1 and Xy be d-oriented derived stacks and suppose we have fillings f1 : X1 — Wh
and fo : Xo — Wa. Then Xi1[[ X2 has an induced d-orientation and the morphism

fill fo: Xi [1 X2 — Wi [ Wa is a filling.

Proof. In order to prove (a), notice that a boundary structure on i : ) — X is just a loop v at
0 in Map(C(X,Ox),k[—d]). This is the same as a point in Map(C(X,Ox),k[—(d + 1)]). The
associated morphism

—N[X]:C(X,E) = C(X,EY)Y[~(d+ 1)]

is equivalent to
C(X,E) & C(i, BV)Y[~d] = C(X, EV)[-1]V[~d] =2 C(X,EY)Y[~(d + 1)]
and so each is non-degenerate if and only if the other is. Points (b) and (c) are obvious. t
The following is an analogue of Proposition 2.7]

Proposition 7.7. Suppose that Xo and X; are d-oriented derived stacks and we are given a filling
f="(fo, f1) : Xo ]I X1 — W. For a morphism of derived stacks g : Xo — U, consider the associated
morphism by(g) : X1 = UJlx, W. Then there is a map

By : Fill(g, [Xol) — Fill(bs(g), [X1)).

Proof. First note that Lemma [.1] guarantees that U [y, W is O-compact. Let us denote by 7 the
boundary structure for the map f, that is a path from — fo.[Xo]+ f1.[X1] to 0 in Map((C(W, Ow ), k[—d]),
or equivalently, a path v from f1,[X1] to fo«[Xo]. Let 0 be a filling of g, that is a path from g.[Xo]

to 0. Consider the homotopy commutative diagram

UHX() w (75)

g
Xo

U

w
[
fo XOHX f1

1
J1
X1
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The fact that the square on the left is homotopy commutative determines a path from iy fo.[Xo]
to iy«gx[Xo]. Consider the concatenation

By (8) = (iw«7) @ c ® (iy+6).

It is a path from (iw f1)«[X1] to 0. Since iw fi = bg(g) we have produced a boundary structure
on bs(g). We will now prove that it is non-degenerate if § is non-degenerate. Let T'= U [[x, W.
Given F € Perf(U [[x, W) we have an exact triangle

F — iy i F @ iwsiy F — (iw o fo)«(iw o fo) " F — .

applying this to £ and EV and taking derived global sections over T' we get a commutative diagram

C(T,E) C(U,iHE)® C(W,ijy E) —— C(Xy, fgiyy E) ———

l l(Q(Sv@"/) l(—)ﬁ[Xﬂ

C(iw o f1, EV)V[—d] —— C(g,i;EY)V[—=d] & C(f,i{y EY)V[-d] — C(Xq, f§ity EV )V [-d] —

(7.6)
Consider
X1 25 X[ %0 = X [[(Xo [[x0) CR o w.
Xo Xo
Because (g, f) o jo =iy 0 f1 we get an exact triangle
C(ja, (9, [)*EY)Y — Clizo f1,EY)" — C((g, ), EY)" —
also have
C(X1,jiF) ® C(X2,j5F) = C(X1 [[ X2, F) — C(Xa2,j5F) — C(jo, F) —
Therefore, C(ja, F') =2 C(X1, j1 F)[+1]. And so
C(X1,1F)[-1] = C(j2, F)” (7.7)
and
C((g, ), EY) = C(g,i EY) ® C(f, iy EY). (7.8)

So we get the exact triangle
C(Xo, fiwEY)"[-1] — Cliw o fo, EY)" — Clg,ip E")" & C(f, i EY)" — .
Shifting and rotating it we have the exact triangle
Cliw o fo, EY)'[=d] — C(g,ip EY)" [d] ® C(f, iy EY)"[—d] — C (X1, foiy EY)'[—d] — .

Therefore, the bottom row in (7.0]) is an exact triangle. The top row is an exact triangle as well.
Therefore the left vertical arrow in (7.6]) is an equivalence in the homotopy category. This agrees
with the morphism ©p +(6) which is induced by the path Bf(d) by the mechanism explained in

@). O

The following lemma is the analogue of Proposition and Corollary 2.9

Lemma 7.8. Suppose that X is a d-oriented derived stack. The natural morphism V : X [[X — X
has a canonical filling. Moreover, given fillings fi : X — Wi and fo : X — Wy of X then the
(homotopy) pushout Wi [[x Wa has an induced (d + 1)-orientation.
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Proof. The pushforward of [X] to X is of course —[X] and so we can use that to find a path to
zero from the pushforward of [X [] X] to X. It induces a morphism C(X, F) — C(V,EY)V[—d]
which we want to show is a quasi-isomorphism. If we consider the inclusion of the first factor

pgEN X ][ X, then Vo j is the identity and the exact triangle

C(X,EY) » C(X][X,V'EY) - C(X,EY)
shows that C'(V,EY) 2 C(X,EY) and in fact C(X,E) — C(V, EY)"[—d] actually agrees with the
original morphism (—) N [X]: C(X,E) — C(X, EY)"[d] itself so it is a quasi-isomorphism.

The second statement is an immediate corollary of the first and Proposition [l Indeed by
Proposition (3) we have a filling X [[ X — Wi ] Wa. By the first statement, we have the filling
V:(X]IX)]]0 — X. By applying Proposition [[.7] we see that § — (W] Wa) HYHX X is a
d-filling and so Proposition [T.6] (1) corresponds to a (d + 1)-orientation on (W; [ Wa) HYU X =
Wi [1x Wa. O

The following proposition is an analogue of Theorem 2131

Proposition 7.9. Suppose that X is a d-oriented derived stack. Suppose that we are given three
d-fillings X — W; for i =1,2,3. The natural morphism

¢ (Wi [T Wa) [TWa [T Ws) [TWs [T W) — Wa [T Wa [T Ws
X X X X X
is a filling.

Proof. The derived stack W1 [[x Wa[x W3 is O-compact by Lemma[7.Tl The construction of the
natural boundary structure is analogous to the construction of the isotropic structure in Theorem
2.13] and Proposition and so is omitted. We will prove that this boundary structure is non-
degenerate.

Denote by W;; = W; [[x W; the (d 4 1)-oriented derived stacks constructed in Lemma [7.8 Let
T = Wi ]lx Wallx Ws. Notice that T = Wy [[w, Wi2. Consider E € Perf(T), there is an exact
triangle

C(T, E) — C(Wm,E) ) C(ng,E) — C(Wl,E) —.

Denote by g the composition
Wao —= Wor [ Wia [] Wos -2 T.
This gives an exact triangle
C(i,¢*E)Y — C(q, E)Y — C(¢,E)Y — .

Notice also that C(i, ¢p*E) = C(Wp1 [[ Wiz, ¢*E)[1] and we have a co-Cartesian square

X —— Wy (7.9)

1

Wy ——T

and therefore C(q,E) = C(f1,7*T) for all E € Perf(T'). Combining the above we get an exact
triangle

C(Wor, B)'[-1] & C(Wh2, E)’[-1] — C(f1,E)" — C(¢,E)" —
and by shifting and rotating, an exact triangle

C(¢, E)’[-d —1] — C(Wor, E)"[~d — 1] & C(Why, E)"[~d — 1] — C(f1, E)"[~d].
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In conclusion, we get a diagram with exact triangles as rows
C(T,E) C(Woi, E) ® C(Wha, E) cC(W,E) ——
Oz J((—)Q[W(n]v(—)ﬁ[wlz}) l@ﬂ
(6, BY)"[~d — 1] — C(Wor, BY)" [-d — 1] @ C(Wia, BY)" [~d — 1] — C(f1, EV)" [~d —

Because the middle and final vertical arrow are quasi-isomorphisms, the first is as well. O

Definition 7.10. Let X be a d-oriented derived stack and let ig : X — Wy and i1 : X — W;
be fillings of X. A filleomorphism between W and W7 is a triple consisting of an equivalence of
derived stacks g : Wy — Wy, a homotopy between goig and i and a filling of the induced morphism

gHidWl ZW()HWl — Wl.
X X

Using Proposition [7.6], Proposition we can redo the entirety of sections 2, 3, 4 of this article in
this “dual” picture where symplectic structures are replaced with O-orientations, Lagrangians are
replaced by fillings and Lagrangeomorphisms are replaced by filleomorphisms and all the morphisms
go in the opposite direction. For example composition of 1-morphism and vertical composition of
2-morphisms are defined using the morphisms

Fill(Wy [ Wa) x Fill(Wy [ Wa) — Fill(Wy [[Ws),
X X X
constructed by combining Proposition[7.6] and Proposition [[.9] as in Corollary 2.141
We spare the reader the details and summarize the result in the following:

Theorem 7.11. Let (X,[X]) be a d-oriented stack. There exists a bicategory Fill(X,[X]) whose
objects are fillings (f : X — W,v), l-morphisms between two fillings (f1 : X — Wi,y1) and
(fa : X — Wa,v2) are the fillings of W1 ][ x Wa, equipped with the orientation defined in Lemma
[7-8 The 2-morphisms between two such fillings (W1 [[x Wa — Q1,71) and (Wi [[x W2 — Q2,72)
are fillings of Q1 [w, I W2) Q2 up to filleomorphism.

In the special case of the (d — 1)-oriented derived stack (), this theorem constructs a bicategory
Fill(#), which we denote by Or?, whose objects are d-oriented derived stacks. Analogous to the
symplectic case, in this case it has a symmetric monoidal structure.

Theorem 7.12. The bicategory Or? is a symmetric monoidal bicategory. The monoidal structure
Or? x Ort — Or?,

at the level of objects, sends ((X1,[X1]), (X2, [X2])) to (X1]] X2, [X1]] X2]) and has the point ) as
the unit.

Proof. We define the monoidal structure on morphisms by the coproduct of fillings, as defined in
Proposition [.6(c). Together with some natural isomorphisms which we do not write down, this
defines a symmetric monoidal bicategory. O

7.2. From fillings to Lagrangians.

Let X be a d-oriented derived stack and S be a n-symplectic derived stack. Consider a subcat-
egory of Fill(X,[X]), such that the restriction of the functor Map(—,.S) has image in the category
of derived Artin stacks. We will see that the functor Map(—, S) defines a homomorphism of bi-
categories to Lag(Map(X,S)). The material here is a modest elaboration on the ideas in [§]. We
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start by reviewing how an orientation determines an “integral”. Recall from [24] that for if X is
O-compact, then for any derived stack Z there is a natural map
DR(X x Z) — C(X,0x) @ DR(Z).

If we are given a morphism 7 : C'(X,0) — k[—d], we can compose it with the previous map and
get a map
DR(X x Z) — DR(Z)[—d],

which, in particular, induces a map
/ L A2N(X x Z,n) — AU Z,n — d).
n

We collect a few useful properties of this construction.

Lemma 7.13. The assignment 1 > fn(_)’ determines a continuous map
Map(C(X,Ox), k[—d]) = Map(A>/(X x Z,n), A>(Z,n — d)).

Let f : X =Y and g : Zy — Z; be morphisms of O-compact derived stacks. If [X] : C(X,O0x) —
k[—d], the following holds:

[ O= [ xare amd g ([ )= oo

Theorem 7.14 ([24], Theorem 2.6). Let (X,[X]) be a d-oriented derived stack, (S,w) be a n-
symplectic derived stack and assume that Map(X,S) is a derived Artin stack. Denote by ev :
X xMap(X,S) — S the evaluation map. Then f[X} ev*w is an (n —d)-shifted symplectic structure

on Map(X, S)

Theorem 7.15 ([8], Theorem 2.11). Let f : X — W be a filling and assume that Map(W, S)
and Map(X,S) are derived Artin stacks. The induced morphism Map(f,S) : Map(W,S) —
Map(X,S) has an induced Lagrangian structure.

Proof. We will explain how a boundary structure in f determines an isotropic structure on
Map(f,S) and refer the reader to [§] for a proof that this assignment preserves non-degeneracy.

For simplicity of notation, we denote Mg(X) = Map(X,S) and Mg(W) = Map(W, S) and
Mg(f) for the morphism Map(W,S) — Map(X,S) the morphism induced by f: X — W. A
boundary structure on f : X — W consists of a path from f,[X] to 0. By the first part of Lemma
[C.I3] this induces a path from [ £IX] m*w to 0. Again using Lemma [.13] we have

Ms(f)*/ ]W*w = /[X}(id X Mg(f))"m*w = ™ w

(X F[X]
so we have a path from Mg(f)* f[ x) ™w to 0, in other words an isotropic structure on Mgs(f). 0

This proof points the way to some helpful notation. If f : X — W has a boundary structure,
that is a path 7 from 0 to f.[X] then we define Mg(v¢) to be the corresponding path in the space
of closed 2-forms on Map(W, 5) from Mg(f)* Jix; 7w to 0.

Proposition 7.16. Let Xy, X be d-oriented derived stacks, let f = (fo, f1) : Xo[[ X1 — W and
g : Xo — U be fillings and consider the filling by(g) : X1 — U]lx, W, constructed in Proposition
[77]. Assuming that the following mapping stacks are Artin, then an equivalence (determined by the
universal property)
Map(U [ W, S) = Map(U, S) Xntap(xo,s) Map(W, S)
Xo
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can be upgraded to a Lagrangeomorphism of Lagrangians in Map(Xy,S). Here the Lagrangian
structure on the right side is constructed by applying Proposition [2.7 and the Lagrangian structure
on the left hand side comes from applying Theorem [T.15 to bs(g).

Proof. Let v be the path from fo.[Xo] to fi.[X1]. It gives rise to a path from Mg(f1)* f[Xﬂ Tiw
to Ms(fo)* f[XO} mgw in the space of closed 2-forms on Map(W,S). Similarly, we have Mg(v,), a
path from Mg(g)* f[ Xo] myw to 0 in the space of closed 2-forms on Map(U, S). The canonical path
connecting the pullbacks of Mg(fo)* Jix, mow and Ms(9)* [ix, mgw in the space of forms on the
right hand side is induced using from the canonical path from the two different pushforwards of [X]
to the space Map(C(U [[x, W), k[—d]). Therefore Mg((iw«7)e®ce (iy«7,)) is homotopy equivalent
to the path made by connecting the pullbacks of Mg (i )*(Mg(y)) and Mg(ir)*(Mg(vg)). We
can now complete the proof by appealing to Corollary O

By taking X; to be a point, we obtain the following corollary, which can be found in [§]
Corollary 7.17. Given two fillings X — W1 and X — Wha, the equivalence of derived stacks
Map (W1 [[ Wa, 5) — Map(W1,5) Xnap(x,s) Map(Wa, S)
X

18 a symplectomorphism, assuming these are derived Artin stacks.

We now have all the ingredients necessary to show that Map(—,.S) defines a homomorphism
from Fill(X) to Lag(Map(X,.S), modulo the question of the required mapping stacks being derived
Artin stacks. We fix this problem by restricting the domain of the homomorphism.

Definition 7.18. Let S be a derived Artin stack. Fix a subcategory C of the category St.;, closed
under pushouts, such that for any X in C, the mapping stack Map(X, S) is a derived Artin stack.

Let (X, [X]) be a d-oriented derived stack, such that X is an object of C. We define the bicategory
Fillc(X) as the subcategory of Fill(X), where all the fillings are objects and morphisms in C. Note
this defines a subcategory since C is closed under pushouts.

We are aware of two examples of categories C which fulfill the conditions of Definition [[.I8 It
would be interesting to identify other examples.

Example 7.19. Let S be an arbitrary derived Artin stack. We can take C to be the category of
“constant stacks”, that is to say, stacks whose value on any cdga is the same topological space
(which has the homotopy type of a finite CW complex) and whose value on any morphism is the
identity. The homotopy pushout of a diagram of such constant stacks is just the constant stack with
value the homotopy pushout of the corresponding topological spaces. Moreover, as explained in [24],
for any such stack X, Map(X, S) is a derived Artin stack.

Example 7.20. Assume that S is a smooth quasi-projective variety, or a classifying stack BG.
Take C to be the category whose objects are finite homotopy colimits (in the category of derived
stacks) of diagrams of smooth proper Deligne-Mumford stacks with morphisms closed immersions.
As explained in [24], if X is a smooth proper Deligne-Mumford stack then Map(X, S) is a derived
Artin stack. Therefore for any object Y in C, then Map(Y,S) is a derived Artin stack since it is
a finite homotopy limit of derived Artin stacks.

Theorem 7.21. Let S n-symplectic derived stack and pick a category C as in Definition [7.18. If
(X, [X]) is a d-oriented derived stack belonging to C, Then there is a morphism of bicategories

M : Fillc(X) — Lag(Map(X, S))
where Map(X, S) is equipped with (n — d)-shifted symplectic structure f[X] m*wg discussed above.
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Proof. The definition of this homomorphism on objects was explained in the proof of Lemma [7.17]
Since the 1-morphisms and 2-morphisms in the category Fill(X) are given by fillings, and similarly
the 1-morphisms and 2-morphisms in the category Lag(Map(X, S)) are again given Lagrangians,
the main thing to check is the compatibility of this assignment with the two types of composition
of 1-morphisms and with the composition of 2-morphisms. This a long but tedious check which
boils down to a repeated use of Proposition and Corollary [T.17] O

As a special case of this, taking X = () we have the following

Corollary 7.22. Let S n-symplectic derived stack and pick a category C as in Definition [7.18
There is a homomorphism of symmetric monoidal bicategories

M :Ord — Symp,_,

which at the level of object sends a d-oriented derived stack X to the n-symplectic derived Artin
stack Map(X, S).

The claim that this respects the monoidal structure is an easy consequence of the fact that
Map(—, S) sends coproducts to products.
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