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1 Introduction

A recent research area in geometry is the relation between manifolds with
structure group G, and almost contact metric manifolds. A manifold with
G5 structure has a 3-form globally defined on its tangent bundle with some
properties. Such manifolds are classified into sixteen classes by Fernandez
and Gray in [10] according to the properties of the covariant derivative of
the 3-form.

On an almost contact metric manifold, there exists a global 2-form and
the properties of the covariant derivative of this 2-form yields 2'? classes of
almost contact metric manifolds, see [3, [9].

Recently Matzeu and Munteanu constructed almost contact metric struc-
ture induced by the 2-fold vector cross product on some classes of manifolds
with Gy structures [12]. Arikan et.al. proved the existence of almost contact
metric structures on manifolds with Gy structures [4]. Todd studied almost
contact metric structures on manifolds with parallel G structures [14].

Our aim is to study almost contact metric structures on manifolds with ar-
bitrary G4 structures. We eliminate some classes that almost contact metric
structure induced from a G, structure may belong to according to proper-
ties of characteristic vector field of the almost contact metric structure. In
particular, we also investigate the possible classes of almost contact met-
ric structures on manifolds with nearly parallel G5 structures. In addition,
we give examples of almost contact metric structures on manifolds with G,
structures induced by the 2-fold vector cross product.

2 Preliminaries

Consider R” with the standard basis {ey, ..., e7}. The fundamental 3-form on
R” is defined as

0o = 12 4 ol45 | 16T | 26 (25T 34T 356

where {e!, ..., €7} is the dual basis of the standard basis and €% = e? Aed AeF,
Then compact, simple and simply connected 14-dimensional Lie group G is

Gy :={f € GL(T,R) | f*po = w0}

A manifold with Gy structure is a 7-dimensional oriented manifold whose
structure group reduces to the group G,. In this case, there exists a global



3-form ¢ on M such that for all p € M, (T,M,¢,) = (R, o). This 3-
form is called the fundamental 3-form or the G4 structure on M and gives a
Riemannian metric g, a volume form and a 2-fold vector cross product P on
M defined by ¢(z,y, z) = g(P(x,y), z) for all vector fields x,y on M [§].
Manifolds (M, g) with G5 structure ¢ were classified according to prop-
erties of the covariant derivative of the fundamental 3-form. The space

W={ac RN R)a(z,yNzAP(y,z)) =0 Vz,y,z € R"}

of of tensors having the same symmetry properties as the covariant derivative
of ¢ was written, and then this space was decomposed into four Ga-irreducible
subspaces using the representation of the group G5 on W. Since

(VopeW,={a€ly M @ A*(T; M)|o(z, yA zA P(y,z))=0 Va,y,z€T,M}

and there are 16 invariant subspaces of W, each subspace corresponds to
a different class of manifolds with G5 structure. For example, the class P,
in which the covariant derivative of ¢ is zero, is the class of manifolds with
parallel G5 structure. A manifold which is in this class is sometimes called a
(G5 manifold. W, corresponds to the class of nearly parallel manifolds, which
are manifolds with G4 structure ¢ satisfying dy = k * ¢ for some constant k
[10].

Let M?"*! be a differentiable manifold of dimension 2n + 1. If there is a
(1,1) tensor field ¢, a vector field £ and a 1-form n on M satisfying

PP =—-I+n®E ) =1,

then M is said to have an almost contact structure (¢, &, 7). A manifold with
an almost contact structure is called an almost contact manifold.

If in addition to an almost contact structure (¢,&,n), M also admits a
Riemannian metric g such that

9(o(x), o(y)) = g(x,y) —n(x)n(y)

for all vector fields z,y, then M is an almost contact metric manifold with
the almost contact metric structure (¢, &, 7, g). The Riemannian metric g is
called a compatible metric. The 2-form ¢ defined by

(z,y) = g(x, 9(y))



for all z,y € I'(T'M) is called the fundamental 2-form of the almost contact
metric manifold (M, ¢,&, 1, g).

In [9], a classification of almost contact metric manifolds was obtained via
the study of the covariant derivative of the fundamental 2-form. Let (§,7, g)
be an almost contact metric structure on R?**!. A space

C = {Oé S ®gR2n+1|OK(SL”y,Z) = _OK(SL’,Z,y) = —Oé(l‘, ¢y7 ¢Z>

+ny)a(z, €, 2) +n(z)alr,y, §)}

having the same symmetries as the covariant derivative of the fundamental
2-form was given. First this space was written as a direct sum of three
subspaces

Dy ={a ella(, »,y) = a(z,{,y) = 0},
= {a € Cla(r,y,2) = n(r)a(,y, z) +n(y)a(r,§, 2) +n(z)a(r,y,§)}

and

Ciz = {a € Cla(z,y, 2) = n(@)n(y)al, &, 2) + n(z)n(z)al§, y,€)}

and then, D;, Dy were decomposed into U(n) x 1 irreducible components
Ci,...,Cy and Cs,...,Cyy, respectively. Thus there are 2! invariant sub-
spaces, denoted by Ci,...,Cis, each corresponding to a class of almost con-
tact metric manifolds. For example, the trivial class such that V& = 0 cor-
responds to the class of cosymplectic [5] (called co-Ké&hler by some authors)
manifolds, C; is the class of nearly-K-cosymplectic manifolds, etc.

In the classification of Chinea and Gonzales, it was shown that the space
of quadratic invariants of C is generated by the following 18 elements:

ih(a) = sz:k alei, e, ex)? io(a) = i’zj;koz(el, e;,ex)ale), e, er)
is(@) = Z% a(e; €5, ex)a(ge;, gy, er) is(a) = %ka(eu ¢, ex)ou(e;, €5, ex)
is(a) = %a(f €j, €k) is(a) = %a(€i>€>€k)

ir(or) = > a(€, ej, ex)ole;, &, ex) is(or) = %a(eiaea‘aﬁ)a(% €, &)
ig(r) =D ales, e5, §)alges, dej &) o) = 2o ales, e, §)ale;, €5, €)
in(@) = S ale e, Qaley. 06,) iafa) = Sale e, aloe, o0



Z;a(ﬁ sejren)al(e;, & er) hala) =3 ales, ey, §)ale); de;, §)

ilg(a)
i,J

is(a) =3 ale;, e, §alej, e;,8)  is(a) =2 o, € ex)?

2,J k

i17(a) = Za(ez,ez,ek) (& & er) ds(a) = Zka(ez,ez,cbek) a(&, €, ex)

where {el, 62, ..., €6,&} is a local orthonormal basis. Also following relations
among quadratic invariants were expressed for manifolds having dimensions
> 7, where « € C and A = {1,2,3,4,5,7,11,13,15,16, 17, 18}:
Cy tin(@) = —iz(@) = —iz(@) = ||a]|; im(a) =0 (m > 4)
Cz tir(a) = 2ix(a) = —iz(@) = [[a]|*  in(a) =0 (m > 4)
Cs ir(@) = is(a) = [[e*;  iz(a) = in(a) =0 (m > 4)
2n
Cq wir (@) = is(@) = rpiaa@) = 552 §cf2(a)(ek);
0 (m>4)

Oé) = ’ig(Oé) = —ilg(a) = ﬁi14(a);
(m e A)

Q

io(@) = iy (@)
C5 :’i6(0{) = —ig
ilO( ) = ’Lm(Oé

—~

)=0

Co ig(ar) = is(ar) = ig(a) = inz(r) = 5i10():
i) =in(a) =0 (me A) 2

Cr sig(@) = ig(a) = ig(a) = —irp(a) = 1AL,
i10(@) = i(a) =in(a) =0 (me A 2
Cs sig(@) = —ig(@) = ig(ar) = —ira(a) = 145,
i0(a) = i4(@) = ip(a) =0 (m € A) 2
Co sig() = ig(a) = —ig(ar) = —ira(ar) = 1245,
i10(a) = iu(@) =ip(a) =0 (m e A) 2
C10 :Zﬁ( ) = —28( ) —29( ) — Z'12(a) _ HoéH ;

i0(a) = i14(@) = ip(a) = (m € A)
C11 () = H04||2 im(a) =0 (m#5)
Ciz2 sirg(a) = ||o]]* im(a) =0 (m # 16)

For details, refer to [9].
We give below most studied classes of almost contact metric structures
as direct sum of spaces C;:

| C |= the class of cosymplectic manifolds.

C1 = the class of nearly-K-cosymplectic manifolds.

Cy @ Cy = the class of almost cosymplectic manifolds.



Cs = the class of a-Kenmotsu manifolds.
Cs = the class of a-Sasakian manifolds.
Cs @ Cg = the class of trans-Sasakian manifolds.
Ce ® C; = the class of quasi-Sasakian manifolds.
C3 @ C7 @ Cg = the class of semi-cosymplectic and normal manifolds.
C1 & Cs & Cg = the class of nearly trans-Sasakian manifolds.
C1 ®Cy ® Cy ® Cyip = the class of quasi-K-cosymplectic manifolds.
C3PDCy®Cs D Cs D Cr @ Cg = the class of normal manifolds.
DD CsPDCe P CrdCs®Cy P Crp = the class of almost-K-contact manifolds.
C1BCoBC3BCrDCsBCyBC1oPC11 = the class of semi-cosymplectic manifolds.

Let (M, g) be a 7-dimensional Riemannian manifold with G5 structure ¢
and the associated 2-fold vector cross product x and let € be a nowhere zero
vector field of unit length on M. Then for

op(x) =& xx () :=g( ),

(¢,€,m,¢) is an almost contact metric structure on M [12, 4]. Throughout
this study, (¢, &, n, g) will denote the almost contact metric structure (a.c.m.s)
induced by the Gj structure ¢ on M and ¢ the fundamental 2-form of the
a.C.MM.8.

3 Almost contact metric structures obtained
from G5 Structures

Let M be a manifold with G5 structure ¢ and £ a nowhere zero unit vector
field on M and (¢,&,n, g) the a.c.m.s. with the fundamental form & induced
by the G5 structure .
If Vio =0, then it can be seen that V® = 0 if and only if V& = 0 [2, [14].
If ¢ is a Killing vector field on a manifold with any G, structure, then

dn(z,y) = H{(V.n)(y) — (Vyn)(z)}
= {9Vl y) —9(V €, 2)}
- g(vxgay)a

5



which implies
dn=0< V¢=0.

Therefore if the Killing vector field ¢ is not parallel, then the a.c.m.s. can
not be nearly-K-cosymplectic (Cy).

To deduce further results, we focus on the covariant derivative of the
fundamental 2-form ®, where the a.c.m.s. (¢,&,7,g) is obtained from a Gy
structure of any class and £ is any nonzero vector field. Direct calculation
gives

(Ve®)(y, 2) = g(y, V(€ x 2)) + 9(Vaz, € X ). (3.1)

We also compute some of i,(V®), (k = 1,...,18) to understand which class
V& may belong to.

Proposition 3.1 Let ¢ be a Gy structure on M of an arbitrary class and
(0,€,1m,9) an a.c.m.s. obtained from p. Then

a. ig(V®) = 0 if and only if V.. =0 fori =1,---,6 (Note that V¢
need not be zero),

b. 116(V®) =0 if and only if V& = 0.
Proof By direct calculation, for any i,k € {1,2,...,6}
(Vei(I))(f, ek) = g(€> Vei(g X 619)) + g(veielﬂg X 5)

= g(€> Vei(g X 619))
= _g(vei£7£ X ek)

and thus, we obtain

i6(V0) = Y (Ve ®)(Een)* = Y g(Veib € x ep)”.

Since £ X ey is also a frame element, i(V®) = 0 if and only if V¢ is zero.
Similarly,

(Ve®)(§ er) = 9(&, Vel X €x)) + g(Veer, § X §)
= —9(Ve£,E x ex)

for any k € {1,2,...,6}, and we get
i16(VO) = Y (Ve®)(§,ex)” = D g(Veb. & x ex)*.

k k



Note that g(V¢€, €) = 0 since € is of unit length. As a result, i;4(V®) = 0 if
and only if V£ =0. m

Proposition 3.2 Let (¢,1n,&,9) be an almost contact metric structure in-
duced by a Gy structure ¢. Then,

e 114(V®) =0 if and only if div(§) = 0.

o i15(VP) = —div(&)g(&,v), where v = i ej X (V).

J=1

Proof For any i,j € {1,2,...,6} we have

(Ve, @) (9ei, &) = g(§ x €5, Ve, (€ X)) +9(Ve§, § x (€% €))
= _g(veigvei)
- g(ga veiei)'

On the other hand,

6 6
D Veei=—Y div(e)e; — div(§)§ — Vel
=1 =1

and thus
96D Veier) = =g(& Y div(ei)es) = g(€ div(§)€) = g(§, Ved)
L e
Then
n(Ve) = T(Ve®)(der &)(Ve,2)(065.0)

= (96 2 Vee) (g(»;;vejej)) = (div(©))*

Therefore, i14(V®) is zero if and only if div(§) is zero.
Similarly, from equations

(Veié)(QSeia 5) = _g(vei€7 6i) and (Vejq))(ej’ 5) = g(vej€>€ X 6j)

7



we have,
ZIS(VCI)) = Z(VQ(I))(qbel, 5) (Ve](b> (€j7 5)

— Zg(ﬁ, Vei€i>g(vej£7£ X ej)

= (963 V) (a6 Vo ey <€)
= (9(6, ~div(©)) — g(&. Y div(een) ) (D (€, e; x Ve,6))

= —dw(f)g(fa U)‘

]
Now consider in particular an a.c.m.s. induced by a nearly parallel Gy
structure.

Proposition 3.3 Let (¢,1,&,9) be an almost contact metric structure in-
duced by a nearly parallel Gy structure. Then,

o i5(V®) =0 if and only if V& = 0.
[ ] [f v§£ = O, then 117(V<I>) = Zlg(vq)) =0.
Proof Since ¢ is nearly parallel, for any j, k € {1,2,...,6} we have

(Ve®)(ej,ex) = glej, Ve(€ X ex)) + g(Veer, £ X €;)
= g(ej, Ve€ X ep) + g(e;, & X Veer) + g(Veer, § X €;)
= —g(Ve&, €5 X ey).
So,

B(V®) = S (V) es, 1))’ = 3 (0(Veboey x e0)
Jik g,k
which is zero if and only if V¢£ is zero. Here, e; X e, is also a frame element.
Similarly, For any i,k € {1,2,...,6},

(Ve,®)(ei, der) = glei, Ve, (€ x (€ X ex)) +9(Ve,(§ X €x), € x &)

= g(€i7 vei(_ek)> + g<vez(£ X €k),£ X 62')
= g(veieia ek) +g(V€z(§ X 6k)>€ X ei)



(Ve®)(S er) = 9(&, Ve(€ % ex)) + g(Veer, § X &)

=g(§, Vel xer) + (&, € X Veey,)
= —g(ex, (V) x §).

g(€ X ex, e x Ve &)gler, (Ve) x €)

=— 29@ x () 9((Ved) x & ex)er + g(Ve€) x €,€)8), €5 % Ve, )
= - ig<£ x <<;5£> X ), X Vo 6)

= _g(z% D (e X Ve£)).

Thus, if V£ is zero, so is i15(V®).
For 417 we compute
(veiq))(eiv ek) = g(eiv Vei(g X ek)) + g(veiekvg X 62‘)
and
(Ve@)(&er) = 9(&, Ve(€ % ex)) + g(Veer, § x §)
= _g(vfgvg X ek)
- g(ek>€ X (V§€))

9



for any i,k € {1,2,...,6} and obtain

(V) = Y (Ve ®)(ei, ex)) (VeD) (€, e)
i,k
=3 (= 9Vt x en) = glew, Va6 x e)) (gler € x (Vi)
i,k
= glex, € x (Veeiglen, & X Ve€) =Y glew, § x (Veei)glen, § x Vel)

+> gler e X Veb)gler, € x Veb)

ik

= Zg(6k, e; X Veig)g(ekag X Vgg)
i,k

=g(E x (Ve£), > e x (Ve,£))

Thus, if V€ = 0, then i17(V®) =0. m
Similarly, if V& is zero, then so is i15(V®).
Before giving results on possible classes of a.c.m.s. induced by G struc-

tures, note that én = —div(§). To see this, consider the orthonormal basis
{617 e aeﬁag}‘ Then

6

div(§) = Zg(veif, ei) + 9(Ve, §)

i=1
6
= Z g(veigﬁ 62').

i=1
On the other hand, since

(Ven)(ei) = ein(e)] —n(Ve,ei)
= g(v5i€7 6i) + g(€> Vez‘ei) - g(€> Veiei)
= g<v6i£7 ei)u
we have
on == (Vem(e:) = = 3_g(Ves, &) = ~div(€).

10



Theorem 1 Let M be a manifold with a Gy structure ¢ and (¢,€,7,9) be
an almost contact metric structure (a.c.m.s.) obtained from .

(a) If V€ # 0, then VO can not be in classes Do, Cy,Co, -+, Ch1.

(b) If div(§) # 0, then the almost contact metric structure can not belong to
classes Dy, C; fori=1,2,3,4,6,7,---,12 and can not be semi-cosymplectic
(CiBC®CsDCrBCs®Cy @ Cip®Crp).

In following proofs we use the relations below given in [9] together with
properties of i,, for each C;:
If a € Dy, then i,,(a) = 0 for m > 5.
If a € Dy, then i, () =0 for m =1,2,3,4,16,17, 18.

Proof (a) Let V£ # 0. Then by the proposition [B.I], we have i;4(V®) # 0.
This implies V® ¢ D,. In addition, V& can not belong to any of the classes
Ciyi=1,...,11.

(b)If div(€) # 0, then the proposition [3.2] yields that i14(V®) = (div(£))?* #
0. Hence V& can not satisfy the defining relations of the classes

Dy =C18C®C3 By,

Cl> CQ) C3a C4a (”67 e aCIZ-

Besides, the defining relation of semi cosymplectic manifolds is
0P =0 and on = 0.

Since div(§) # 0, 6n # 0, and thus the a.c.m.s. is not semi cosymplectic. m

Note that if V¢ # 0, then since V® ¢ Dy = C5 @ ... @ Cy1, the a.cm.s.
can not be contained in any subclass of Dy. In particular, the a.c.m.s. can
not be a-Kenmotsu, a-Sasakian, trans-Sasakian or quasi-Sasakian.

If div(§) # 0, then we have V& ¢ D; = C; @ ... ® Cy. In this case,
the a.c.m.s. can not be nearly-K-cosymplectic. Also, since the a.c.m.s. can
not be semi-cosymplectic, it can not be almost-cosymplectic, a-Kenmotsu, a-
Sasakian, trans-Sasakian, normal semi-cosymplectic or quasi-K-cosymplectic.

Note also that the class Cy5 is not contained in the class of semi-cosymplectic
manifolds. We give a proof together with examples in [13]. For completeness,
we also remind the proof here.

The defining relation of Co gives

Ved(E,x) = =(Ven)(o(x)),

11



which does not have to be zero. Assume that

(Ven)(o(x)) =0

for all vector fields z. Then replacing x with ¢(x), we get (V¢n)(z) = 0, but
then the defining relation of Ci5 implies V,® = 0 for all z, that is there is no
element in C;o which is not in the trivial class. Thus there is a vector field
xo on M such that

(69) (o) = —VeB (€. 20) = (Ven)(é(a0)) # 0.

Therefore the class Ci5 is not semi-cosymplectic.
Consider an a.c.m.s. induced by a nearly parallel G5 structure. We deduce
following results.

Theorem 2 Let (¢,£,1,9) be an a.c.m.s. obtained from a nearly parallel G
structure . If V& # 0, then VO can not be in classes Dy, Ds,Ci2. (VP may
be contained by the classes Dl D Dg, Dl D 612, D2 @D C12, Dl D Dg D 612).

Proof Let V£ # 0. By proposition [B3], i5(V®) # 0. So, V& can not be
in D; and Cy2. Besides, by the proposition [3.1]], we have i14(V®) # 0, then
V& can not be in D,. m

In particular, the a.c.m.s. can not belong to any subclasses of Dy and Ds.

Theorem 3 Let (¢,&,1,9) be an a.c.m.s. obtained from a nearly parallel G
structure @. Then, V& = 0 if and only iof M is almost K-contact.

Proof The defining relation of almost K-contact manifolds is V¢¢ = 0. Since
@ is nearly parallel, for any vector field =,

(Veo)(z) = Ve(gz) — ¢(Ver) = Ve(§ x v) — & x Ver
= (Ve x ) + (§ X Ver) — (§ x Vex) = Vel X 1,

that is zero if and only if V£ is zero. m
Theorem 4 Let (¢,n,&, g) be an almost contact metric structure induced by

a Gy structure and v = Zle e; X Ve,&. If g(&,v) # 0, then VO is not of
classes Dy, Cs, Cq, Cs, Cy, C1o, C11, Cr2.

12



Proof First to compute i1o(V®), we write

(Ve ®)(e:,8) = g(ei, Ve, (€ X €)) +9(Ve,£, € X ei)
= g(el X veié-’é-)’

and we obtain
6
i10(V®) = Y gles x Ve,&,€)glej x Ve, &,€) = ¢°(v, ).
ij=1
Assume that g(&,v) # 0. Then i;0(V®) = g(&,v)* # 0 and the classes

D1, Cs,Cq,Cg,Cy, Crg,Ci1,Cr2 are eliminated similar to previous proofs. m

Corollary 5 If g(§,v) # 0 and div(§) # 0, then V® is not an element of
the classes C;, fori=1,---,12.

Next we give examples of a.c.m.s. induced by a parallel GG, structure and
a nearly parallel Go structure, respectively. The a.c.m.s. induced by the
parallel G5 structure is in the class D, whereas that induced by the nearly
parallel G5 structure is almost-K-contact.

Example 6 Let (K, gk) be a 4-dimensional Kihler manifold with an exact
Kahler form €, i.e. Q = d\, where X is a I-form on K. Consider R with
coordinates (x1, T2, x3) and Buclidean metric h = dx3+dx3+dzi. It is known
that (M = R® x K,g = h X gk) admits a parallel Gy structure

@ =dxy Ndxs ANdrs + dry A+ dzs A Ref) — dxs A Imb,

where 0 is a volume form on K.
For all p € K, there exist complex coordinates (z1, z9) near p such that

i
gk = |dz1)? + |dz?, Q= §(d,21 A dzy + dze N dZs), 0 = dz N dz
at p. Setting z1 = x4 + iT5, 20 = X + 17, one has
gK:d$i++dx$, Q:dl'4/\dl'5+dl'6/\dl'7,

Ref = dxy N\ dvg — dxs A da, Imf = dxy N dxy + dxs A\ dxg

13



at p. Thus g = h x gg = da? + ...+ dx2 and

¢ = dxy Ndxg Adrs + dxy A (deg A dxs + dzg A day)
+dxg A (dxy A dxg — dxs A\ dxg) — dzs A (dxy A deg + dxs A dxg).

(see [11)]).

Consider the a.c.m.s. (¢,&,n,g) on M induced by the parallel Gy structure
@, for & = x90x1 and ¢(x) = £ X x. For the covariant derivative of the metric
on a product manifold, see [0].

(Vor,®)(0x9,013) = ¢(0x2, Var, (22021 X 023)) + g(Vor, 023, 2021 X O3)
—g(al’g, V&BQ (1’28252))

—g(0xa, 0x2[22]05)

- 1,

and thus the structure is not cosymplectic. We show that this structure is in
the class Dy. Since V& = 1901 [x2]0x1 = 0, we have

(Ve@)(y,2) = g(y, Vel x 2)) +9(Vez, € X y)
= 9y, (V&) x 2) + g(y,§ x Vez) + g(Vez, & x y)
= 9(y, (V&) x 2)
= 0.

In addition, V& = V,x9011 = x[13]021 + 22V ,021 for any vector field
x. It can be seen that V,0x, = 0 for any x € M = R3? x K and thus
V€ = x[x]0x1. Then

(Va®)(&y) = 9(& Val€ xy) +9(Vay, € X €)
9(&, (Vo) X y) +9(§, & X Vay)
—9((Vz€) x &, y)
= —x[zo]r29(071 X O21,Y)
0.
As a result, V® € Dy by the definition of the space D;.

Example 7 A Sasakian manifold is a normal contact metric manifold, or
equivalently, an almost contact metric structure (¢,£,m, g) such that

(V20)(y) = g(x, y)§ — n(y)z,

14



see [H]. A 7-dimensional 3-Sasakian manifold is a Riemannian manifold
(M, g) equipped with three Sasakian structures (¢, &, m:,9), @ = 1,2,3 satis-
fying
[€1,62] = 285, [€2,83] = 261, [€3,61] = 2&2
and
P30 02 =—¢1+ M2 @ N3, P20 03 =1+ N3 My,

Prods=—Qa+n3 @M, P3001 = Py + 1 @3,
P20P1 = —P3+ M R12, Q1 0¢y =3+ N2 @M.

There exists a local orthonormal frame {ey,--- ez} such that ey = &,
es = & and es = &3. The corresponding coframe via the Riemannian metric
is denoted by {m,--- ,n7}. The differentials dn;, i = 1,2,3 are

dny = —2(Ne3+Mas+n67), dne = 2(ms—nae+057),  dng = —2(N12+ 047 +1s6)-

The 3-form
1 1 1
Y =35m Ndm — 3" N dny — 5" A dns
is a nearly parallel Gy structure (i.e. dp; = —4 % ;) on M, constructed
in [1]. For properties and examples of Sasakian and 3-Sasakian manifolds
[7] is a good reference. The brackets of ey,--- ,er are computed by using

the differentials dn; and by the equation dn(e;,e;) = —n([ei,e;]) for frame
elements e;, e;.

[617 62] = 2637 [62a 63] = 2ela [637 61] = 2627
[647 65] = 2617 [66a 67] = 2ela [647 66] = 2627
les,e7] = —2ey,  [eq,e7] = 2e3,  |es, 6] = 2e3.

By the Kozsul formula we obtain V.e; =0 and

Ve €2 = €3,V e3 = —e€3, Ve ey = —e5, Ve €5 = €4, Ve, 66 = —€7, Ve, €7 = €6,
V62€1 = —e€3, Ve2€3 = 617V62€4 = _667V62€5 = e7, Ve2€6 = €4, Ve2€7 = —¢€s,
Ve,e1 =€, Ve,ea = —e1,Veey = —e7,Ve,e5 = —€6, V€6 = €5, Ve, €7 = €4,
v6461 = —¢€s, v6462 = —€g, v6463 = —eér, V6465 = €1, Ve466 = €9, v6467 = és,
Vese1 = €4, Vesea = €7, Ve e3 = —€6, Veea = —€1, Ve €6 = €3, Ve €7 = —€9,
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vesel = —ér, v6662 = €4, V6663 = €5, v6664 = —é€y, v6665 = —é€g3, v6667 = €1,
Ve,e1 = €6, Ve,80 = —€5, Ve, 3 = €4, Ve, €4 = —€3, Ve, 5 = €3, Ve, €6 = —€1.

By the local expression of

© = $mAdng — 3 Adny — 305 Adns
= 123 — M45 — Ter T 7246 — T257 + 1347 + 356,

the 2-fold vector cross products of frame elements are

€1 Xeg = €3,€61 X€E3 = —E€9,€1 Xey — —€5,€1XE5 = €4,€1 X€g = —€7,€1 Xe7 = €4,
€9 X €3 = €1,69 X €4 = €5,C2 X €5 = —€7,69 X € = —€4, €9 X €7 = €5,
€3 X g = €7,e3 X €5 = €g,63 X €g — —€5,€3 X €7 = —€4,
e4Xes = —€1,64 XEg = €9,€4 X€7 = €3,€65X€g = €3,E5XE7 = —E€9,€5XeE7 = —€7.

Consider the a.c.m.s. (¢,&,n,9) on M induced by the 2-fold vector cross
product of the nearly parallel Gy structure ¢, where £ = ey =&, n = dn; and
o(x) =& x x. First, since

(Va®)(y, 2) = g(y, Valer X 2)) + g(Vaz, €1 X y),

we have
(Vezcb)(ela 62) =1+#0

and thus the a.c.m.s. is not cosymplectic. In addition,
Vezq)(ga 62) = Vezq)(ela 62) =1,
implying that V® ¢ D1 = C; & Co @ C3 & C4. On the other hand

(Ve@)(z,y) = g(z, Ve (a1 xy)) +9(Vey,e1 X x)

= g(l’, (Ve161) X y) + g(x, € X ve1y) + g(ve1y> €1 X ZL’)
- Qo(elavmyax) "—(,0(61,1’, v61y)
= (]7

which gives that the a.c.m.s. is almost-K-contact, that is, an element of the

class
Dy dCsdCsDCr dCs @ Cy D Cop-
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Moreover,

7

0®(e1) = =Y (Ve ®)(er,€1) = (Ve, @) (er, €1) = =2

=2

yields the a.c.m.s. is not semi-cosymplectic (C; ® Co @ C3 B C7 B Cs B Cy B
Cio ® Cy1). The a.c.m.s. is not trans-Sasakian (Cs @ Cg):

(Ve, @)(e1, €2) = 1,

whereas

%{9(62, e1)n(ez) — glez, ea)n(er)} = —%7
i.e., the defining condition of being trans-Sasakian is not satisfied. In par-
ticular, the a.c.m.s. is not a-Sasakian or a-Kenmotsu. Note that we started
with a Sasakian structure on a manifold, then we used the 2-fold vector cross
product of the nearly parallel Gy structure @, however the induced a.c.m.s. is
not Sasakian.

In fact, consider the a.c.m.s. induced by @, where & = aey + bey + ces for

constants a, b, c. Assume that this structure is Sasakian. Then we have

(Vo) (y) = g(x, y)§ — n(y)z

for all vector fields x,y. For x = e, y = ey, we get b = :t%. If £ = eq,
y = eyq, we obtain b = 0. Thus the a.c.m.s. is not Sasakian. Note that
since (Ve, @)(e1,e2) = b, (Ve,P)(e1,e3) = c and (Ve,P)(e2,61) =a, VO £ 0
unless € is zero. Thus the a.c.m.s. is not cosymplectic.

By direct calculation, it can be seen that for & = ae; + bey + cez, one has
V& =0. By Theorem [3], the a.c.m.s. is almost-K-contact.
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